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GENERAL PHYSICS 

CHAPTER I 

MOTION : LAWS OF MOTION : MECHANICS 
MOTION 

Rest and Motion :—A body is said to be at rest when it 
does not change its position with time. When a body changes its 
position with time, it is said to be in motion. To know whether the 
position of an object changes with time or not, an absolutely fixed x)oint 
in space is necessary- But no such stationary point is found in the 
universe. The earth which is generally taken as the reference position 
for all bodies is always in motion. It has a rotational motion about its 
own axis and also a motion round the sun. The sun is also not at rest ; 
it has a whirling motion* amongst the galaxy of stars and the latter are 
also moving with respect to each other. So in practice an absolutely 
hxed reference position cannot be obtained and as such absolute rest 
and absolute motion have no meaning in reality. So the state of rest 
or of motion of a body is always considered relative to some framework 
of reference which is taken as fixed. 

2. Kinds of Motion :—The motion of a body may be either 
translatory or rotatory on both. The translatory motion may again be 
reetilinear or curvilinear. A body is said to be in translatory motion 
when it moves in such a way that its component parts have such iden¬ 
tical motion that the line joining any two points of the body always 
moves parallel to itself. When the cranslational motion takes place 
along a straight line, it is Said to be rectilinear and when it occurs 
along a curved x>ath it Is called eurvilinear. 

When a body turns about a fixed point or an axis, it is said to be 
in rotatory motion. A stone tied at the end of a string held in the hand 
and whirled ;x)UDd and the motion of a flywheel about a shaft are typical 
examples of rotatory motion. 

8. Imiiortaiit Terms :— 

Displacement. —The displacement of a moving body in a given 
time is its change of position in a definite direction during that time. 
So displacement is a physical quantity which has a magnitude as well 
as a direction. Such quantities having both magnitude and direction 
are known as Veotor quantities. 
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Speed —^The rate at which a moving body describes its path is 
called^ its spssd. So speed has only a magnitude and no direction^ 

Velocity. —The velocity of a body is its rate of displacement. It 
may also be defined as the rate of change of position in a definite 
direction. So velocity has a magnitude as well as a direction. 

The velocity of a moving body is said to be uniform when it always 
moves along the same straight line in the same sense describing equal 
distances in equal intervals of time. 

When the velocity of a body is non-uniform but takes place in the 
same direction, its average velocity is given by the total distance passed 
over by the body in a given interval of time divided by the time interval. 

The unit of velocity in the C.G.S. system is one centimetre per 
eeeond and that in the F.P.S. system is one foot per second. 

The dimensional formula of velocity is given by (vide 

Chapter XIV). 

Acocieration. —The acceleration of a body under motion is the 
rate of change of its velocity. It is said to be uniform when equal 
changes in velocity occur in equal intervals of time. In other cases, it 
is variable. 

Acceleration has a magnitude as well as a direction. The unit of 
acceleration in the C.G.S. system is one centimetre per second per 
second (l cm./Bec.^) and that in the P.P.S. system is one foot per 
second per second (l ft./sec.*). 

The dimensional formula of acceleration is LT“*(vide Chapter XIV). 

4. Equations of Motion :— 

(a) Distanee traversed in t secs, by a body moving with 
uniform velocity v. 

If the body moves with a uniform velocity v, then, by definition v 
is the distance traversed'by the body in each unit of time. 

Hence, in 1 unit of time the distance travers^ is v \ 

,. 2 units ., ,. ,. ,. 2v ; 

1. 3 M .» .* 11 .. 3o; 

and so .. t .. .. .. .. .. tv ^ 

Therefore, if I be the distance traversed in time t. 

a^vt. 

(b) Velo^yi’ acquired in time t sees, by a body moving 

with a ttulform aceeleratfon f. 

' « . 

, . Suppose u is the velocity at the begmning of an interval of time t. 
Siuee ^he unaform aeoaleratioa of the l^y is /, the velocity of the body 
is iscrmdied In each second by a velocity of / per sec. 
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At the end of 1 seo. the velocity is u+ f ; 

» , 2 secs, , , 

ti n 3 tf It tt 3^ t 

and 80t ft tl t It at It « + </; 

Hencet V=u+ft . ... (l) 

(c) , Distance traversed in t sees, by a body moving with a 
uniform acceleration f. 


Let the body move along a straight line with a uniform acceleration 
/t and let u and v be its velocities at the beginning and end of any 
intervart during its motiom s being the distance traversed. 


As the acceleration is uniformt and the velocity gradually changes 
from u to «t the average velocity during the time should therefore be 
something intermediate between u and v. Let V denote its velocity at 


the middle of the time considered i.e. at time so that, F=tt+/X^- 

2 2 * 


Now, X seconds before this middle instant the velocity is V—fx 
and in an extremely small interval of time r there, the distance travelled 
by the body is practically (F-/x) t. In the same small interval, x 
seconds later than the middle instant, the distance travelled by the body 
will be (V +/«) IThe total distance covered by the body during these- 

two equal small intervals is therefore, 

(F-/r)x+<F+/a;)t - 2Fv 

which is the same as if the body moved with the velocity F during both 
these intervals. The whole time interval t can be imagined to be divided 
into such pairs of equal small intervals equidistant froth the middle- 
instant and as for each pair the above reasoning holds, the actual 
distance (») to be travelled during time t will be the same as if the body 
moved with a uniform velocity F from beginning to end. In other 
words, F represents the true average velocity of Jbhe body. 


Hence •= ... ... (2> 


(d) Velocity of a body acquired in distance a under a unifoim 
acceleration f. 

From Eq. (l), 

[from Eq. (2)]*=»o*+2^.t ... ... ... (S)* 

(e) The distance traversed in any partteular second 

The distance traversed in the nth sec.»the distance traversed in n- 
seconds-^the distance traversed in seconds 

(«»-f 4/»*) - f-1)+|/(n -1)* J 

"dl ' ' -ft 
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LAWS OF MOTION 

6. Newtoii*s Laws of Motion :—^Three fundamental laws of 
motion were enunciated by Sir Isaac Newton in 16b6. They constitute 
the very basis of the science of Dynamics and so also of the science of 
Astronomy. These laws are almost axiomatic ; but nevertheless, the 
exactness with which the positions and motions of all tarthly and 
celestial bodies can be predicted from calculations based on them, lends 
the strongest support to the truth of these laws, 

(i^ The First Law. —Everybody continues in its state of rest 
or of uniform motion in a straight line except in so far as it be compelled 
by any external impressed force to change that state. , 

(U) The Second Law. —The 'change of motion i.e. the rate of 
change of momentum »s proportional to the impressed force^ and takes 
place in the direction in which the force acts. 

(iii) The Third Law. —To eveyy action there is an equal and 
opposite reaction. 

6. The First Law of Motion :— 

The law embodies two aspects : 

(1) The first aspect of the law provides us with the fundamental 
law of inert material bodies, which may be called the law of inertia, 
according to which, inert bodies have no tendency of their own to alter 
their states whether the state be a state of rest or a state of uniform 
motion in a straight line. The former tendency is referred to as the 

inertia of resU and the latter, the inertia of motion. 

* * 

(2) The second aspect of the law provides us with the definition 
of force. The idea of force (or what it does) has really been derived 
irom this aspect of the law. As an' inert body must continue in its 
ctate of rest or in its state of uniform rectilinear motion, as the case 
may be, unless impressed forces act on it to change its state, we find 
:from this that a force is that which tends to set a body in motion or 
to alter the state of motion of a body on which it acts. 

Fprise—^It is not possible for any inert body to change its state 

^ whether the state be of rest or of motion. Tbe change, 
whatet^ it is, can only be effected by some external cause which is 
teritica fbrM. Hence a force is that, w^ich acting on a body, changes or 
tends i/a dhemge ike state cf rest or of uniform melton of the hody^ in n 
siraiyM^ne. 22ie definition of force is evidently derived from Newton’s 
of motion. 



MOTION : LAWS OP MOTION : MECHANiOS 


5 


7. The Second Law of Motion :— 

Momentum*. —Ifc is a property a moving body possesses by 
virtue of its mass and velocity conjointly, and is msasured by the 
product of mass and velocity. 

For instance, the momentum possessed by a 400-ton train moving 
with a velocity of § inile per minute is equal to the momentum 
possessed by a 200-ton train moving with a velocity of 1 mile per 
minute. For, 400 X ^ = 200 X1. 

The great havoc sometimes done by a cyclone is due to the great 
momentum of the mass of air. The mass of air may be small but 
its velocity is very great, and so the momentum (t.e. mass X velocity) 
is large. 

By taking the hammer at a distance before striking a nail in order 
td drive it into a piece of wood, a greater velocity of the hammer is 
acquired and consequently a greater momentum is obtained. 

[N.B. It must be noticed that momentum at any instant 
mass X velocity at that instant (and not mass X apeed), *.«. momen¬ 
tum is a vector quantity and should also be noted that there is no 
connection between the momentum of a moving body and the moment 
of a force.] 

The Units of Momentum. —Unit momentum is the momentum 
possessed by unit mass moving with unit velocity. 


The C.G.S. unit of momentum »s 
the momentum possessed by a 
mnss of 1 gm. moving with a 
velocity of 1 cm. per sec. 


The F.P.S. unit of momentum 
is the momefUum possessed 
by a mass of 1 lb. moving 
with a velocity of 1 ft. per sec. 


8. (A) Measurement of Force :—The second law of motion 
gives us a method of measuring force. 

Let a constant force P continuously act on a particle of mass m 
and let u be the velocity and / the acceleration at any instant of time 
during the action of the force. Then, by Newton’s second law of 
motion, 

P <* rate of change of momentum (mu), of the particle 

« (m X rate of change of u), since the mass m is constant 
« mf 

P—k'<mf, where k is constant.. 


* Newton need the expreeslon fohange of motion' Instead of 'change of 
momentnm.* 'Motion of a body', he states, Is the quantity arising out of Ite mass 
and 'vsZootfy conjoinUy*. The idea oontalnbd In this expression is this. A marble 
swiftly moving over the floor has mote 'guantsfy mofion* in it titan when moving 
tiowly. Bnt a heavy roller, though moving slowly, has mote 'quantity of motion* in 
It 'titon the ssflftly moving marble. That is, the prod|tet the most and the 
estocsfyisa xnMsnre of the quantity cd motion. SMdently, Newton meant 
'nmtion* g^hat we oatl iMomsnftMn. 
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Now, if we choose oor unit of force as that which acting continu¬ 
ously produces unit acceleration in unit mass, we have, /—I 

when P*»l. Hence k must be equal to 1 and we get, 

P^mf ... ... (l) 

Hence, we may write, force —mass X acceleration. If ds be an 
infinitely small displacement in an infinitely small time dU the 
velocity v, in the language of calculus, ^<^111 be written as, 

and hence the acceleration as 
dt ' dt dt® 


So the force will be expressed as 

di* 

Note. —The equations of motion, the simple deductions of which 
have already been given, may also be easily deduced using the method 
of calculus. 


If o be the uniform velocity and s the space traversed in t secs., 

cls '* 

then, since, 0 )= — or, = by integration we get, 
dt 

^ ds^v ^ ; OT, s=*uiH-c, (c = constant of integration). 

When tasQ, 8=0. c*s0. Hence, s — vt (l) 

Again if m= initial velocity when 4 = 0, 0 =final velocity when t = t, 
and / == acceleration (uniform) acting on the body, 

then ; oi, dv—f dt. 


Integrating, j dv=f j dt; ovv~ft + o, 

Whent = 0, c=tt. Hence, o=«+/'t ... (2) 

Again since, 

* — M+Zt, we get, d8»wdt+/t.dt. 

dt 

Integrating we get, 8=«t+jZt*+o. 

When t = 0, the space traversed is zero, i.e. 8=0, 

0 = 0. Hence, 8**id-b|/t* ... ... (3) 

Similarly, other relations can also be deduced. 

(B) Important Theorems on Force. —AU vector quantities 
like force, velocity, etc. are found to obey some laws which are 
described below. 

(1) The taw of Parallelogium of Foreea.—1/ a partied* 
it oOtMit on Bimuitaiuoutly by two foroest ropmsAfsd in magmiud* 
AndditBfitionbytheiyfoadiaeonttidtsofaparallilogram drawn from a 
ihtu farces are eguivalsnt to a tingle retuttani force, repteteiUed 
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in magnitude and direction hy the diagonal of the paraXlelogrcm passing 
through the same point. 

Since a force has a magnitude as well as a direction, it is a vector 
quantity and as such it can be represented in magnitude and direction 
by a straight line. 

Let the sides OA and OB of iihe parallelogram OAGB (Fig. 1) 
represent two forces P and Q in magnitude and direction inclined at 
acute angle BOA. The diagonal OC represents their resultant R in 
magnitude and direction. Produce OA to Z), and drop CD peri)endicular 
on OD. 

Let IBOA^B^ jLGAD. Then B 

we have, 0C**(04 + ^7))®+PC“ 

=’OA^+AC^+2 OA.AD 
(*.* = 

OA.AC cos 0 
(*.’ AD—AC cos 6) 

or, K»«P* + 0» + 2 PQ COM e 

If= 

(*.'cos 90'’«0). Fig. 1 

The direction of the resultant is obtained as follows. 

Let the resultant B make an angle < with one of the compo¬ 
nent forces, say, OA. Then tan < =» ^ Z * 

OD OA+AD P+Q cos e 

Note. —Just like forces, other vector quantities like velocity, 
acceleration, etc, also obey the parallelogram law. 

(ii) Triangle of Forces. —If three forces acting at a point be 
represented in magnitude and direction hy the sides of a triangle taken 
in order, they will be in equilibrium. 




Suppose the forces 
P, Q and B, acting at 0 
are such that they can 
be represented both in 
magnitude and direction 
by the sides AB,BO and 
GA respectively of the 
triangle ABO (Fig. 2). 
The theorem states that 
they shall be in equili¬ 
brium. 


Proof. ~ Complete the parallelogram ABOD, BG and 41) being 
equal and parallel, the forces represented by SO and Af) are the aame,^ 
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By the parallelogram of forces, the resultant of the forces AB and CD 
is represented by ^0 both in magnitude and direction. Hence the 
resultant of the forces AB^ BC^ and CA is equal to the resultant of forces 
AC and CA and is thus zero. Hence the forces P. <?, and i2, are in 
equilibrium. 

(ill) Converse of the Triangle of forces. —The converse of 
the triangle of forces is also true. This can be stated as follows : “// 

three forces acting at a point he in equilibrium, they can be represented 
in magnitude and direction by the three sides of a triangle taken in 
order.” 

(iv) Polygon of forces. —If any number of forces, acting at 
a point, be such that they can be represented, in magnitude and direction, 
by the sides of a closed polygon, taken %n order they shall he in equili¬ 
brium, 

(C), Resolution of a force into two Components at Right 
Angles to each other. —This is in practice the most important case 
of the resolution of a force into two comi)onents. 

Suppose OC (Pig. 3) represents a force P to be resolved into two 
components one of which is, suppose, in the direction OA making an 


Fig. 8 

angle < with 00 and the other is jierpendicular to O J. In both the 
above figures, the adjacent sides CM and ON of the parallelogram 
OMON gives the desired components of which 

OM-P cos < and ON^P sin <. 

9. The Impulse of a Force :— The impulse of a force acting on 
a body for any time is the product of the force and the time for 
whteh the force acts. 

Suppose a particle of mass m moving at any instant with velocity u 
is acted on with a constant force P for time t. Now P^mf, if /*be the 
acceleration produced. If the velocity of the particle at the end of an 
interval t measured from that instant be v, then 

; or» Pdtmmdv. 

, * at 
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Integrating within proper limits, P 
or, — 


I P 9 

dt = m \ dv 

9 J U 


• « • 


That is, impuU«'= change of momentum. 


(J) 


10. Impulsive Force 

An impuhive force is n large force acting on a body for a ehort 
time, the impulse of the force hemg finite hut the displacement of the- 
body during the shcit interval negligible. Its whole effect is given bit 
its impulse only. 

Suppose the initial position and motion of a body are known when 
a force begins to act on it. The effect of the force on the body will be* 
generally wholly known, if the final position and motion of the bod^^ 
can be known, i.e. if the displacement it causes and the change of 
momentum it produces be known. In the case of an impulsive force 
the displacement being negligible, its whole effect will, therefore, be 
given by the change of momentum it produces on the body, i.e. its whole 
effect is given by its impulse. 

For a body initially at rest. and therefore equation (l) 

of Art. 9 becomes, my. ... ... (2) 

11. The Unit of Force :—From what has been shown above, 
the unit of force may be defined as, (i) that force which acting on 
a unit mass produces unit acceleration. 

(ii) that force which acting for unit time on unit mass initially at 
rest creates in it unit velocity. 

(Hi) that force which acting on any mass at rest for unit time- 
produces »n it unit momentum in the direction of the force. 

Two systems.—There are two systems of force-units, la) the 
absolute, and {6) the gravitational. The absolute units do not vary 
throughout the universe,' but the gravitational units of force vary from 
place to place because they depend upon the value of the acceleration, 
due to gravity g, which varies, though slightly, at different places . 

(a) Absolute or Dynamical Units of Force : 

Dyne { Poundal 

The C.Q.8. absolute unit of The F. P, 8. absolute unit of 
force is called a dyne, which is force is called a poundal, which 
the.force that can produce an is the force thai dan produce an 
oMeleraiirm of me centimetre per acceleration of me foot per seemd 
second per second when acting on per second when acting on a mase 
a mass efone gram* of one pound. 
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(b) GraYitatfonal Unit. —The weight of a body is the force with 
which it is attracted by the earth. The acceleration with which a body 
falls freely is denoted by ‘j?’ the value of which in the F.P.S. system 
is 32’2 ft. per sec. per sec., and in the C.G.S. system the value is 981 
•cms. per sec. per sec. So, 

(») The weight or force, of 1 lb., i.a. 1 Ib.-wt. acting on a mass 
of 1 lb., produces an acceleration of 32'2 ft. per sec. per sec. 

But the force of 1 poundal acting on a mass of 1 lb. produces an 
^acceleration of 1 ft. per sec. per sec. 

Weight of a pound ( also called a pound-weight written 
-as lb.-wt.)»32‘2 (i.e. g} poundals. 

m pounds-weight {m lb8.-wt.)=^mg poundals. 

Hence, a force of 1 poundal—1/32'2 of weight of one pound 

«®wt. of 16/32'2 oz. 

s=wt. of half an ounce nearly. 

(a) Again the weight or force, of one gram, which is expressed 
as 1 gm.~wt. acting on a mass of 1 gram produces an acceleration of 
S81 cm. per sec. per sec. 

But the force of 3 dyne acting on ,a mass of 1 gram produces an 
acceleration of 1 cm. per sec. per sec. 

Weight of a gram (called a gram-weight.)=981 (i.e. g) 

<dynes. 

/. m gramu-weight (,m gm9.-wt,)—mg dynes. 

Hence, a force of 1 dyne =1/981 of a gram-weight. 

Generally, if m lbs. be the mass of a body, the only force acting on 
h is its weight. W, So, by substituting W for F, and g for / in the 

relation we get, W^mg, 

i.i. weight of a body (in dynes)=ma88 (in gram8)xg ; 

(where g"981) 

and weight of a body (in poundals)=mass (in Ibs.)^ g ;' 

(where g=82'2) 

(Note.—force of 1 dyne can be practically realised by the weight W of 
•one jnllligram ; for Wa>mp«(l/1000)x981»l dyne (nearly).] 

The gravitational unit of force is the weight of unit njiass. 
Hence— 

The Q.O.S. gm^oUaiional unit The F.P.S. gravitational unit of 
of ioroe is a force equal to the force is a force equal to the weight 
weii^t of a gram, ‘ \ of a pound. 

.% gravHatloiial unit of foree=gx absolute unit git force. 

(t) The weight of s pound has different values at different 
phases 6f the earth due to the difference in the values of g^ 
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(n) The formula, P^mf^ is true only when the force is expressed 
in absolute units, in poundals or dynes, and not in pounds-weight 
or grams-weight. 

(if*) In solving problems using the above formula, reduced the 
forces into absolute units (if they are given in gravitational units i.e. in 
Ibs.-wt. or gms.-wt.) by multiplying with the corresponding value of g. 

{iv) Finally, if necessary, reduce the forces to gravitational units 
by dividing by ‘g’.] 

Relation between a Dyne and a Poundal 

1 Poundal™ l/32'2 of wt. of a pound, 

=»(l/32*2)X463'6 wt. of 1 gram (*.* 1 pound 

™463*6 grams.) 

= (981/32*2)X 463’6 dynes (*.* 1 gm.-wt.™981 dynesl 

™ 13,800 dynes (in round numbers). 

The dimensional formula of force is MLT"* (vide Chapter 
XIV). 


Examples 

(2) EsBfress in dynes the force due to'1 ton-weight (g^9BVi oms. pet sec.”), 
Ans.: 1 ton-weight^3340 lbs.-wt.» 2340 x 458*6 gms - wt. 

»2240 X 453*6 X 981*4 dyne8s9*97 x 10*^ dynes. 

(S) A force equal to the weight of 10 lbs. acting on a body generates an 
acceleration of 4 ft. per see. Find out the mass o/ the body. 

Ans. : Here P=:wt. of 10 lbs. =>=10x33 ponndels : f^4 ft. pet sec. pet sec. 

.*. By the formula P^^mf, we have 10 x 82sm x4, or m»80 lbs. 

(8) A train weighing 400 tons is travelling at the rate of 60 miles an hour. 
The speed of the train is reduced to IS miles per hour in SO seconds* Find the 
average retarding force on the train, 

Ans. : 400 tons—400X 3240 lbs.: 60 miles an hour =>68 ft. pet sec. 

16 miles an hont—22 ft. per sec. 

We have by equatlottifl). Art. 9, Pt^mv — mu. 

.'. P X 30 »(400 X 2240 X 22) - (400 x 3340 X 88). 

... Pa - -1,971,200 poundals. 

SO 

(i) On turning a comer a motorist ruling at 45 miles an hour Jlnds d child 
on the road 100 ft. ahead. Ih instantly stops the engine and 'applies brakes so as 
to stop within 1 ft. of the child (supposed stationary). Calculate the time required 
to stop the cor, and the retarding force. (Car and the passenger weigh 2000 2&s!j 

Ans. : Here tt»46 miles per hour =>66 ft. per sec.! 

Theflnel velocity u>"0, and the distance tiavelled before the oar etopa 
=100-1-99 ft. 

If / be the acceleration generated by the foroe.we have, «*—u*+3/s : 

or, 0aB662+3/x99 1 where rS2 ft. pet sec.* 

Again^ v^u-hft, or, 0—66-334 { whence 4-66.T-33—8 secs,; 

or, the tUoe required to stcq^ the oat—8 secs. 

The retarding force, P—fii/-3000xS3=44,000 poundals. 
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(5) A constant force acta for S secs, on a maae of 16 l&s. and then ceases 
to act. Durinff the next 3 secs, the body describes 81 ft. Find out the magnitude 
of the force inlhs.^iot. and found(ds. {Acceleration due to gravity ^32 ft. $er sec. 
fsr sec .)., 

Ans. : If the force P acfee foe t eeca., the Impalae Pxt"‘m{v-u), 

Here *i=»0; we havePx8»«16t> . (1) 

After the foroe oeaaes to act, the body describee 81 ft. In 3 seo). Bo the 
uniform velocity daring this period la vs8l/3a27 ft. per aeo. 

From 144 ponndals (or, ^ *4-5 Iba-wt.) ‘ 

Otherwise thus — 

The nniform velocity during the last 2 aeca. = 81/3s27 ft. per aeo. 

So 27 ft. Is the final velocity of the first 3 tecs. 

Hence, oonaiderlng the first period of 3 aeca. we have, 

«ssO; w=a»27 ;/*=? 

or, 27=»0+/x3; /-27/3=9 ft pet aeo.* 

Hence, P^mf * 16 x 9—' 141 ponndala ; (or, 4'6 lbs..wt.) 

12. Pull, Push, Tension and Thrust: —There are several 
ways in which a force may be exerted, the most familiar of these being 
by pulls or pushes. 

A Pull is usually applied along some length of a substance, as for 
example, along a string, or a chain ; and it is said that the string is in a 
state of tension. The pull is also spoken of as a tension. A pull may, 
as well, be exerted along a rigid substance say, a rod, etc. 

A Push cannot be exerted along flexible substances like strings or 
threads. Pushes can only be applied to rigid substances. 

A Push distributed over an area is often, spoken of as a thrust. If 
any one presses a stone with his finger, the finger exerts a thrust on the 
stone tending to push it^away. 

18. The Third Law of Motion : •— 

If one body exerts a force on a second body, the second body 
exerts an equal and opposite force, called the reaction of it, on the first. 
The mutual force (per unit area) between two bodies is known as stress. 
So the third law is also sometimes called the law of reaction or the 
law of stress. 

This law is a result of experience. It' states that the action between 
two bodies is mutual The law is true whether the two bodies concerned 
are at rest or tn motion and whether they are in contact or net from a 
distance. Since every force must, necessarily be accompanied by an 
equal and oppositely directed reaction, all forces in nature are in the 
form of stresses between portions of matter. 

Kewton’s third law of motion really gives us an insight into how 
forces set in nature. The assertion of the law that forces never exist 
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singly ; whenever they appear, they appear in pairs. If one of them is 
an action-force, the other is a co-existent equivalent opposite froce to be 
called its reaction-force. The question then arises ‘*lf a force acting on 
a body has an equal and opposite reaction, why should the body move at 
ail T The body moves because the action and the reaction do not act on 
the same body or on the same part of the body. Take, for example, th e 
case of a body falling to the earth from above. The earth exerts a 
gravitational attractive force on the body .which being of small mass 
moves towards the earth. At the same time, the same body attracts the 
earth towards itself with an equal force which is here the reaction-force. 
But this reaction-force acts on the earth and not on the body. The 
aerth, being very massive, does not appreciably move towards the body 
under such a small force. Thus, in considering a mechanical problem 
what is needed at the beginning is to ascertain the particular body 
whose motion we want to consider, and then look. out to ascertain 
which force, the action-force or the reaction-force, acts on the body. 

It should be noted that id) the reaction lasts only so long as the 
action is present; (^) the action and reaction act on different bodies and 
never on the same body and so they can never produce equilibrium, 
because for equilibrium two equal and opposite forces must act on the 
same body. 

14. The Principle of Conservation of Linear Momentum :— 

When two or more bodies move under their mutual actions and 
reactions only^ and no external forces act on the system, the sum total of 
their momenta along any directions is constant. The law holds both for 
finite and impulsive forces. 

Let two bodies A and B move under their mutual action and reaction 
only, there being no other external forces acting on them. Then, by 
Kewton’s third law of motion, the action of .4 on B at any instant is 
oqual and opposite to the reaction of B on A, Again, so long as there is 
action, there is also reaction. That is, the time for which the ttoo forces 
{action and reaetton) act is the same for both. So, the impulses of the 
two forces are equal and opposite. That is the change of momentum 
produced in A is equal and opposite to the change of momentum produced 
m i7. In other words, the total change of momentum of A anfl^B, taken 
together, is zero, which means that the sum total of momenta of A and 
B along any direction, is unchanged. 

f 

The result can be. extended to the case of any number of bodies 
moving under conditions as stated above. 

nittstratioDB. — (i) When a man jumps from a boat to the shore, 
it is well known that the boat experiences a backward thrust which 
di^aces it away from the shore. It is due to the impulsive force 
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exerted by the man. The change of momentum of the boat caused by 
the force is equal and opposite to that of the man. 

(ii) Motion of a Shot and Gun. —When a gun is fired, the 
powder is almost instantaneously converted into a gas at high pressure, 
which by expansive action forces the shot out of the muzzle. The force 
on the shot at any instant, before it leaves the muzzle, is equal and 
opposite to that exerted on the gun backwards. The time for which 
both these fol*ces (action and reaction) act being the same, their 
impulses are equal but opposite. So the change of momentum of the 
shot is equal and opposite to that of the gun. But both the shot and 
the gun being initially at rest, the momentum produced in the shot is 
equal and opposite to that in the gun. 

Suppose m and M are the masses of the shot and the gun respec¬ 
tively, V the velocity with which the shot emerges from the muzzle and 
F, the recoil velocity of the gun, supposing it to be free to move. 
Then, m(v“ 0); or, - 


Example 

A 14 lha. shot is fired from a gun the mass of which is 2 tons, with a velocity 
of 1000 ft, per sec. Find the initial velocity of recoil of the gun. 


Ans.: Let u be the initial velocity of recoil of the gun. The backward 
momentum of the gun 1b equal and oppoalte to the forward momentum of the 
ehot. Now momentum of the Bhotal4x iOOU ft.-lb.-aec. units. 

Momentum of the gun »(3 x 3340) X u ft..sec. units. 

(2 X 3340) X u »14 X 1000 


15. Angular Velocity :—When a body moves on a plane, its 
angular vel^ty about any fixed point in that plane is given by the 
angle that may be imaging to he described per 0 eoond by the line 
joining the body to the point, as the body moves. It is said to be 
uniform, if equal angles are described in equal times, however small the 
time interval may be. 

If in a time, t, the angle uniformly described be then the uniform 
angular velocity o> is given by, degrees per second. 

But the angular velocity is generally expressed in circular measure, 
i.e. fodwns per second. 

In one complete revolution, four right angles are described and 
the circular measure of four right angles is 2* radians. Hence, if t be 
the time for n revolutions cot—2wn, or, radians per sec. 

If any body makes n revolutions per P. M.), the number 

of revolutions per sec. (B.P.8.) is n/60 

The angular velocity of the body, 

»«»2ir X njGO"^nnldO ra^ns per sec. 

E^latioa bdwcoa Linear and Angular Velotity In Uniform 
Ifotion €0 be the uxiiform angular vdoeiiy of a particle 
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moving round the circumference of a circle of radius r (Fig. 4). If t 
seconds be the time for one complete revolution. 

<=2”‘/oo sec. (V the angle turned through is 2* radians). 

Again, if v be the linear velocity 
of the particle, 

4 _ circumference _ 2Jfr 

t -=s-gee. 

V V 

Hence, 2wr/v«2*/c». 

or. V—cor.(l) 

Thus, the linear velocity of any 
particle of a body rotating about 
a fixed axis is directly proportional 
to its direction from the axis of 
rotation and is obtained by the pro¬ 
duct of the angular velocity and the 
distance. ^ Fig. 4 

Examples 

i, A circus horse trots round a circular fath at a ^eed of 8 miles an hour^ 
being held by a rope 80 ft. long. Find the angular velocity of the rope. 

Ans.‘. 8 miles an bourn ft. pat sec. [V 1 mile ■>6280 ft.] 

60 x 60 ^ 

Here x8, m30. *^i - Q ~x8n20ttf, from eq. (1) abore; 

60 x 60 oOxtfO 

or, w = 0'68 radians per 8«o. ^ 

8. A fiytoheel rotates about a fixed axis at the rate of 180 revolutions per 
minute; find the angifiar velocity of any point on the wheel. What is the linear 
velocity, if the radius of the wheel is 3i ft. ? 

Ane.: B. P. M.. of wbeelnigo. Angle desorlbed > per mlnatenl60x8>r 

radians, where vn8S/7 Angular velooity, radians per leo. 

00 

Lineat velocity, rw ■> Si x Sv a 55 ft./seo. 

16. Rotational Effect of a Force :— 

Whenever an unbalanced force acts on a body free to move about- 
a point or particular line (known as the axis) the body begins to rotate 
round that point or axis. This rotational effect of a force is best 
illustrate by the swinging of a door about the hinges. This effect is 
measured by a physical quantity which is known as the motnent of 
the force. 

HOBfENTS 

(i) Moment of Maas.—The moment of a mass about a given 
point or piana is the product of the mass and the distance (ff the mass, 
from the point (or plane). 
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Centre of Mass. —The centre of mass of a given body or a system 
•of bodies rigidly connected together, is a point such that if a plane is 
passed through it, the mass-moments (moments of masses) on one side 
■of the plane is equal to the mass-moments on the other side. The centre 
•of mass of all regularly shaped bodies lies at their geometrical centres. 

(ii) Moment of a force about a given point. —The moment 
•of a force about a given point is the product of the force and the length 
•of the perpendicular drawn fro.m the given point upto the line of action 
•of the force. The length of the perpendicular drawn from the given 
point upon the line of action of the force is called the arm of the 
moment. The moment, therefore, never vanishes unless (o) either the 
force vanishes, or (b) the arm of the moment is zero, i.e. the line of 
action of the force passes through the point about which the moment 
is taken. 

Centre of Gravity. —The centre of gravity of a body is such a 
point that if a plane is imagined through it the moments of the forces 
acting on its constituent particles due to gravity on one side of the 
plane is equal to the similar moments on the other side. It is the point 
through which the weight of the whole body acts downwards. O.G. of 
a body is identical with its centre of mass. It is to be'realised l^hat the 
term centre of gravity has no significance in free ‘space where gravity is 
non-existent. Centre of mass has, however, a significant meaning under 
all circumstances. 


If r be the distance of a constituent point 7 mass m of a rigid body 
from any arbitrary point, then the total moment of force for the body 
due to gravity about that point is given by ^mgr. Now supposing the 
whole weight of the body is concentrated at its centre of gravity, whose 
'distance is H from the above point, the same moment can be expressed 
•as MgH, where M is the total mass of the body. 




MgE^'Zmgr ; 


or. 


jg—, 

M 2m 


Since the body is a rigid one, the eame calculation applies to all 
its co-ordinate axes. So if JC, F, Z be the co-ordinates of the centre 
^of gravity from an arbitrary origin. 


Xmx 


.Smy 


and Z 


_Smx 


Sm’ Sm-5m 

i 

When the body is homogeneous, we can express these results as, 
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Example 

Calculate the distance of the 0. Q* of a homogeneous solid cone from its 
vertex. 


Ans. ; If p be the density of 
the cone and O its vertex, then the 
masa of oircnlat elementary atrip 
of thiokness dx and of radius y at a 
distance 0 from O Is p. ry*.dx (Fig. 5). 
So the distance of the centre of 
gravity from O is given by, 



But y^x tan B. 



Fig. 8 


X- 



h^U 4 


( aa 0 is constant). 


(ill) Effect of a Force applied to a Body. —From Newtons 
first law of motion it follows that the effect of a force acting on a body 

is to make it move if it is at rest or to change 
its motion if it is already in uniform 
motion. Now motion may be either trans-. 
latory or rotatory. The question then arises 
whether a force externally impressed on a 
body will produce translatory or rotatory 
motion or both. The nature of the resulting 
motion depends on the positson or point of 
applioution of the force to the body and on 
the condition in which the body is placed. 
If the body is free and the line of action of 
the force passes through the centre of ^ mass 
of the body, the resulting motion will be 
Fig. 6(a) translatory. If the line of action of the 

force does not pass through the centre of mass of the body, the force 
produces translation of the body accompanied by rotation. 



To illustrate this last point, let us consider a plane lamina (a body 
of small thickness^ a piece of sheet tin) whose centre of mass, 
suppose, is at 0 LFig- 6(a)]. Let a force P act on the body m the 
dirSon shown in the figure and ON be the perpendicular drawn W 
C upon the line of action of P. To find the effect of P upon the b^y. 
imarine two equal and opposite forces P,. Ps acting m |he s^ li^ 
'npj^ed at the point 0 , each being equal to P and parallel to the hne 

CLF. 3— {vOL. I) 
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of action of P. These two self-nentralising forces Pi, P 9 do not in any 
way alter the conditions under which P was applied. Pi acting along 
CPi, causes translation of the body in its own direction, whereas 
P and P.^ together rotate the body in an onti-clcekwise fashion. So 
in considering the effect of a force upon a body, not only the magnitude 
and direction of the force are important, as pointed out by Ne^^on's 
second law of motion, but the position or point of application of the 
force to the body ts also important. 

(a) Physical meaning of the Moment of a Force about a 
Point or an Axis.— If a body is fixed at a given point in it or cons¬ 
trained to move aboulf an axis, no trans- 
latory motion of the body is possible. Let 
the plane lamina shown in Fig. 6 resting 
on a smooth table and fixed at the point 
O by means of a nail or hinge, represent 
such a body. 

The effect of a force P acting on the 
body as shown in the figure would be 
to cause it to turn about the point 0 as 
centre and this eff ect would not be zero 
unless (1) the force P were zero, or (2) 
the force P passed through O when ON 
would be zero. The magnitude of the 
turning effect, or moment, will depend on (a) the magnitude of P, 
and (ff) the length of the perpendicular ON drawn from O upon the 
line of action of P. The turning action will be projjortional to P, when 
the arm ON is constant and proportional to the arm t?N when P is 
constant and so it is proportional to the product (Px OiV), called 
the moment of P about O, and is taken as a fit measure of the 
tendency of P to turn the body about 0. The moment of a force is also 
called a torque. 

lb) Positive and Negative Moments. —The moment of a 
force about a point or axis is a vector quantity. In Fig. 6 , the moment 
of the force P about 0 , represents a iwming effect tending to rotate the 
body about O in an anti-clockwise direction. Such anti-clockwise (or 
contra-clockwise) moments are, by convention, called moments. 

The moment of P' about the same point (> is such that it tends to rotate 
the body in the clockwise direction. Such a moment tending to cause a 
clockwise turning effect is called a negative moment. « 

(e) Algebraic Sum of Momeuts. —The algebraic sum of the 
moments of a set of forces about a given point is the sum of the mo¬ 
ments of the forces, each moment being given its proper sign, positive 
or negative, as defined above. 

(tv) Principle of Momesta.— >If a number of eoplanar forces. 
g%^ng on a rigid body have a resultant, the algebraic sum of their 
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moments about any point in their plane is equal to the moment of their 
resultant. If the body is at rest under the action of several forces in the 
same plane, the algebraic sum of the moments of the forces about 
any point in their plane is zero. That is, the sum of the contra-clock¬ 
wise moments is equal to the sum of the clockwise moments. 

(v) The Couple.—Two eqtuil and unlike parallel forces, whose 
lines of action are not the same, form a couple. 

The perpendicular distance between the lines of 
two forces forming a couple is called the arai 
of the couple. The moment of a couple is the 
product of one of the two forces forming the 
couple and the arm of the couple. A couple acting 
on a body exerts a turning effect on it and the 
moment of the couple, known also as the tor¬ 
que, measures this turning effect. An anti-clock¬ 
wise moment is conventionally taken as positive 
and a clockwise moment as negative. In Fig. 7, 
the couple (P,P) having arm AB tends to pro¬ 
duce rotation of a body in the clockwise direc¬ 
tion and it thus illustrates a negative couxde. 



(vi) Theorems on Couple.—The algebraic sum of the 
moments of the two forces forming a coujile about any point in their 
plane is constant and equal to the moment of the couple. The effect 
of a couple on a rigid body is un^tered, if it be transferred to any 
plane parallel to its own, the arm remaining parallel to its original 
direction. Any number of couples in the same plane acting upon a 
rigid body are equivalent to a single couple whose moment is equal 
to the algebraic sum of the moments of the couples. A single force 
and.a couple acting in the same ;)lane upon a rigid body cannot 
produce equilibrium. To balance a couple, a couple of equal and 
opposite moment acting in the same plane or in a parallel plane it 
necessary. 


17. Gircalar Motion.— 1/ a p%rtiole is constrainSd to move in 
a circular path of radiua r with a uniform speed v, it must have at any 
instant an acceleration of magnituie v^/r directed towards the centre 
of the path. 

Let a particle be constrained to move along a circular path of 
centre O and of radius r with a uniform speed v (Fig. 8). At any 
point P of its path, the velocity is v along the tangent PT, After an 
infinitely small time t, the position of the particle being P*, its velocity 
should be v along the hew tangent P*T\ Join P and P*—to the centre 
and produce OP' to B intersecting PT at A. Now if the particle P»were 
left to its inertial motion along PT without being subjected to any other 
external force, it would have reached the point A I, where 

PA^vt. The velocity v (along AT) at A cohld then Wresolved into 
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two components v cos 6 acting along AB parallel to B’T' and v sin 9 
acting radially outwards along OH (i.$. AH). Since t is very small, 

9 is also very small and as 
such A, P and P' are very 
close points. So u cos 
and sin Now as the 

particle is not allowed to move 
along PT and is rather con¬ 
strained to follow the circular 
path, the particle which should 
have been at A due to its 
inertial motion, takes up the 
position P' attended with velo¬ 
city V along P'T' parallel to AB. 
So here only the cosine compo¬ 
nent of the velocity exists. The 
sine component, vB% is annulled 
Pig. 8 applying a radially inward 

fbrce (hence an acceleration) of suitable magnitude on the particle. 

At P there is no radial component of the tangential velocity, v. 
But at J, after t second, the radial component of the velocity s=v0. 

The rate of change of outward radial velocity®*-— 

t 

=3 !!_hb®Vs= outward radial acceleration 

trrt 

(<*•* * 



This acceleration is the otntrifugal acceleration of the particle 
arising out of its inertial motion and is directed radially away from 
eentre. So in order to annul the effect of this acceleration and to 
make the particle move uniformly in a circular orbit, an equal and 
oppositely directed acceleration must act on the particle (due to some 
external force). This radially inward acceleration is known as the 
aentripetal acceleration and its magnitude is v*/r or co*r.. 

Centripetal and Centrifugal Forces. —^When a body of mass m 
moves in a circle of radius r with constant speed v, it is always Subject 
to an acceleration i>*/r directed to the centre of the path. Obviously 
then, there must be a force mv^jr constantly acting on the body 
towards the centre of the path to constrain it to move in a circle. This 
force is known as the centripetal (Latih peto, to seek) force. 

By Newton's third law of ^motion, an equal and cgyiwiite force, its 
reaction, is called into play. This force of reaction acts on the body 
at the centre and is directed away from the centre. It is known as the 
OMitrifiigal (Latin fugio^ to fly) reaction. 

The eentidpetid (i.«. centre-seeking) force is exerted on the 
moiving body by another body at tbe centte towards itself, along ^e 
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®®*‘**’i*“B*' reaction is exerted by the revolving body 
on the body at the centre and is directed away from the centre, the 
magnitude being equal but the direction just opposite. The centripetal 
force, in nature, may arise in diflferent cages due to different reasons, 
namely, mechanical tension, gravitational force of attraction, magnetic 
or electric forces, etc. 


The centrifugal reaction is sometimes loosely called the centrifugal 
joroe. But as has been already indicated, the latter is the force due to 
the centrifugal acceleration arising out of the inertial motion of the 
body moving uniformly in a circle. 

(i) Take, for example, the case of a man whirling in a circle at a 
constant speed v, a stone of mass m tied to one end of a string, the 
other end, at a distance r, being held by him (Fig. 9). A centripetal 
force mv /r continuously acts on the stone towards the centre of the 
circular path. The centrifugal^ reaction acts on the body at the centre, 
t.e. the^ hand, it being equal in a magnitude but just opposite in direc¬ 
tion. This is experienced by the hand and the man thinks as if the 
stone wiU fly outwards if he releases his grip. The tension T of the 

string is equal to either of these two forces and is given by 

r 


It should, however, be noted 
all on a sudden, then the rotat¬ 
ing body flies off tangentially 
to the circular path and not 
away from the centre along the < 
radius. This is because, as soon 
as the string is cut, the centri¬ 
petal force, ceases to act and 
the motion of the stone conti¬ 
nues due to inertia and takes 
place in the direction in which 
the stone was moving at the 
instant, i,e. in a tangential line. 

As soon as the centripetal force 
goes, the velocity component 
responsible for the centrifugal 
acceleration together with the 
other component, maintains the 
constancy of the tangential 
velocity in magnitude and direction. 


t 

that if the string be released or cut 


m 



N.B. Every eycliit have noticed that the mud from a bicycle 
tyre flies off tangentially when there is no sufficient adhesive farce 
( force) between it and the tyre to keep tl moving in a 
circle. 
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(ii) A bucket containing water may be swing round in a vertical 
plane without the water falling down, if the motion is rapid enough. 
When the bucket is upside down, the weight of the bucket and water 
acting downwards is balanced by the centrifugal force acting vertically 
upwards. 


Klsample 


A stone of weight 1 lb. swifigs round in a circle at the end of a string 4 ft. 
long and takes i seccnd for tvery complete revolution. Calculate the stretching 
force in the string. 

Ans.; The xoagnitnde of the Btrelohicg' forces 

r 


Ytilooity of the fitone, 




lime t 

.681-68 ponnd.I. 

r rxt* lie. 

631-f ft 


33-2 


lbB.-wt.* 19-61 Iba.-wt. 


<iii) Motion of a body 


V. 



be the tensions in the 
tespectively (S’ig. 10). 


in a vertical circle. —Suppose a body 
of mass m is rotated in a vertical 
circle with the help of a string of 
length 1. to one end of which the body 
is attached. Let 0 be the centre of 
the circle of radius 7, so described. 
The body in course of each rotation 
will once occupy the lowermost posi¬ 
tion at B when its kinetic/ energy is 
maximum and so also its velocity. 
When the body occupies the upper¬ 
most point of the vertical circle, its 
potential energy is maximum and the 
K.K. is minimum. So its velocity is 
als5 minimum. Thus the velocity of 
the body during rotation is non- 
uniform. 

Let and > 0 ^ be these maximum 
and minimum velocities and Tx and 
string while the body is at B and A 


Then 


m_ 

Tx - j- 


( 1 ) 


and 

V 


( 2 ) 


Whan the body is at A. its total- energy is, 
the j[)iotentlal energy being measured with re'spect to the position B. 



MOTION : LAWS OP MOTION : MECHANICS 


23 


When the body is at J5, its energy is wholly kinetic. 

Bs — h . 

From the principle of conservation of energy, 

i mvi® + ; 

or, iji’*-'ya*s-4gZ ... ... (3) 

The velocity (vg) of the body at A may have a limiting value below 
which the tension on the string vanishes, i.e. lFa = 0 , and the string 
becomes slack. This limiting value of ©2 is obtained from (2), 

When w»g=»»V 2 ®/i ; or, 

Substituting in (3), vi®— 6 gZ ... ... ( 4 ) 

So the horizontal velocity with which a body, freely suspended 
from a string of length I, must be projected to describe a vertical circle 
is given by, t)i = 


17(a). SOME MORE ILLUSTRATIONS OF CENTRIPETAL 
AND CENTRIFUGAL FORCES 


(0 Motion of a Bicycle in Curved Path. —Motion of 
bicycle rider in a circular path 
is also, an example of the can- 
tripeial and centrifugal force. 

A cyclist turning a corner has 
to incline his body inwards, i.e. 
towards the centre of the curv¬ 
ed path (Fig. 11 ) for a safe 
journey. 

At that time the forces act¬ 
ing are, (a) wig, the total weight 
of the machine and the rider, 
acting vertically downwards 
through 0, the G.O. pf the sys¬ 
tem ; (h) the centrifugal force 
mu^/r, acting horizontally 
through 0^ wljere r is the radius 
of the curved path and v the Fig. 11 

speed ; (c) the reaction Q oi , 

the ground acting at O directed along GO. This force provides the two 
component forces, a force F, being the horizontal component which acts 
adong the ground and the component B which acts vertically to the 
ground. The couple formed by B and tng is balanced by the couple 
formed by F and 
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The higher the speed, the greater will be the centrifugal force and 
so the couple due to it, and the rider "will have to bend his body mbre 
inwardi to increase the opposite couple. 

iBClinatlon of the Cycle.— li 6^inclination of the cycle with the 
verticoh Z* distance along the cycle from O, the C.G- of the system, to 
the ground O, the couple formed by the centrifugal force being equal to 
that formed by the weight of the system, for a steady motion, 

-x; cos woXi sm a ; or, tan —. 

r r.g 

TBns for a given value of r, when v increase?, 0 must increase. So If a oyollst 
rldea with groat speed along a curve of snail radius he must inolfne inwards to 
the required extent to avoid a fall. Side-slip shall cccnr, if d is either too large 
or too small for the speed v for a given value of r. 

Example 

A cyclist 4s descrihing a curve of 60 ft. radius at a speed of IQ miles per hour. 
Find the inclination to the vertical of the plane of the cycle, assuming the rider 
and the cycle to be in one plane. 

Ans.: Use the relation, tan d-v^lrg^ of the above article. Here 0=?^- ft,/sec,, 

3 

rasSOft., and p">32 fi/seo.*. Hence, lands* —i~ g a t 

9 X S X 50 X 32 

(ii) The Bankiiig of Tracks. — (a) A racing track for motor 
cars is constructed in such a way that it is banked inwards, such that a 
stationary car would have a tendency of slipping towards the centre 
of the track. 

In this case the resolved part of the weight of the car along the 
inclined ground supplies the centripetal force necessary to keep the car 
moving and the other resolved part normal to the ground balances the 
upward reaction of the ground. 

(b) While a railway line takes a bend, the outer rail is placed a 
little higher than the inner one, so that a train moving on it may have 
its floor inclined to the horizontal. 

The wheels of the carriage are provided with flanges on the inner 
side for both the wheels in a pair, so as not to allow the wheels to move 
sidewise and cause derailment. If the rails are on the same level while 
taking a bend, the tendency of the train to move in a straight line pro¬ 
duces a pressure on the curved rails, the reaction of whiclf at the flanges 
supplies the necessary centripetal force for the motiou on the curved 
I»th. Sueh huge friction between the flanges and tho rails may wear out 
the flanges quickly. To avoid this, the outer rail is so raised as to reduce 
the friction between the rails and the flanges to nil, the inclination 
, depending oq the radius of the bend as also on *the average speed of 
the trsih at the bend. 
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Let ABOD (Fig. 12) be the section of the carriage (mas 8 ®*»n)' 
through the line shown by 
GOy joining the centre of 
gravity, O, of the carriage, 
and the centre of the circular 
track (radius = r). Suppose 
the outer rail is raised over 
the inner so that the floor 
AB of the carriage is inclined 
at the angle d to the hori¬ 
zontal ABy (when there is 
no lateral pressure exei-ted 
by the flanges of the wheels 
on the rails) when the car¬ 
riage is moving with speed v. 

In such a case, the reac¬ 
tions of the inner and outer 
rails w’ill l)e normal to AB 
and are shown by and Fig. 12 

Bj. Resolving vertically, 

(J?i+J 25 ) cos 6—mg (the wt. of the carriage) ’*'* * ( 1 ) 

Resolving horizontally, 

(R 1 +B 2 ) sin ... ... ( 2 ) 

r 

Dividing (2) by (l), tan B=^' 0 *lrq ... ... (3) 

If trains pass round the curve at different speeds, pressures exerted 
by the flanges on the rails cannot be eliminated completely. ^ 


Examples 

1 , A railway carriage of mass 15 tons mooing with a speed of 45 

on a circular trade of 2420 ft. radius. If the rails are 41 ft. a/parU find by hour 
much the outer rail should be raised over the inner rati so that there is no side 
thrust on the rails, 

Ans. • Use the relation, tan Om^tfijrg ol the above artiole, when v-«46 m.n.h.. 
*66 ft/seo., r>BS420 ft. and g»82 ft./8eo.*. 

.*. tan g =a JL. Since 0 is email, tan a—S—elnS*" 

2130x89 160 ^ 160 

The height of the enter rail above tiie inner>*4~ tt.^S inches 

' 2 160 830 

nearly., 

2. A rati wagon has its c.g, at a height of 8 ft. above the railSy which are 
4 ft, apart. What would be the safe maaBimum ^eed at lohtch it coaid travel round 
an unbanked ottfve of radius 108 ft. t iOau.^ 

{gmB2 ft./aeo.*) 
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Aw .: Here the oentiifagel force acts horizontally through the o.g. and 

f 

eny aota vertioally downwards throogh it. 

. Bo the moment of centrifugal force about the onter rail » x height of e.g. 

sa3mv*!r (clockwise). 

AgalOi the moment of t?ty abont the same rail half the distance between 
the rails 

—mg X 2 (anti-clockwise). 

At the safe maximum speed these two moments just balance, 

fltnga»3TOti*/r; 

. 2gr 2X32X108 
or. -^- 

V ae 48 ft. per sec. 


(lii) The Centrifllgal Drier. —^This affords another example of 
the application of a centrifugal force. This is used in laundries. The 
wet clothes (which are to be dried) are placed in a cylindrical wire 
•case which is caused to rotate at high speed. The water becomes 
separated from the clothing and moves off, as the adhesive force 
between it and the material of the clothings is not sufficient to keep it 
moving uniformly in a circle. 

(iv) Cream Separator. —A given volume of cream has smaller 
mass than the same volume of skimmed milk, and so a smaller force 
is required to hold it in a circle of given radius. Hence, if cream 
particles and milk particles are set in rapid rotation, the milk particles 
will have greater tendency to move to the outside of the vessel, the 
cream particles remaining nearer the centre. 


(v) Flattening of the Earth.- 

a mass of fused matter. Because 



•Initially the earth consisted of 
lue to the revolution of the earth 
about its axis, a centrifugal 
force is generated which is 
greatest at the equator and 
decreases gradually towards 
and finally vanishes at ■ a pole, 
the earth bulged at the equator 
and got flattened at the poles. 
The model shown in Fig. 13 is 
commonly used ip the labora¬ 
tory to exhibit a similar effect. 
It consists of a spindle having 

some circular rings made of 
thin metallic strips mounted 
d a sphere. This body is fixed at 
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the bottom to jbhe spindle, while the top of it ends in a collar which fits 
on the spindle and can slide up and down. When the spindle is rapidly 
rotated (by fitting it vertically on the axle of a horizontal whirling table) 
each particle of the strips forming the rings tends to move outwards due 
to the centrifugal force and causes the collar to slide down the'rod. 
The body takes up a form flattened at the top and bottom i,e. along the 
axis and bulged in the middle as shown by the dotted contour. 

(vi) Watt’s Speed GoTernor. —The governor of an engine, first 
designed by James Watt, is a self-acting device by which the spipply 
of power to an engine is automatically regulated*such that the mean 
speed of the engine may remain 
constant at the rated value or with¬ 
in certain limits, when the load on 
the engine varies. 

The conical governor (Fig. 14) 

co^isists of two heavy metal balls 

A and Ji at the end of two arms 

hinged at the. top of a vortical 

spindle V which is driven by tlie 

main shaft of engine and rotates 

with it. Often the two arms are 

connected by two links (as shown in 

the figure) to a sleeve which, 

while it rotates with the spindle _ 

_ ^ A Conical Governor. 

V, can slide up and down on it 

with the rise and fall of the 

balls. This to-and-fro motion of 

the sleeve is used to regulate the supply of steam to the engine. 

Theory of the Conical Governor. —Suppose is a ball 

revolving aiout the vertical axis OY being suspended from the point 
Oi by a slender rod, the joint at 0i being such as to permit of free 
angular movement of AOx about Oj in the plane AOY (Fig. 15). As 
A revolves at a steady speed, AOj describes the surface of a cone, whose 
vertex is at 0 where AOt intersects OY. Let h be the height of 0 above 
the level of A and let r he the radius of the base of the cone. The forces 
acting on if in the plane AOY are its weight TP, acting downwards, the 
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centrifugal force F acting radially outwards and the tension T along 

ilO], neglecting the weight of the 
rod. For steady motion the mo¬ 
ments balance one another. Taking 
moments about O, F.h^ W.r 

where 

r g r 

-, taking m=mass 

Q 

of -y*linear velocity and «» = 

angular velocity of it = 2ltlT. 



Tr.o>*r 


Q 


Xh^W.r 


or, 


,X 

CO 


S' 


That is, th$ height of a conical 
governor ie inversely proportional 
to the,square of the angular velo-‘ 
city. 


[When the engine speeds up due to any decrease of load, the 
increased centrifugal force acting on the balls causes the balls to rise 
up (since the height h of the conical governor varies inversely as the 
square of the speed) and so the sleeve also rises up. If the speed of 
the engine falls due to any increase of load, the balls fall in level due 
to the decreased centrifugal force and so the sleeve moves down. The 
sleeve has a groove (Fig. 14) on it to receive the forked end of a ’lever 
through which, and other levers and links, if necessary, the sliding 
motion of the sleeve is transmitted and converted into the movement of 
a valve, which regulates the supply of steam, gas, or charge, as the case 
may be, and thereby keeps to speed of an engine constant.] 


Note :—The theory of a conical pendulum is the same as above. 
Its time period 2* is given by the relation, 

or, «**^**“ ^/g/k; or, 

A 

(▼it) ^ Body loses Weight due to the Berth’s Rotetioii.— 

In Jj^'murnal rotation, as the earth rotates about its polar axis NS, 
^a l^y on its surface also rotates in a circle with the same angular 
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speed as that of the earth {Fig. 16). As a result of it, the body is 
subjected to a centrifugal 
force tending to make the 
body fly outwards along the 
radius of its own circle. A 
part of the weight of the 
body (which is a force 
directed towards the centre 
of the earth arising out of 
gravitational forces) is used 
up in counter-balancing the 
centrifugal force and the re¬ 
mainder appears asthe weight 
of the body. Thus, by the 
centrifugal forces generated 
by the rotation of the earth, a 
body on the earth’s surface 
loses a part of its weight. The loss of weight due to this cause is great¬ 
est at the equator and gradually diminishes towards and finally vanishes 
at each pole. 

(viii) The Gentrifagal Pump. —It is a rotatory pump with 
continuous discharge and can be worked over a wide range of speeds. 

It is suitable where a large volume of liquid is 
to be discharged against low heads and is widely 
used in irrigation. In a centrifugal pump 
pressure energy is imparted to a mass of 
liquid, water ordinarily, by- the rotation of 
an impeller wheel. The wheel is formed of a 
number of curved blades (Fig. 17) which 
entangles the liquid and revolves in a suitable 
casing. The liquid passes from a suction pipe 
into the centre or eye, as it is called, of the 
impeller. As the wheel is rotated, say, by an 
electric motor or any other device, the liquid 
acquires a high whirling velocity, resulting in 
an increase of pressure in a radial direction 
outwards and a tendency to outward fiow doe 
to centrifugal action. Thus the velocity is 
reduced and the pressure increased. If the 
speed of rotation be sufficiently high, the 
increase in pressure becomes large' enough to 
more than balance the static head (provided it is low) against which it 
is to act and the flow takes place. This reduces the pressure and causes 
the fluid to rise in the suction pipe and enter the wheel at its eentre. 
The flow takes the hquid into an outer shell called the volute chamber 
which lea^ to the dueharge outlet of the pump. 


Is 



«0 


Pig. 17— 

A Oenttifogal Pump* 
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Example 

Calculate the afferent weight of a body of one [ton maee at the equator^ the 
radius of the earth betng 4000 miles. 

Ans.x The apparent 'weight=am(p—t*/r); 4000 miksnlOOO XB280 ft.; and 

1 ton«2240 lbs. 

. mt)»_fnx4*r®xr* mx4ir»Xr 2340 x 4 X 9*87 x 4000 x 5280^^^ u_i 

•• - 1 ' -124^^60 X 80)5““**’“ ^ 

m 9S0*2 poaDd»lB=*lb8.*wt.»7'77 

83'2 N 

Henoe the apparent wt. of the body a>2340-'7'77s 2232'28 lbB.-wt. 


Questions (Chapter 1) 

I. Explain clearly how the idea of ‘inertia’ of a body is dedneed from 
Newton’e First Law of Motion. 

3. State Newton’e Second Law of Motion and explain how It enables yon 
to measnee foxcea. 

3. State the laws of motion which ate associated with the name of Newton 
and add explanatory notes leading to the definition of force and of the units for 
its measurement. 

4. State Newton's Laws of Motion and show how from the first we obtain a 
definition of force and from the second a measure of force. 

5. What are«the units in common use for expressing a force ? 

6. Explain the distinction between the absolute measure and the graritatlonal 
measure of force and show how one may be expressed in terms of the other. 

Express the weight of 10 kgms. in dynes and the ^alue of a dyne in gm.. wk. 

[ulns.: 10,000p dynes ; 1/p gm.>wt.]. 

7. Find the total force exerted on a Tertioal wall by the water from a fire¬ 
hose which delivers water with a horizontal veiootcy of 18 metres per sec. from a 
olrcular nozzle of 3 cm. diameter. The water is assumed not to rebound. 

[Ans,i 6*864X10'dynes.] 

8. Find the uniform force required to atop in a distance of 10 yards a 3 ton 
lorry running on a level road at the speed of IS m.p.h. Find also the time during 
which the force acts. 

[4ns.: 1694 lb8.>wk.; 80/11 secs.] 

9. State Newton's Third Law'of Motion and explain it oarefally. Show how 
this leads lu to the principle of conservation of momentum. 

10b a 10 gm. bullet is shot from a 6 Kgm. gun with a speed of 400 matees/deo. 
What is the babkward speed of the gun ? 

[4ns. I 80 om8./86o.] 

II. Define momentum and impulse. State and illnstrate by examples the 
Fflnoiple of Oontervation of Momentum. 

A IO^oHb hullet ie fired from a kilogram gnu suspended to move freely. This 
bullet now enters a blook of wood of mass 990 gms. If the speed of the bullet ie 
3 (K) inet«es/sac.» find the speed of xeooll of the guu and tiiie veloolty imparted to 

fintetees/seo.; Smetcei/aeo.] 
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12. Explain why s force is needed to keep a body moving uniformly in a 
circle. Calculate this force in terms of the mass of the bodyt Its uniform speed 
and the radius of the circle. 

13. What would have been the length of the year, If the earth were at half 
its present distance from the sun ? 

[Afu : 129 days] 

14. Explain the following statement bringing out the scientific principles 
involved—‘If a small pan filled with water is rapidly swung in a vertical circle,, 
the water does not fall down.' 

16. Write a note on centrifugal and centripetal forces. 

16. What are ‘Oentripetal’ and ‘Oentrifugal’ forces and hpw do they act on 
a body moving in a circular orbit ? Disouss in details their imj^rtanoe to man. 

17. What are Centripetal’ and ‘Centrifugal' forces and how are they directed 
Derive the magnitude of centrifugal force, and give three examples of its 
application. 

A motor-cyclist goes round a circular race course at 120 m p.h. How far 
from the vertical must he lean Inwards to keep his balance, fa) if the track is 
1 mile long, (&) if it is 680 yds. long ? 

[.««.= (a) W 

18. Explain why a force is required to keep a body moving in a circle at 
constant speed. What is the name of this force ? What happens to the moving 
body when the force is withdrawn. 

A ball at the end of a string is whirled at constant speed in a horiaontal 
plane. If the radius of the circle is 4 ft. and the speed of the ball is 10 ft./seo. 
calculate the magnitude of the radial acceleration. 

[Arts .: 26 ft./seo.’] 

19. Why must a cyclist lean inwards to keep his balance when he is goingt 
round a circular course at high speed ? iJeduce the relation between the speed, 
inclination and the radius of the course. 

20. What is the proper angle for banking a road around a curve of 200 ft. 
radius to allow for speeds of 40 m.p.h. ? 

[.dns.: 28-27°] 

21. Write a note on a Centrifugal Pump. 


. (0. U. 196a> 



CHAPTER II 


WORK : ENERGY : POWER 

18. Work ;—Work is said to be done by or against a force, 
•when its point of application moves in or opposite to £Iie direction of 
tbe force and is measured by ihe product of the force and the displace¬ 
ment of the point of application of the direction of the force. The work 
may also be determined by the lu'oduct of the displacement arid the 
component of the force in the direction of the displacement. 

When a man raises a weight, the force which he exerts does work 
against the force of gravity which acts downwards. Work is done by a 
horse when it draws a carriage against the force of friction, called into 
play between the carriage and the ground, which opposes the motion. 

Suppose a force P acts on a body at A in the direction AX an 
it moves to P in a given time (Pig. 18). 


•-►-a — Q 

A P B X 

fa) 

Fig. 18 

(») If the displacement AB is in the direction AX [Pig. 18, (a)], 
-the work done by P, is Tr=PX AP, and is called positive work. 

* t«) If the displacement BA is in a direction opposite to the 

. 4 lirecti 0 n of P [Pig. 18, (/>)], the displacement measured in the direc¬ 
tion of P»* — AP, and the work done by the force P is, TF* — Px AB 
and is called negative work. This work is done against P. 

(ttO If the displacement AB is in a direction different from the 
line of action of P, say, making an angle B wdth AX [Pig. 18, (e)J, 
then the displacement measured in the direction of P is, AN= AB cos 
where BN is a normal from P on AX. Therefore, work done by P 
jg T;f'’«px ilA^s*Px AS coS ^"ABX P cos 6*. That is work'forceX 
component of the displacement of the point of application of the force 
in the direction of the forces displacement X component of the force 
along the direction of the displacement. 

N.B. It should be noted from above that no work is don^i by or 
against a fozce at right angles to its own direction, because B in this 
.case is 90", 

.49. The Unit of Work :— Vnit work is done when unit force mooet 
lifi of son. in its own direUion* through unit diidanee^ Aa 
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the unit of force is measured in the two systems, absoluti and graoitcL- 
tional, so the unit of work may also be measured in the above two 
systems : 

(а) The absolute unit of work in the G.G.S. system is one Erg ; 
it is the work done when a force of one dyne moves its point of 
application through a distance of one centimetre in its own direction. 

The absolute unit for work in the F.P.S. system is one Foot- 
Poundal ; it is the work done when a force of one poundal moves 
its point of application in its own direction through a distance of one 
foot. • 

(б) The gravitational unit of work in the G.G.S. system is the 
Gram-Centimetre » it is the work done in lifting a mass of one gram 
through a vertical distance of one centimetre. 

[For practical purpose the unit chosen by engineers is the 

Kilogram-Metre.] 

The gravitational unit of work in the F.F.S. system is the Foot- 
Ponnd (ft.-lb.); it is the work done in raising a mass of one pound 
through a vertical distance of one foot. 

Since the weight of a gram is nearly 981 dynes, 1 gram-centi¬ 
metre *981 ergs. 

1 erg=®l dyne-cm. ; 1 foot-poundal* 4131,390 ergs. 

Note :—The erg being very smaU, three additional unita of 

work (or energy) are used by electrical engineers for practical purposes, 
vix .— 

(t) The Joale*10^ ergs. 

(ii) The Watt-Hour « 3,600 Joules*(3,600 X10^) ergs i.e. one 
Joule per second for one hour. 

(ml The Kilo-Watt hour (kWh) • 3,600,000 Joules « (1000 x 
3600X10^) ergs, i.e. 1000 Joules per second for one hour *36 X10*® 
ergs. 

The Eilo-Watt-hour (kWh) is the legal supply unit adopted by the 
Board of Trade of England and is called the Board of Trade 
Unit (B.O.T. Unit). 

Conversion of Foot-Ponndal into Ergs : 


1 poundal 


of the wt. of 1 lb.v(^-^ X 458*6*) grams-weight 
82 2 ' 82 2 / 

(|~X453*6X981 ) dynes; and 1 fool*30*48 cms. 


Henee, 1 foot-poundal* ergs « (4*2189X10®; 


ergs 

«JP,8— (voL 1) 
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Relation between the two Units of Work. —Since the gravi¬ 
tational unit of force is g times the absolute unit of force. 

Gravitational unit of work»it x absolute unit of work. 

Since the weight of a pound is 32*2 poundals. 

1 foot-pound = 32*2 foot-poundals*= 32*2 X 421,390 ergs 
*=1*356 X 10^ ergs =1*356 Joules. 

Since work**force Xdistance, the dimensiunal formula of work 
or energy is given by ML^T~^ (vide chapter XIV). 

20. Power :—The power or activity of an agent, e g. a dynamo 
or an engine, is the rate at which it does work, i.e. the work done by 
it in unit time, when the work is done continuously. 


When we consider the time taken by an agent to perform any work 

we need to consider what is called the power of the agent. The average 

, . j.- • i.i_ i- X total work done 

power used in an operation is the ratio of-.-- . 

time taken 


The Unit of Power. —(a) The C.G.S. absolute unit of power, 
is one erg per second. 

This being too small for practical purposes, two additional units 
are employed in electrical engineering, viz .— 

(») The Watt = l Joule per sec. = 10^ ergs per sec. 

(»*) The Kilowatt = 1,000 watts. * 


(/*) The P.P.S. absolute unit of power is one foot-poundal 
per second. 

The Gravitational unit of power is one foot-pound per 
second. 

The dimensional formula of power is [MZf*!r"*®]/[Z’]“llfZ>®3r"*. 

Horse-power. —It is the British practical unit of power and is 
commonly used in Mechanical Engineering. 

One Horse-Power (H.P.) = 33,000 ft.-lbs. per min.=660 ft.-lbs. 
per sec. 

In order to find out the working capacity of a horse, James Watt, 
the inventor of the Steam Engine, carried out an experiment in which 
a weight of 160 lbs. was lifted from the bottom of a coal pit-by a horse 
through a vertical distance of 220 ft., in one minute. Thus, the work 
done was (150X220)**38,000 ft.-lbs. in one minute=550 ft.-lbs. in one 

second. 

So James Watt adopted this as a unit of power, which he termed 
one Horse-power (H.P.). 


2t* Conversion of Horse-power into Watts :— 

Now 1 foot-pound=(1*366 X10^) ergs, and 660 ft.-lbs. =(740X10^) 
eigs. > 
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Hence 1 H.P.—550 ffe.-lbs. per sec. ** 746 X10**^ ergs -pdr see. 

■■746 watts (V 1 watt—10* ergs per sec.) 

and 1 Kilowatt-^^,^-1*34 H.P. 

746 

Conversion of Kilowatt-hour into Foot-pounds.— 

Since 1 Kilowatt = 1*34 H.P. =>(1*34x650) ft.-lbs. per sec. 

and Work = Power X Time in seconds, 

we have, 1 Kilowatt-hour = (l'34 X 550) < (60 X 60) ft.-lbs. 

—2,658,200 foot-pounds. 

[Remember. —The amount of work done by an average horse is 
only J H.P. The average amount of work done by an active man is 
4 H.P. The power of a motor car engines varies from 6 to 30 H.P. ; 
that of a jeep fi’om 20 to 80 H.P. ; those of gas engines from 4 to 270, 
while the power of a large battle cruiser may reach upto 120,000 H.P.]. 

22. Distinction between Work and Power :—As power ia 
the rate of doing work, it involves a time-unit and its average value is 
measured by the ratio of the work done to the time taken in doing the- 
work, if the work is done continuously. 

That is, power =* . Some examples of power are, 1 H.P. 

time 

= 550 ft.-lbs. per sec. ; 1 watt = 10^ ergs per sec., etc. Thus from the 
above. Work = Power X Time. 

So ‘watt-hour* or ‘kilowatt-hour’ which are products of ‘power* and. 
time ‘intervals’ are units of work. 


Examples 


(i) A man whose weight m 10 atones rune up a flight of aiaira carrying a 
load of to lbs. to a height of HO ft. in 10 seconds, FiiM the mean fower of the man 
during this interval. 

Ans i 10 atones »14x10 »140 lbs. 

Total work done In ID seos.»^140d-iO)x 20=3000 ft.-lb8. 

The work done per sec.*300 ft.-lb8. So, power*f^“0*646 H.P. 

lU 5DU 


{8) A man weighing 140 lbs, takes his seat in a lift whitli weighs 9 tone. 
Be is taken to the 3rd door which «j at a height of 57 ft. from the ground fio» 
in 8 minutes. Calculate the work done and the jpower required in this froeeee,. 
£1 ton *2240 Ibs.l 

Ans.: The total weight of the man and the llft*140+2240 x2'*4820 Iba. 

Th* work done in raising 40i0 Ihs- tbroogh 75 ft. 


=force X distanoe * 4620 x 70=346,500 f t.>lba. 

The unit of power in the F.P.S. lystem ia one horae-power, whloli la MO flulba*. 
per eeoond. .*. POwer=fate of doing work, 

-S'*-"" 
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28. Meehanieal Energy : —The energy required by a body for 
doing mechanical -work is known as its mechanical entrgy ; it is measured 
by the total work the body can do under the circumstances (position, 
configuration, or motion) in which it is placed. 

Obviously, the unit of energy should be identical with that of 
work. Therefore, erg, foot-pound. Joule, etc. which are units of work 
are also units of energy. 

The falling water at Niagara is used to drive dynamos which* 
generate electricity. Hence the elevated water of the falls has got 
energy. A wound spring moves the hands of a watch, and so it has 
energy. Wind has energy, for work is done by it when it drives a boat. 

24. Distinction between Energy and Power :—The energy of 
a body indicates the total amount of work the body, under the circum¬ 
stances in which it is placed, can do and has no reference to the time 
in which that work is to be done while power denotes the rate at which 
work is done and is irrespective of the total work done. 

25. The Two Forms of Mechanical Energy :—Mechanical energy 
may have either of the two froms, potential and kinetic. 

(a) Potential Energy.— A body may possess energy by virtue 
of its position or configuration ; such energy is called potential energy 
and is measured by the amount of work the body can do in passing 
from its present position or configuration to some standard position or 
configuration, usually called the zero-poeition or eonjiguraiion. 

(f) Potential energy due to poeition. 

A lifted weight, like a Pile-driver, does work when falling down 
under the force of gravity. So it has potential energy. Water stored 
up^ in elevated reservoirs in municipal water supply, formations of ice 
on a mountain top, are afso similar instances of potential energy. For 
bodies raised above the surface of the earth, the earth's surface is 
usually taken as the zero-position. 

(h) PotenUal energy due to configuration, 

A coiled spring as in the case of a watch or a gramophone, a bent 
or compressed spring, compressed air, etc. have potential energy for, 
in coming back to the normal configuration (co^ition), each one of 
them can do work. 

Poiaatial Energy of a Raised B^^.—Oonsider a body raised 
above the earth's surface. In this raised poeition the body has 
poten^ energy. 

; 

•Xist m^masB of the body ; g**acceleratipn due to gravity ; 
Tertieal height through which the body is rais^ from the grmind level. 
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The potential energy =* work done in raising the body=wflf X k* rngh. 
If m be taken in pounds and h in feet, then the potential energy, 

P.E.=mflffc ft.-poandals (where p=32‘2)s*m?t ft.-poands. 

If TO be taken in grams and h in centimetres, 

P.E.=aTOg7i erga. (where g=»98l)**TOk gm.'-ems. 


Note :—It must be realised that the potential energy due to gravity 
is independent of the path along which it is raised to a height ‘h\ 
because mg acts vertically downwards and the effective vertical 
distance h does not depend on the path. 

(b) Kinetic Energy. —A body in motion possesses energy due to 
its motion ; such energy is known as kinetic enerr/t/ and is measured 
by the amount of work the body can perform against external impressed 
forces before its motion is stopped. The bullet fired from a rifle, the 
rotating fly-wheel of an engine, a falling body, a swinging pendulum, 
a cannon ball in motion have all got kinetic energy. 


Kinetic Energy of a body moving with velocity v .—Consider a 
body in motion. At the instant of consideration, let the velocity of the 
body be v. 

Let ^the mass of the body be m and suppose it is brought to rest 
by a constant force P resisting its motion, which produces in the body 
an acceleration (—/), given by P=to/’. 


Let s be the distance traversed by the body before it comes to rest. 
We have, 0='W®+2(—/)«. 


/.s’=* 2 'y’. Therefore, the K. E. of the body = work done till 

1 

coming to rest** Px s — m/x s»wX/.i —w 

2 2 


Henoe^ the kinetio energy of a body moving with a velocity v is eqttal 
to half of the product of the mass and the square of the velocity. 

This can also be deduced by the calculus method. The velocity v 
of a moving body is due to a force, P^mf^m. dvidt. Now if an 
elementary displacement ds be considered in the direction of P, the 
energy involved, dW (evidently kinetic) is, 

dW-P.ds^m^. ds^m. do^mv. >^v, 
dt at 

The total K. B.*Tr*TO. J©dr**! TOt»*+o. 

If the body starts from rest, v**0, and 

Hence c®*!). .*» tow* (l) 
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If the body initially possesses a velocity u and at the end of the 
joarney acquires the final velocity u, the kinetic energy is given by, 

W^m I V. TO («• —tt®) ... (2) 

Note. If TO be taken in pounds and v in feet per second ; the kinetie 
energy, K. E. =* \mv* ft.-poiindals (lb. X ft.‘/sec.® == ft. x lb. x fb./sec.* 

aft.-poundals) 

ft.-pounds (where g««32’2). 

If TO be taken in grams and v in cms. per second, 

K.E,***iTOt>® ergs (gm. Xcm8.*/sec.® —cms.Xgm.Xcms./sec.* 

=»cms. X dynes =* ergs) = ^ gm.-cms. (where g —981). 

N.B. Kinetic energy of rotating bodies will be dealt with in 
Chapter V. 

26. Potential Energy and State of Equilibrium :— The state 
of sta'ile equilibrium of a body corresponds to a minimum of potential 
energy% because the centre of gravity of a body, when in stable equili¬ 
brium, occupies the lowest possible position and any displacement tends 
to raise the position of the centre of gravity and thus increases the 
potential energy of the body. When the potential energy of the body is 
maximum any displacement will give rise to a couple tending to move 
the body further, and thus, in the position the equilibrium of the body 
is unstable. Again, when the body is in the st tie of neutral equili¬ 
brium^ its potenUal energy will remain constant for any small displace¬ 
ment. 

27. Transformation of Energy and the Principle of Con¬ 
servation of Energy :—If a body is at some height above the 
ground, it has got some gravitational potential energy. If it is now 
allowed to fall freely through a distance, it loses an amount of potential 
energy equivalent to the work done by the weight of the body, but gains 
an equal amount of kinetic energy. Just before the body strikes the 
ground, it has only kinetic energy equal to the amount of potential 
energy in the beginning, that is, the potential energy is wholly trans¬ 
formed into kinetic energy. Again, when a clock is wound up, its spring 
possesses potential energy exactly equal to the amount of work done 
in win ling it up. This potential energy, which is stored up in the 
Spring, is continuously converted into the kinetic energy of the moving 
hands of the clock as the spring becomes unwound. In the same way 
the potential energy of the compressed spring in a spring-gun is con¬ 
verted into the kinetic energy of the bullet. These are only different 
cescs of transformation of energy, according to which a body may 

mechsnical energy in one form, but gain an equal amount oi 
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mechanical energy in another form. The above examples only illustrate 
a fundamental principle in Dynamics, known as the principle of 
conservation of energy, which may be stated as follows— 


''If a body or a system of bodies move under a conservative system 
of forces the sum of its kinetic and potential energies remains constant 
throughout." 


Some explanation of what has been called a conservative system 
of forces as stated above is necessary at this stage. In' Dynamics, a 
system of forces acting on a body is said to be conservative if the work 
done by the forpes, as the body moves, depends only on the initial and 
the final positions of the body but not on any intermediate position, 
or on the path of motion, or on the velocity or the direction of motion 
of the body at any instant. From this definition it is clear that the 
gravitational force and electrical or magnetic forces are all conservative. 
But, on the other hand, frictional forces are not conservative. Thus for 
a body sliding down a ro igh inclined plane, th'fe sum of potential and 
kinetic energies is not constant but gradually diminishes, which can be 
mathematically proved. Similar is the case when two actual bodies 
collide. What happens then to the energy which is lost in such cases 
of non-conservative forces ? This leads us to the formulation of the 
more general form of the Principle of Conservation of Energy in Science 
which may be called the Universal Principle of Conservation of 
Energry and may be stated as follows— 


"Energy cannot he. created, nor can it be destroyed, but may he 
transformed from one hind into another or into a number of other forms. 
The sum total of energies in this universe is constant." 


This generalised form of the principle enables us to understand 
what happens to the mechanical energy lost in cases of dissipative or 
nonrconservative forces. The generalised principle states that the 
mechanical energy lost is not really destroyed but reappears in some 
other form or forms in equivalent quantity. Thus, the loss of mechanical 
energy in the case of a body sliding down an inclined plane or that 
in the case of two bodies making a collision, as already referred to, is 
really not a loss, for an equivalent energy reappears in each case mostly 
as heat and partly as sound. When a falling body touches the ground, 
the mechanical energy is reduced to zero but is transformed in equivalent 
quantity mostly into heat and partly into sound. Thus, wo find that 
whatever be the system of .forces acting on a body, conservative or non- 
conservative, the total energy of the system will be found to remain 
constant* if we take into account the different forms of energy to 
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which energy is transformable namely, mechanical, thermal, magnetic, 
electrical, acoustical and light energies. Sometimes it becomes really 
difficult to trace out the different forms into which energy transforms 
itself and makes us doubt the validity of the principle but when closely 
examined, it will be found that the situation arises not due to any 
defect in the universal character of the principle but due to our inade¬ 
quate knowledge of the transformations. Consider the various trans¬ 
formations of energy in the case of an ordinary steam engine connected 
to a dynamo for the generation of electricity. When the coal burns, we 
get heat energy. The heat does work in changing water to steam which 
then expands. The expanding steam exerts force and causes the piston 
to move, and thus runs the engine. Thus, the heat energy is transformed 
into mechanical energy, and when the engine drives a dynamo, which 
generates electricity, the mechanical energy is converted into electrical 
energy. This energy can be transmitted by wires ' and made to do 
useful work such as driving tram cars where electrical energy is recon¬ 
verted into mechanical energy ; lighting lamps in houses, where electrical 
energy is reconverted into light energy ; and in this way various other 
transformations, may also take place but whatever are the transforma¬ 
tions, the guiding principle remains that the total- energy of the whole 
system will be constant. 


28. The Principle of Conservation of Energy is obeyed 
by a Swinging Pendulum :—In the undisturbed position the pendulum 
acts like a plumb line and hangs vei-tically. At this position, the centre 

of gravity of the pendulum 
which is practically the same 
as the centre of the spherical 
bob, lies at the lowest level 
which may be called its zero 
or ground level as shown by 
the point B in Fig. 19. The 
vertical position of the 
pendulum is its mean posi¬ 
tion ; for, when the pendu¬ 
lum is made to oscillate by 
drawing it to a side and then 
let go, it swings about this 
position with almost equal 
amplitude on either side of 
it in each oscillation. When 
it mpves to one side of the 
Fig. 19—A SwingiBg mean position, the centre of 

Pendulnm tjjg 

ga^ IKitential energy. When it is at the extreme end position as shown 
Dt its whole energy is potential there being no kinetic energy* 
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for the bob is at rest there momentarily. The vertical height BK^ 
through which the bob rises when at the extreme i)osition C or D* 
multiplied by the weight of the bob, gives the potential energy gained. 

From the extreme position C or D, when the bob moves towards 
the mean position the potential energy is gradually transformed into 
kinetic energy till finally the whole of the potential energy is transformed 
into kinetic energy when the bob reaches the mean position its ground 
or zero level. At this position the whole energy being kinetic, it attains 
maximum velocity. At positions intermediate between B and 0 or D, 
the energy of the bob is partly potential and partly kinetic. On crossing 
the mean position by viitue of inertia and acquired velocity, when the 
bob begins to move to the other 
side the kinetic energy of the bob 
gradually reduces at a rate in which 
its potential energy increases till 
finally the whole of the kinetic 
energy is again transformed into 
potential energy at C or D. If there 
had been no friction due to the air 
or at the point of support no energy 
would have been lost by the pendu¬ 
lum and it would oscillate with the 
same amjjlitude for ever, once being 
set into motion. That is, for an 
ideal pendulum oioillating in vacuum 
the sum of the potential and kinetic 
energies at any instant should be 
constant. 

Mathematfeal Proof. —Let the 

position G denote the extreme end 
position for a pendulum and C' any 
subsequent position while moving towards tlie mean position B (Fig. 20). 
Draw GK and C’E! perpendiculars on AB. 

At C, the total energy (which is wholly potential) At 

O', P.F.=mgXBK\ and K.E. = lmv^ KK’}^mgX Kh 

Total energy at 0'^P.E.+K,E. 

= (mg >CBK') + mg(B K ■“ BR') 

>^mg x BK^ eneT&y at start 
= mg X Z(l ““ cos "t) 

where 2=length of the i)endulum, and amplitude. 

29, Total Energy of a Falling Body le Constant The 

potential energy of a body of mass wi at a height h (Fig. 21) above 
the ground “WflrH. 



Fig. 20-A Bwlngisg 
Pendnlam. 
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When it falls through a distance x, its potential energy at the 
4iime=w»(7 (h —sr). 

Its kinetic energy at that 
instant = Jwu* (where v is the 
velocity acquired during this 
interval) =*X2f^a5 = 

2gx) =» mgx. 

At that instant, potential 
energy+kinetic energy 

^mg(h ~x)'¥mgx — mgh^ 
potential energy in the begin¬ 
ning. 

Hence, neglecting the effects 
of air resistance, it is seen that 
the total amount of energy 
(kinetic + potential) of the body 
remains constant as it falls. 

Fig- 21 When the body strikes the 

.'ground, it is brought to rest and loses its kinetic energy. Then the 
potential energy is also reduced to zero. The energy, however, is not 
destroyed. It is converted mainly into heat, the body and the ground 
being warmer as a result of the impact ; a small part of the energy 
is also converted into sound energy. 

80. A Particle sliding down a Smooth inclined Plane obeys 
the Principle of Conservation of Energy throughout its Motion :— 

Consider a particle of mass m, 

^ay, which is allowed to slide 
down a smooth inclined plane 
AB having an inclination < to 
the ground level BG (Fig. 22). 

Suppose the particle starts from 
rest at a point whose height 
from the ground level is h. The 
P.B. at this point is mgh and 
the K.E. is zero, so that the 
total energy at start —(inph+O) 

^mgh. 

Ijet V be the velocity acquir- 
led by the particle at any instant 
when the particle has glided 
down through a distance x along 
the inclined plane. The acce¬ 
leration down the plane is given 

sin <. So. 

We hi#o SJg sin < X *. 




Fig. 22—A body sliding down 
an incdine. 
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^ sin «<. But ® sin < is evidently the vertical 

height through which the particle has descended ; so its new 
height above the ground at this position is (h — x sin <) and therefore, 
its (h — x sin •(J. 

P.E.^mgx sin*<’¥mg (h — x sin <) 

™mg}i. 

This is independent of x and is equal to the initial total energy. So 
the total energy remains constant as the particle slides down the 
inclined plane and thus the principle of conservation of energy is obeyed 
by the sliding particle. 

81. A Projectile obeys the Principle of Conservation of 
Energy throughout its Motion :—Let a particle of mass m be 
thrown from the ground (Fig. 23) 
with a velocity u at an angle < 
with the horizon. At start its 
total energy* K. K. 4- P.E. 

* irm® + 0 » ®. 

Suppose, V is the velocity of 

the particle at an angle 6 with the 
horizon, at the instant when it is 
at some vertical height h above Fig. 33— A Projectile, 

the ground. 

Since the only acceleration acting on the particle is due to gravity 
i.e. g vertically downwards, its horizontal velocity all along remains 
unchanged, and so, 

v cos ^=« cos "t ••• ... (a), 

and considering the motion of the body vertically upwards, we have, 

(v sin sin x)® — 2 | 7 h ... (6) 

Squaring equation (a) and adding it to equation (6), we have, 

V —u* — 2gh. 

At this position, the vertical height of the particle above the 
ground being h, its P.E.^mgh, 

Total energy *P.S.+Jr.JS^. (neglecting air resistance to 
motion, etc.) 

<^mgh + (Imu* - mgh) 

* * initial energy, and is the same at all heights. 

82* Perpetual Motion : —^The principle of conservation of 
energy indicates the impossibility of the existence of a “perpetual 
motion* machine, t.e. a machine which, when once set in motion, will 
continue its motion perjietually without the supply of an equivalent 
amount of energy from outsidp. Even when no useful work is done 
by the machine, the energy, supplied in the beginning, will be gradually 
used up in overcoming frictional and other resistances and machine 
will ultimately come to a stop. 
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S3. The velocity of the Bob of a Pendalum at its Lowest 
Poiot :—^When the bob of the pendulumi of length I cm,, is set free 



Fig. 24 


from its extreme position 
C. it moves in an arc of a 
circle CBlJ, B being the 
lowest position (Fig. 24)., 
From 0 draw a perpendicular 
CK on AB. At 0 the bob 
of the i)endulum has poten¬ 
tial energy mg^BK^ which 
represents the work done in 
raising the bob from B to ( 
i.«. vertically through BK. 
When the bob is released 
from the position C\ it 
gradually loses its potential 
energy and gains kinetic 
energy. At the lowest point 
it loses all its potential 
energy mgXBEt and the 
kinetic energy which it 

gains, is equal to this. 


.*• mg. BK=^mv^, where v is the velocity of the bob at B ; 
or, ijiAB-‘AK)^^v* ; or, g (I —I cos = ; 

or. 2 ^ 1(1 — cos 9). '0™ >i/2gl(l—COB $) I 

or, 2flr2X2sin* "**2 \/gZXsin^. 


Example 

I 

Tht heavy hob of a pendulum is draton aside so that the string makes 
an angle of 60’ with the horieontal and then let go. Find the velooity toith which 
the toi passes through its position of rest. 

Ans ,: (Draw the diagram and proceed as desoribed In the preoading article.) 

0-(90''-60®)-80“, /. Sgl ; or, e- is/0*2b8Xp{. 

34. Other Forms of Energy :—As already stated, the 
mechanical energy which a body possesses may be due to either or both 
of the two forms, kinetic and potential. Besides mechanical enei^y 
there are also other forms of energy, e.g. heat, light, sound, electrical, 
magnetic, and chemical energy. 

33. The San is the Ultimate Sonroe of all Energy :—For 

the terrestrial people the sun is gener^ly considered to be the ultimate 
source of all forms of energy. We get considerable amount of energy 
fxH:^’^lar radiation in the form of heat, light, etc. For example, the 
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energy of the steam engine is derived from coal. Coal again is nothing 
but wood decomposed and subjected to great pressure and tempc^rature 
inside the earth for thousands and thousands of years. The energy in 
the wood is due to the sun's action on trees and plants. When the coal 
bums, the stored-up potential chemical energy derived from solar 
radiation is given back as heat and light. 

36. Further Examples of Transformation of Energy :— 

(i) Mechanical. —(a) Kinetic to potential.—The bob of a 
pendulum moving from the normal position (maximum kinetic energy 
position) to the extreme position of swing. 0 ) Potential to kinetic.—A 
body falling from a raised position to the earth ; a pendulum returning 
from the extreme position of swing towards the normal position, (c) 
Kinetic to heat.—Heat produced by rubbing two stones ; a moving 
wheel stopped by applying brakes, id) Kinetic to sound'.—Sound produ¬ 
ced when a reed vibrates, (fi) Kinetic to electrical.—A dynamo. 

(ii) Heat. —(a) Heat to mechanical.—Heat engines, (b) Heat 
to light.—White hot ball ; filament in an electric bulb. Ic) Heat to 
sound.—Singing fiame. (d) Heat to electrical—Thermo-electric 
phenomena, (e) Heat to chemical.—A magnesium ribbon burning 
in air produces magnesium oxide, (f) Heat to mechanical.—The 
pressure of a confined gas increases when the gas is heated. 

(ill) Light. — (o) Light to electrical.—Photo-electric cell, (ft) 
Light to chemical.—^Photography. 

(iv) Sound. —(a) Sound to mechanical.—Forced vibration and 
resonance, (ft) Sound to electrical.—Telephone transmitter. 

(v) Magnetic. —(a) Magnetic to beat.—^Bapid magnetisation 
and demagnetisation repeated in a specimen of iron, (ft) Magnetic to 
mechanical.—Deflection of a needle by magnet. 

(vi) Electrical.—(a) Electrical to mechanical.—Electric motors ; 
tram cars, (ft) Electric to heat.—Electric iron; electric furnace. 
( 0 ) Electric to light.—^Electric lamps, (d) Electric to sound.—Galling 
bell; Telephone. ( 0 ) Electrical to chemical.—Charging of batteries ; 
electrc-plating. if) Electric to magnetic.—Electro-magnet. 

fvii) Chemical.— (a) Chemical to heat.—Burning of a fuel— 
petrol, kerosene, coal, etc. (ft) Chemical to light.-—^as lighting. 
( 0 ) Chemical to electrical.—^Voltaic cells, (d) Chemical to mechanical. 
—^Ezj^sives. 

S7. Dtffarent Examples of Work done:—Work is measured 
by the product of the force and the distance through which the point of 
application of the force moves in the direction of the force. 

(f) Work dono in railing a load oirtieally vpwardt. 

If 10 represents the work done, w^mghi where m is mass of 
the load and h the vertical height through which the load is raised. 
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(it) Work done in taking a load up along an inclined plane. 

In this case, w ~ mg sin <'<l, where I is the length of the inclined 
plane [vtcfa Art. 30j and < the inclihation of the plane of the horizon 
^mgX I sin <^mgh, where h is the height of the inclined plane. 
Thus, the work done in taking the load up the Inclined plane is the 
same as that req^uired to raise the load fn vertically through a height h. 
Hence, the work done in raising a body to a height h against gravity is 
independent of the path along which the body is taken and depends 
only on the vertical height. 

(tt'O Work required to generate a velocity v in a body originally 
at feet, Was/'x h’, where P is a force which generates an acceleration 
/ in a body of mass m and /S is the distance traversed by the body in 
time t. Here P — mf and 8=^\ft*. TF-=»PXi3l*m/X 2 /{’‘ = 2 Wi 

\ mv*, where v (—/i) is the velocity acquired by the body after 
time t starting from rest. 

Units of Force, Work and Power 


O.G.S. SYSTEM 


Quantity 

Theoretical unit 

Practical unit 

Force 

Work 

Power 

Dyne 

Erg 

One erg per sec. 
(No special name) 

{%) Newton'** 10^ dynes 
• 

(it) Oram~weight^ 981 dynes 
(gravitational unit) 

(t) Joules 10* ergs. 

(it) ktlowa(<*hcur*-36x10** ergs 

(tit) Gram*centimetreaB981 ergs 

Watt'=‘l Joule per Bec.^lO*' ergs per sec. 


F.P.8. SYSTEM 

Quantity 

Theoretical unit 

Praetlcal unit 

Force 

Poundal 

1 Poun<2'toeiphi»32ponndals 

1 gravitational unit) 

Work 

Foot-poundal 

1 iroo<-|ioufuf»32foot-poundal6 
(gravitational unit) 

Power 

One foot^pountel 
per second 
(Ho spedal name) 

1 Boree~Poioer (H P.) >>550 ft,-fennda 

per see. 
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Examples 

(1) A rifl$ of mags 14 gm 9 . travelling at the rate of 89,000 em$. per sec. 
*• just able to pierce a block of wood 81 ems, thick. Find the average force of the 
bullet while penetrating the 'wood. 

Ans.: I^tF’be the force la dynes : then Fxesj tnv* : 

or. y*“^’.ii;^|i«6)'=432xl0.dyo«. 

(8) A train of mass 100 tons is travelling at 80 miles per hour, Oaleulate the 
force necessary to bring it to rest (») in d distance of 180 ft. ; (6) in 10 seconds. 

Ans. : (a) Let F be the force applied which prodacea a negative acceleration / 
to bring the train to rest: then, F=—mf (where m is the mass of the trainj t 

or f'"—Flm. We have, v*ssu*+2/s .*. 0*t**-2^*; or, Ps-i-wn*. 

m 2 

Here m* 100 x 2240= 324,000 lbs.; tt-30 miles per hour=44 It. pel cee. 
mu* _ 2 ’1,000 X 44* 


F- 


2s 


2X120 


=1,806,933*3 poundals 

=56,466*6 lba,-wt. (taking ps32). 
Ft 


(6) We have, ; or, O»u-~;or, Ft=mui 

m 

(3) Find the energy stored in a train weighing 850 tons and travelling at the 
rate of 60 miles per hour. How much energy must be added to the tram to increase 
its speed to 65 mtles per hour 9 

Ans,; Mass=260 tons = 260 x 2240 lbs. Velocity =60 miles per houi=88 ft» 
per sec. 

t 

The kinetic energy of the train=i x (960 x 2240) 88* foot-ponndali. 


Again, 65 miles per honr= 


’=2,168,’’30,(K)p ft.-ponndals. 
65X1760X3 286,, 

~ 60X»U - 


.*. The E. E. of the train, when the speed Is 65 niilea per hour 
-i X (260 X 3.240) Y ) * *2*544,764,444-4 ft.-poundalB. 


The energy to be added=>3.i44,764,444*4 - 3,168,320,000 

= 376 444 444*4 ft.-poundals. 

(4) If clouds are 1 mile above the earth and rainfall is sufficient to eover 
1 sguare'mile at sea-level, i inch deep, how much work was done in raising th& 
water to the clouds ? 


Ans.: If w lbs. be the mass of rain water and A/Z. the height of the clouds 
above - the sncfsoe, of the earth, the work done in raising so lbs. of water- 
thtongh h ft. 

•"wxh foot-pounds. Here haBl760 x 3««5280 ft. 

The volume of rain water=1 square milex| in. ■■(5280)*X^^^ eu. ft. 
The mass of 1 eubia foot of water=63*5 lbs. .*. Mass of rain wateta 
(6180)* X(1/24)X62*5 lbs. Tha work d<me«s<5280)*xiKi|^ x 

(6280)« X 1|^»383*BS8 X10* fOot-ponads. 
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Questions (Chapter II) 

1. Show that if a piston la moved along a oylindex against a constant 
pressure, the work done In a stroke is eqnal to the prodnot of the pressnre and 
the volume swept out by the piston. Explain clearly the units In which the work 
will be given by this calculation. 

[Pressure force on unit area. Work dona aforoex distance (pressure 
X area) X distance through which the piston movee—pressureX volume swept out. 
TThe work Is expressed in ergs. If pressure is measured in dynes per sq. cm. and 
volume in o.o.] 

9. What is the work done when a weight of 500 kilograms falls through 
A height of 50 metres and la then stopped 7 Assume the normal value of gravity. 
[Am.: 24,525 X10® ergs.] 

8. How much power is required to pump water at the rate of 90 litres per 
minute to a height of 20 metres ? [Am. : 294*8 watts.] 

4. Water is pumped up from a well through a height of 30 feet by means 
of a 5 horse.power motor. If the efficiency of the pump Is 85%, find in gallons 
lihe quantity of water pumped up per minute. (1 gallon of water weighs 10 lbs.) 
[Ans. : 467*5 gallons]. 

5. An engine is employed to pump 6.000 gallons of water per minute from 

« well through an average height of 21 feet. Find the horse.power of the engine, 
if 46% of the power is wasted. [Am. : 69*42] 

0. What Is the potential energy of the water which fills a cubical tank of 
«aoh side 10 it. and whose base is 20 ft. above the ground r 

[Am.: 1*50 x 10* ft.*lbB.] 

7. A railway train Is going up-hill with a constant velocity. What is the 
aource from which the energy of the train is supplied r 

Describe the various transfofmations of energy that go on in this case. 

: The energy of the train is derived prinurlly from the burning 
ooal. This is utilised In running the train against friction and air resistance, and 
also raising the train up-hill against the force of gravity and thus work Is done. 
The energy of the coal is derived from the sun. Bo the sun is the ultimata souroe 
of energy.] 

8. A solid mass of 100 gms. is allowed to drop from a height of 10 matree. 
Oalculate the amount of kinetic energy gained by the body, g being 980 cms. 
per sec.* [Ane.: 98x10" ergs] 

9. Ashot travelling at the rate of SOO metres per' aeoond la just able to 
pierce plank S inches thick. What velocity is required to pierce a plank 6 inches 
thick f [Am* t 2!00*J9 metres par sec.] 

10. A mass of h) lbs. falls 10 ft. from rest and is then brought to rest by 
noMtaatlng 1 ft. into sand s And the ayerape throat of the sand on it. I Aits.: 
110 lha.-wt.] 

11. XMstlagnlih between ponndal and pound.wdght. 

Frove Uiat In the ease oi a body MUng freely under gravity, the sum of the 
potential and ktnrtic enarglas is constant. 

12. Bxplaln the meaning of the 'Frlncipleof Gonservatlon of Boergy*. Show 
ihaS’tiUs princfple Is apiAtoabte at every stctf of Hw journey of a partiela Udllng 
djMly nnw gravity from a bright tUl it reac^ the ground. 
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IS. A ballet weighiog 1 oz. la dropped from tbe top of a tower 60 ft. high 
and la brought to rest by penetrating 5 ft. into mad. Find the average thraat on 
the mud. [Am.: 26Poandal8j. 

14. A pendalam oonalating of a ten-gram bob at the end of a string thirty 
oentimetrea long oaoillates throagh a aemi-olrole; find its veloolty and ktnetlo 
energy when it passes its lowest point. Specify the units in which yonr answer 
is given. [Ans. : v»343’61 oms. per seo. ; K.E.«n394,300 ergs.] 

15. A body falls andet gravity and strikes the ground. Explain how the 
phenomenon supplies an illaatratlon of the transformation of energy. Does it also 
illastrate the principle of conservation of energy ? 

16. ;^hat are the practical anita of power in the F.P.S, and 0. G. S. systems 7 
Write out the relations between these units, 

17. A steel ball of 100 gms. drops throagh a height of 10 metres. What 
is its velocity when it reaches the ground 7 (p=980 oms. per sec.*). [Am. : 
1.400 cms. per sec.) 


CHAPTER III 

FRICTION 

38. Friction No solid surface is perfectly smooth. In other 
words, all solid surfaces are rough more or less. So ^hen two conti¬ 
guous solid surfaces (which are dry) are in contact and any attempt 
is made to move either over the surface of the other, it is always 
attended with a resistance which tends to oppose the motion. Such 
resistance to motion is called friction. 

Friction arises on account of the adhesion, i.9. the mutual force 
of attraction between the molecules of the two contacting surfaces, 
and the interlocking of the 
irregularities present on the 
contacting surfaces. 


Friction can be thought 
of as equivalent to a force 
acting along the plane of 
contact between two surfaces 
opposite in direction to any 
force attempting to produce a relative motion between the two surfaces. 
This will explain why a force is necessary to drag a book along a table, 
a rectangular box along the ground, and so on. Consider next a more 
general case when two plates are pressed together by normal forces N 
(Fig. 9d). To overcome friction and to cause sliding between the two 

a.P. 4—(vOli. l) 



Fig. 25 
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surfaces, a ceitain force P (its value dependiug on the value of N and 



Fig. 26 


the nature and condition of 
the two surfaces) acting 
along the common plane of 
contact, will be required. 

Friction is perverse .— 
That is, it always opposes 
motion irrespective of the 
direction in which the motion 
may take place. In Fig. 26Ca) 
a very closely fitting piston 
working in a cylinder of an 
engine is shown moving out¬ 
wards under a force P, while 
in (b) it is moving inwards 
at the return stroke. In 
either case the motion of the 
piston will be opposed by 
frictional forces (/) operating 
along its surfaces of contact. 


39. Different Kinds of Friction: (a) (i) Static 

its limiting value :—Frictional force is self-adjusting 
exert itself only up to a limiting maximum value. A., 
attempting to drag a surface over another gradually increases from 
zero, the frictional force opposing it also increases equivalently. The 
two contacting lurfaces remain in static equilibrium upto a maximum 
value of the applied force. That is, up to this stage the frictional force 
which acts in opposition is equal to the applied force. When the 
applied force just exceeds this maximurn value, the body on which the 
force is applied begins to slide. This maximum value of the applied 
force is a measure of the limiting value of static friction between the two 
surfaces, and is called the force of limiting friction—often also called 
the force of frictum {F). 

(U) Kinetic or Sliding Friction. —It is found that the force, 
P, necessary to start sliding of one surface on another, is greater than 
that necessary to maintain sliding. That is, the force of sliding or 
Idnetic friction is less than that of limiting friction. 

N.B' It must be remembered that if two surfaces are separated 
by a fibm of liquid, such as a lubricant, the nature of the f riction is 
oitagedher changed, 

(b) Rolling Friction. —^This is also a kind of kinetic friction 
mtd occurs between two solid sui^aces in contact but one of them rolling 
or tez^dhcg ^ roll on the other, as in the case of a marble rolling on 
bfthe(„iSi^. n football rolling on the turf, a rope passing over a rolling 
ofwr. It is a Common e:qierience that the force required to drag 
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a rectangular box along the ground is much greater than that required 
to move it on rollers. This means that rolling friction is much 
smaller than sliding friction. That is the reason why vehicles are 
inounted on wheels instead of sleeve bearings. There are a number of 
different types of ball and roller bearings known collectively as anti— 
Jf*®**®** bearings. Basically, all these consist of the rolling elements 
(balls or rollers), the race rings on which are provided tracks for the 
rolling elements and in the majority of cases a separator for the rolling 
elements known as the cage. 

SlsBve and Boll-bearings. —Pig. 27 (a) illustrates a sleeve type of 
bearing where it will be seen that the rotating axle slides on the bottom. 



of the sleeve at low speeds. It however, tries to climb up the side of 
the sleeve at increased speeds. 

Fig. 27(5) illustrates a ball type of bearing where it will be seen. 
that the asde rotates on the balls without sliding. The groove, in which 
the balls themselves roll on account of reaction, is called the Vacs’. 

(c) Fluid Friction. —Friction occurs when a liquid or gas is 
made to i)a88 around a stationary body or the body made to move in 
a liquid or gas, i.e. friction occurs when there is relative motion between 
the t^o. It arises in the propulsion of a ship through water or auto¬ 
mobiles, trains and aeroplanes through the air and so on. Take the 
case of a rain-drop falling through the air. Its speed depends upon its 
sise and not upon its height above the ground. Starting with zero 
velocity, the velocity increases as the drop descends until the retarding, 
force of friction equals the downward, pull of gravity. When this 
condition of equilibrium is reached the body falls with a steady velocity, 
called its termiiial veloeity. For small particles like fog drops, thi8< 
terminal velocity is low and the air-flow around them is laminar ; when, 
however, the particles are large, the terminal velocity may exceed 
eritit^l valocity and turbulent fiow sets in around a moving body, which. 
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Ijhen determines the frictional resistance mostly. The considerations 
are important for aeroplanes which move in the air and for ships 
.moving in the water. • 

40. The Role of Friction :—Friction is useful in many ways, 
though it is also wasteful in other ways. 

Usefulmts of Friction. —Friction is important in our daily life. 
If there were no friction, walking would have been impossible, nails 
and screws would not remain in the wood, fibres of a rope would not 
.hold together, a ladder would not rest on the ground, locomotive engines 
would not draw a train on the rails, and so on. In designing auto¬ 
mobiles and their parts, steps are taken to increase friction where it is 
needed. Brake linings in automobiles require special materials and 
tyres are given special thread designs for purposes of increasing the 
friction consistent with minimum wear and tear. 

Wastefulness of Friction. —Friction is ordinarily looked upon as 
an evil. It is inevitably present, to an extent large or small, whenever 
there is motion of one body relative to another in contact. The effect 
of friction is to reduce the relative motion to certain extents and, to that 
oxtent, there is loss of mechanical energy of the moving member. So, 
in designing engines and all other moving machineries, precautions are 
"taken to reduce friction in the bearings to the minimum. Ball and 
roller-bearings entail much lesser friction than sleeve-bearings and that 
.is why these bearings are rapidly replacing the latter type in modem 
machineries. Lubrication of the surfaces in contact further decreases 
iihe frictional wastage of energy, as also the wear and tear. 

41. Friction and Lubrication: —To reduce friction between 
■two rubbing surfaces, a suitable oil or grease, called a lubricant is 
usually introduced in between. This prevents a direct contact between 
-the surfaces and also minimises wear. The use of a lubricant for the 
;above purpose is called lubrication. 

We primarUy owe to Osborne Reynolds and Hardy for our present 
knowledge of the theory of lubrication. Depending of the thickness of 
the layer of. the intervening lubricant, two types of lubricated friction 
have been distinguished— boundary friction and floatation friction. 
When the protecting lubricant layer is very thin—of the order of mole- 
. cular diameters—the frictional resistance depends on the roughness of 
-the interfaces and also on the boundary conditions and the friction is 
known as the boundary friction. When, however, the layer is thick 
■enough the friction depends only on the viscosity of the lubricant and 
Is independent of the contact area and the relative velocity of the Eurfaces 
•and the friction is known as flcatation friction. In floatation, in the 
i xsase of a bearing, the journal is lifted and floats on a film of oil. In 
atakting large turbines or alternators, the shaft is first lifted by pumping 
oUii;ipder pressure into the bearings so ^ to make it oil-bome before it 
ihces to rotate. This oil-borne condition is subsequently main- 
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tained by the help of a pump driven by the turbine itself which forces 
the lubricant to spread over the required surface (forced lubrication). 
A lubricant layer, even when very thin, requires a very great pressure- 
to rupture it when once it establishes itself. 

Liquids possessing the property of adherence to the solid, surfacea 
and comparatively high viscosity will serve as the best lubricanb. The 
chemical stability of a lubricant is another essentially important 
requirement from the practical standpoint of view. 

42. Limiting Friction :—Let a rectangular block of wood I> 
rest on a horizontal table BC 
(Pig. 28). The forces acting 
on the block are its weight TF, 
acting vertically downwards 
and the reaction B of the table 
acting normally upwards at 
the surface of contact. In this 
case H i (3 equal and opposite 
to TF, there being no motion 
inthe vertical direction. Now, 
suppose a small force P is 
applied to the block parallel 
to the surface BO. If the 
body is still at rest, an equal 
force F opposite in direction 
to P, must have been called 
into play to oppose the motion 
on account of friction arising from contact between the two bodies. 
As the applied force P gradually increased, the opposing force of 
friction F which is a self-adjusting one, also increases at the same ra^e 
until a certain maximum value is reached. If the applied force bt> 
increased beyond this value, the block begins to move. The magnitude 
of this maximum force, when the block is just on the point of sliding 
is a measure of what is called the force of limiting friction. 

When the block has once started to move, a smaller force would 
be sufficient to keep the block moving with a constant velocity ; this 
smaller force is called Kinetic friction or Dynamic friction. The 
same considerations also apply to rolling friction. But it should be 
remembered that rolling friction is even less than kinetic friction. 

48. The Laws of Limiting Friction ;—^The following generali* 
sations, known as the laws of friction, are due to A. T. Morin, a 
Frenchman, though some of these facts were previously established by 
A. Coulomb, another Frenchman who published the results of a large 
number of experiments on the subject in 1781. 

(•) Friction always opposes motion. 

(wO . The force of friction is proportional to the normal reaction 
between the two surfaces in contact. 
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the vertical (Fig. 29, fc), then ^,=tan <l> 

N 


( 1 ) 


Again, from the condition of sliding to begin, ••• (2) 

(where /* = co-eflBcicent of friction, or limiting friction) 

From (l) and (2) tan ■*• (3^ 


The limiting angle whose tangent is equal to the co-efl5cient of 
friction is the angle of friction or angle of static friction. 

[Note —The above furnishes the idea of how friction affects the 
reaction exerted by a supporting surface acted on by a force. When 
motion impends, the total reaction B exerted by the supporting surface 
is inclined to the normal by the angle of static friction (4>) and acts so 
as to oppose the motion. 

When motion is not impending the total reaction B inclines to the 
normal by whatever angle is necessary to maintain equilibrium. For an 
ideal surface (m = 0), is also zero, i.e. the total reaction is normal 
to the supporting surface.] 

46. Cone of Static Friction :—In the preceding consideration, 
the force P (Fig. 29) was supposed to be in the plane of the figure. 
We can, however, generalise it and say that if the force P remains 
confined within a cone generated by a line making the angle of static 
friction (i>) with the normal to the supporting surface, the block D 
will continue to be equilibrium whatever is the magnitude of the force 
P. This cone is called the cone of static friction. 

47. Determination of the Co-efficient of Friction :— 

(i) Horizontal Plane Method. —Place on a horizontal wooden 
table a rectangular block 
of wood (Fig. 30) to 
act as a slider. The 
contacting surfaces of 
both these pieces of 
wood should be as 
smooth as possible. The 
slider is attached to a 
light string which is 
passed over a light 
pulley fixed at the end 
of the table. A scale 
pan is attached to the end 
of the stnng passing 
over the pulley. The 
pulley should be so fixed 
that the position of the 
string above the table 
shonid be horizontal. 
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Weigh the slider and put a known weight on it. Now put weights 
on the scale pan until the slider is just on the point of motion. Near 
about the • slipping point, gently tap the table to ascertain the required 
weight to be placed on the scale pan. If W be the total weight of the 
slider and the weight placed on it and TF' the weight of the 
scale pan including the weight w placed on it, the value of the limiting 
friction = If *, and that of the normal reaction It . So we have 

Eepeat the experiment several times with different weights on the 
slider and again on reversii^ the block. 

The ratio for each set of experiment will be al)proximately 

the same. The mean value of the ratio is the value of /i, . 


(ii) Inclined Plane* Method. 



Place a rectangular slab of 
wood /' on an inclined plane 
/B (Pig. 31) and gradually 
increase the inclination of the 
plane to until P just begins 
to slide down the plane- As¬ 
certain this by gentle tapping 
as in the last method. When 
this is the case, the friction 
P (==iu-Z?) acts up the plane 
and balances the component 
(— W sin ) of the weight 
acting down the plane. The 
normal reaction B acts at 
light angle to the plane, AB. 
Besolving TT in directions 
perpendicular and parallel to 


the plane, we have W cos 0—JS and W sin d^F. 

-rr FW sin $ - -n t. F 

Hence, -m -®®tan But == 

B W cos B R 


f*®*tan B ; or, the co-efficient of friction is simply the tangent 
of the angle at which sliding begins. Again, tan of the 


base 


idane 


.BC 


Hence, the co-efficient of friction is obtained by 

dividing the height of the plane by the length of the base. 

Bepeat the experiment i several times and calculate the mean 
value of /». 


46. The Angle of Repose :—^In the case of an inclined plane 
the sh]E^ of incline B, which the plane JB (Fig. 23) makes with the 
horijtontal AC when a body P on it just begins to slide down, is called 
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tJiB angle of repoie. It is proved above that the tangent oi this angle is 
equal to the co-efficient of limiting friction. It is also equal to the 
angle of friction. 

If the inclination of the inclined plane is greater than the angle 
of repose, the force component down the inclined plane is greater than 
that required to overcome the friction F and the difiference. between 
them produces an acceleration. 


Co-efficients of Friction (^):— 


Sttktic 

Friction 


Bollirg Frictlm 

Wood on wood 

...0*8 to 

0« 

Bnbber tyres on Concrete ...O'OS 

Metal on metal 

.. 0*B (averaged 

Ball .bearing on Steel ...O'flOS 

Metal on wood 

...0 ? to 

r-6 

ra«t Iron on Balia ...0*001 

Leather on wood 

.. 0*3 to 

0-6 

Boiler bearings .. 0 003 to 

Leather on metal 

...O’S to 

0-6 

•007 

Greased surfaces 

...0*06 




49. Laws of Kinetic (or Sliding) Friction :— 

(1) The frictional force is proportional to the normal reaction 
between the two rubbing surfaces. [The force necessary to maintain 
sliding is less than limiting friction, i.e. the frictional force here is less 
than limiting friction.] 

( 2 ) The frictional force is independent of the area of contact 
between the two surfaces, but depends on the material, nature and 
condition of the surfaces. 

( 3 ) The frictional force is independent of the velocity of sliding 
provided the velocity is low. 


50. Co-efficient of Kinetic (or Sliding) Friction :— 

If the normal reaction between a sliding body and the supporting 
surface be B, and Fjp denotes the force (less than limiting friction 1 
necessary to maintain a low steady velocity of sliding, once it has been 
started, then the ratio, F*/B, is a constant for the given two surfaces 
and is known as the co-efficient («*) of kinetic (or sliding) friction. 
That is. /*»s=Ffc/B. 

« 

The effect of kinetic friction on a body is to oppose the motion of 
the body with a constant force, Mit F. If the sliding body be of mass 
m and moving under a constant applied force P, the acceleration of 
the body»(P—If the surfaces are smooth the 

acceleration *■ P/iw. 
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51. Acceleration of a body on an inclined plane :—Suppose a 
body of mass M and weight W ~ Mg, is placed on a plane whose inclina¬ 
tion is 9 (Pig. 32). The vertically downward force on M isMg. The 
normal reaction Ji on the plane is W cos ft and the force along the plane 

is IV sin 9 acting downwards. 
If M be the co-efBcient of 
static friction and if tan ft is 
less than t*, the body, will not 
slide because W sin ft is less than 
W cos ft. But when tan 9 is 
greater than t*, ».«. W sin 
filV cos 9, the sliding begins 
and then ju-*, the co-eflficient of 
sliding friction, replaces /a in 
the opposing force. So the 
resultant force down the plane 
is W (sinfl —HAfc cos This force produces an acceleration, f, down 
the plane given by tlie relation, 

f- — - - - - = g{sm cos 9). 

52. Equilibrium of a'body on an inclined plane :—Supposes 
body of weight W is held in position on an inclined plane by means 
of a force F directed up the plane. If the angle of incline 9 be greater 
than the angle of repose (say), the condition of equilibrium of the 
body can be easily deduced. 

The force down the plane ~ W ain 9 and tho normal reaction is 
/JaafF cos 0 (Pig. 32). If the body be just on the point of sliding 
-down, the opposing force acting up the plane is where 

co-efficient of friction®*tan 0. 

For equilibrium, 

W sin «-JP+/A72=P-btan 0 . W cos 9 ; 

or, jP®*TT fsin 0-— cos 0 "1—-~-sm’(9 —0)... (l) 
L cos 0 J cos 0 

Again, if the body be just on the point of sliding up due to the 
action of F, fi-E will act down the incline and the equation represen 
ting the equilibrium condition will he, P’=®TF sin 

- Wfein COB « ... (g) 

t COB 0 J cos 0 

!!Chu8. for the equilibrium of the body, the force acting* up the plane 

between - sin (^+0) and Bin 

COB 0 COB 0 
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I Woos 0 


53. Minimum force needed to move a body up an incline :— 

Let the force F applied at an angle < to the plane just cause the 
body to move up the incline ^ 

(Fig. 33). Then F cos «c is the ^ 

effective force directed up tlie Y . dL / 

inclined plane and F sin < redu- ^ ^ 4 ®** 

ces the normal reaction. \ 

Since the body is just on the 
point of sliding up, 

F cos ot — TT sin d+zuR. ^ ^ 

But R’^W cos z9 — F sin < ^ Woos 8 

Fcos TF sin ^ +/aTT cos ■ 

— I^F sin K. Fig. 83 

Again since /A**tan <f* being 
the angle of repose, we have, 

F cos <+F sin < tan <^ — W sin cos 9 tan 4> ; 

_F (cos < cos «64- sin < sin <#>)_- 07(810 ® cos </>'+co 8 9 sin < 6 ) . 

or I T-" Kr .- - “ » 

cos cos 9 

or, F«TF 

cos (< —d>) 

F is minimum when cos («t —«#>)**! ; 

or, when i.e. when the upward force acting on the body is 
inclined to the plane at an angle equal to the angle of repose. 


Examples 


1 , A body rests upon an inclined plane and just slides down the plane when 
the dope of the plane is 30°. Calculate the acceleration of the body down the 
plane when the slope is increated to 60°, 

Ans.: Hera the angle of repoae la 80'’. 


/ia>tan 80 *. 

/ = g (gin S- /n 00a 0 } 

j[8ln60’-tan30"ooB60°)»ff —^'2)’ 


2. A body of mast 8 lbs., hanging freely over the edge of a rough table, m 
connected to a body of mass 5 lbs. resting on the table by means of a light string 
passing over a smooth pulley at the edge. This is pulled OS ft. along the table 
an O'ZS sec. from rest. Calculate the co.eSlcienJt of friction. 


Ans,: If T and W be the tension in the string and tihe toroe ot frkstlon In 
‘ poundals nefeotivaly, the reanttant force palling tira 5 lb.>]nau Is (T—F) poundals. 

/p jy 

The aooeleratlon ie /«——^fWsee.’. 

O' 
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Blnoe wo have, 0*6=i x/x (*)• ; or, /««16 ft./BOO.*. 

.*. r—^“80 poandala. 

Conolderlsg the onepended mass, we get from the relation, mg-T^tnf. 

■ 8x82-2'-'8xl6 ; 

or, T-aSUSe-138=138 ponndals. 

A 80=128—80^=48 poondals. 

n 48 3 

The oo-efl8oient of friction, =«0‘8. 

9. Calculate the acceleration of a block sliding down an inclined plane when 
the co-afficient of friction is 0,25. and inclination of the plane is SO'^, if the mass 
of the block he 8 lbs., what are the forces needed just to prevent it [i) from sliding 
down, and (ii) jrom moving up f 

Ans. : From Art. 61, the required acceleration is 
/■“P (sin 0 -ft cos B) 

=83 (sin 30“-0-36X008 80°)=32 |^0'6-*25X^J 
=83X0*2835-9-072 ft./eec'. 

(i) Again from Art. 62, the force needed to prevent sliding down is F, where 

W alnd’^F+fiBi 

or, F—TT sin B—fiB. 

Here the normal reaction Is ii=TF oos 6, 

.*. F=Tr [sin B-ft QOS 0]=*8x82 [sin 80“—0-26. ooa 30“1 

=266 j|o*6-0*26x ;^j-256 x0*2835=72-66 ponndala. 

(ti) From Art. 62, the force needed to prevent upward movement is F,, where 
, Fi = WBin<?+^H 

sin B+ft W QOS B 
(sin 04 -/tt 008 B), 

F,-8x32 (o*5+0*25 
=258x0-7165-183-424 poundals.. 
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54. Machine :—A machine is a contrivance by which a force 
applied at some point of it is overcome by means of another force 
applied at some other point of it with alteration in direction or magnitude 
or both. It is used to be the practice to call the former force the weight 
and the latter force the power. But as the force to be overcome is not 
necessarily that of gravity, it is better to name it the resistance (or 
load), and since the term power is used in connection with the rate of 
worht it vrill be better to use the term effort in referring to the driving 
force in a machine. The points at which the effort and the resistance act 
are usually termed the driving point and the working point respectively. 


55. (a) 


Mechanical Advantage :—The ratio 


loa^ 
effort ’ 


is called 


the mechanical advantage of a machine. The term 
times used instead of mechanical advantage. 
Ordinarily, a machine is so constructed that 
the mechanical advantage is greater than 
one. If in a machine, this ratio is less than 
o»e, it would be more accurate to call it 
mechanical disadvantage. 

(b) Velocity Ratio.— 



- displacement of driving point 
JLxi 6 ratiOf T,, L £ 

displacement oi working point 

is called the velocity ratio of a machine. In 

some machines it is a constant while in some 

others it is not. 

Thus in a simple wheel and axle (Fig. 34) 
the displacement, say a of the effort E will 
bear a constant ratio to the displacement say 
b, of the load W. 



Pig. 84—A Simple 


That is, its velocity ratio®*®. 


Wheel and Axle. 


In a toggle joint (Fig. 35) the ratio of the displacement offthe 
effort Ml to that of the load W will be different for different positions 
of the moving parts of the machine* In such a machine in which the 
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ratio is variable, the velocity ratio for any given position of its parts 

is the ratio of the ^displacement of the driving 
point to the displacement of the working 
point, when these displacements are inde¬ 
finitely small. 

(c) Efficiency of a Machine. —In all 

machines some work is always wasted in 
overcoming friction. The result of it is 
that the work done by the effort in a given 
time, called total work or work input {^E 
X a), is always greater than the work done 
on the resistance or load ( *= IT X h) called— 
useful work or work output. The differ¬ 
ence of the latter from the former 
work=^ (Ea — Wb). 

The Efficiency is defined as the ratio, 
{useful work)/(total work). Efficiency evi¬ 
dently will always be less than unity. Often 
PJg. 36— it is expressed as a percentage by multiply- 

A Toggle Joint. ing with 100. 



(d) Mechanical Advantage = Efficiency x Velocity ratio.— 

Let E be the effort and W the load. The mechanical advantage 
W 
“ E' 

i 

Suppose the displacement of the driving point is a and that of 
the working point is b. 


Then, efficiency— 


useful work 


W'Xb ^WlE_ Mech. advantag e 
E'X.a ajb Velocity ratio 


total work 

or. Mechanical advantage—efficiency x velocity ratio. 


56. (a) The Principle of work :—In Any actual mewhine^ the 
useful work obtained in overcoming the resistance is always less than 
the total work done by the effort. This is because f*) work has to be 
done in lifting its parts which have weight, and (ii) because there is 
always some internal friction which has to be overcome. A perfect or 
ideal machine is one which has no weight and no internal friction. 
For if the useful work is equal to the total work and the efficiency of 
the machine «e unity. So the principle of work. vie. whatever be 
the machine provided there is no friction and thit the weight of the 
machine te neglected^ the work done by the effort is always equivalent 
to the fbork done against the load (that is, EXa^TVXh) is a universal 
principle rdiating to a machine. It is no new principle but is merely 
a modified form of the principle of conservation of energy. 
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(b) What is chained in Power is lost in Speed. —From tht> 
principle of work, fixa= PTX 6, assuming the machine to be an ideal 
one. If in a machine the effort E is less than the resistance IF, the 
distance a through which the driving point moves will be greater in 
the same proportion than the distance' h through which the working 
point moves in the same time. This is, in popular language, expressed 
as, “TFhat is gained in power (effort) ts lost tn speed ” The meaning 
of the statement is that whenever mechanical advantage is gained, it 
is gained at a proportionate decrease of speed. 

There is never any gain of work in a machine, though mechanical 
advantage is generally arranged for. 

57. The Uses of a Machine :— 

(1) A machine enables one to lift weights or to overcome resis¬ 
tances much greater than one could do unaided, as in the case of a 
imlley-system, a wheel and axle, a erow-bar, a simple screw-jack, etc. 

(2) It enables one to convert a slow motion at some point into 
a more rapid motion at some other desired ijoint, as in the case of 
a bicycle, a sewing machine, etc. An opposite effect may also be 
arranged in practice if necessary. Such changes of speed are brought 
about by belting, geariug, etc. 

(3) It enables one to use a force acting at a point to act at a 
more convenient point, as in the case of a jx^ker stirring up a fire 
or to use a force acting at a point in a more convenient manner, as in 
the case of lifting of a mortar-bucket to the top floor by means 
of a rope passing over a pulley fixed at the top of the building, the 
other end of the rope being pulled down by an agent remaining on the 
ground. 

(4) It enables one to convert a rotary motion into a linear motion 
or vice versa^ as in the case of a ruck and pinion^ etc. 

(6) It enables one to convert a reciprocating (to-and-fro) motion 
into a rotary motion or vice versa^ as by a crank used in the heat engine« 

58. Types of simple macbioes :-r- 

The following six simple machines represent the type of principles, 
used, in making practical machines : 

CD Pulley, (2) Inclined plane, (3) Lever, (4) Wheel and axle. 
(6) Screw and (6) Wedge. 

59 The Pullby :—A pulley is a simple machine which consists 
of a grooved wheel, called the sheave, over which a string passes. The 

. I 
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^heel is capable of turning freely about an axle passing through its 

centre. The axle is fixed to a framework 
called the block. The pulley is termed 
fixed or movable according as its 
block is fixed or movable. 

(a) The Single Fixed Pulley.— 

In this (Fig. 36) the load W is attached 
to one end of the string and the effort 
£} is at the other end. With a perfectly 
smooth pulley and a weightless string, the 
tension of the string will be the same 
throughout. Hence the distance through 
which the load is raised is equal to the 
distance through which the effort descends. 
For equilibrium, the moments of E and 
W about O, the centre of the wheel, must 
be equal and opposite; ot AO OB 

but AO^^OB, being radii of the same 
Fig. 86 circle. Hence E=^W. 

. The mechanical advantage *Tr/JSf=®l. 

In practice, pulleys are not perfectly frictionless, and W is always 
■ess than Et that is, the mechanical advantage is always less than 1 
but in spite of this, the arrangement is useful as the operator can use 

[WGight of his body for raising the load. It is generally used for 
raising weights, drawing curtains, pulling punkhas, etc. 

(b) The Movable Pulley. —Here one end of the string passes 
round the pulley A and is attached to a fixed support (Fig, 37), and 
the effort E is applied at the other end. 

The load W to bo raised is attached to 
the movable pulley. For a frictionless 
pulley the tension of the string is the 
same at any jwint of it and is equal to E. 

When the strings are vertical, the total 
upward force is 26/' and neglecting the 
weight of the pulley, the downward force 
is W. So, for equilibrium, W^2B, So 
the^ mechanical advantage —TP/2, t.e. 
a given effort can raise twice its weight. 

If the weight of the pulley is w and 
■cannot be ne^ected, we have W~hw 
“26/; or the mechanical advantage 
— W/E^2 — w/E, 

When the direction of the force is to 
be changed another fixed pulley (B in 




Fig. 37 
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Fig. 37 ) should be used, which does not, in any way, affect the 
mechanical advantage. 

(c) Weston’s Differential Pulley. —In Weston’s differential type 
of pulley an endless chain replaces the string. The depressions in the 
grooves of the pulleys prevent the slip — 
the links of the chain fitting into these 
depressions. The arrangement is repre¬ 
sented in Fig. 38, wherein the two 
pulleys of the upper block move together 
, as a single pulley round a common axis 
just like a wheel and axle. The effort 
Ml is applied on the chain in the manner 
shown in the figure. The excess portion 
of the chain hangs loosely from the inner 
of the two upper pulleys. If a load 
W hangs from the lower pulley and T 
be the tension on the chain, supposing 
the machine to be an ideal one, we have 
/or the equilibrium condition of the load, 

TF=2T. 

Again considering the moments of the 
forces round the common axis O of the 
upper pulley we get, 

^?XJS+rXr“TXi2 ; 

or, ER =s T{B — r) when R and r are 
respectively the radii of the larger and 
the smaller iniUeys of the upper 
block. 



E=»T 


R - r ^W ^ R — r 
B '¥ R ' 


Hence the mechanical advantage of the system is given by. 


W 

E 


2R 


B-r 


. Here since the machine is supiK)8ed to be ideal, its 


efficiency is unity or 100 per cent. So the velocity ratio is also 
equal to 2BJ(B — r). 


(d) Combioation of Pulleys. —A combination of pulleys is 
very often used in order to secure a mechanical advantage greater 
than two. Different systems having different mechanical advantages 

a.T. 5—(veil. I) 
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are used for different purposes. The most important combinations, 
which are in general use, are given here. 


(i) Separate String system of Pol leys, —[First sysUm of 
Pulleys ): 


In this system of pulleys theie is a fixed beam JJJ2' (Fig. 39) and 



a number of strings, one end of 
each of which is attached to the 
beam. Eacli of these strings sup¬ 
ports a movable pulley, the other, 
end of the string being attached 
to the next higher pulley. In this 
way the pulleys, Pi, Pa* pa, 
are attached to the successive 
strings. The number of pulleys 
and strings can be increased 
according to the need. In addi¬ 
tion to these movable i)ulleys 
there is an auxiliary fixed pulley, 
A, over which the free end of the 
last string jiasses and hangs verti¬ 
cally downwards so that the effort 
may be aj^plied as a downward 
vertical force. The load is always 
attached to the first pulley, pj, 
which is the lowermost member 
of the system. 


Let the tension cf the strings 
passing round the pulleys, PiiP* and Ps l)e Ti, T. and 7a and let IF 
and }ij respectively represent the load and the effort, the latter being just 
sufficient to maintain equilibrium. 


For simplicity of calculation, neglect the weights of the pulleys. 
For equilibrium of Pi, or Ti^'W|2^ and for equilibrium 

of Pa, or Similarly, Ts 


In the case of a three-pulley system, the effort E^Ts^ 


W 

2 »’ 


3For a n-pulley system, the effort will be evidently, JS«TF/2*. 

The mechanical advantage of the system—2". 

Effort 

If . weights of the pulleys be taken into account and if each 
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pulley has an weight w;, then it can be shown that. W+tc(2" “l) 

(see any book on Statics). Thus the mechanical advantage iucreasea 
as the weight of the pulley decreases. 


(ii) Pulley Block. —This system (often known as the Second- 
System of t^ulleys) consists of two blocks each containing 2 or 3 pulleys, 
the upper one being fixed to a support and the lower oim movable to 
which the load W is attached (Fig. 40). The string is attached to the 
upper, or to the lower block, and is then passed round a movable and a fixed 
puUey in turn, finally passing over a fixed pulley, the efl'ort E being 
apidied at the free end. It should be noted 
that, when the string is attached to the 


upi)er block, the number of wheels in the 
two blocks must be the same, but when it 
IS attached to the lower block, the number 
of wheels in it will he one less than that in 
the upi)er one. 


The tension everywhere round the 
string is the same and is equal to the effort 
E, the pulleys being assumed frictionless. 
If the number of portions of the string in 
the lower block be n, the total upward force 
on it is nS and this must be equal to the 
load IV supported. Thus, wo have, n E=W Vw, 
where w is the weight of the lower block. 

Hence the mechanical advantage 


E 



(iii) Third system of Pulleys.— 

In this system of pulleys, the load, TP, 
to be lifted is attached to a bar, PQ, to 
which is tied one end of each of the strings 
passing over the pulleys (Fig. 41). The 
uppermost pulley is fixed to a rigid support 
HR*. The other end of the string passing over 
the uppermost pulley is attached to the next 
lower movable pulley. The string passing 
over the second pulley supports the third 
pulley and so on. The effort is applied to the 
free end of the last string passing over the. 
last pulley. 



Vfg. 40 


Let Ti, Ts* Ts be the tensions on the third, second a&d the first 
pulley respectively. The effort E is evidently ioTi» 
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Neglecting the weights of the pulleys, we have, for equilibrium of 

the pulleys taken in order from the lowest 
one, 

T2 = 22’i=2£1 ; 

2^3 “ 22*2 “ 2 

Now since PQ from which W is suspended 
is also in equilibrium. 

+r»+2'3 =£(1+2 + 2*)* jB(2® -1). 

For n jmlleys in the system, 
T7*ri+r2+r8+-.-+'A 
*JE’(l+2 + 2* + ... + 2"-^)*(2"-l)£. 

w 

Hence the mech. advantage = ‘ — 1. 

If the weight, of each of the pulley 
(movable) be taken into account, it can be 
shown that 

’ . TF=(2"-l)£+«;(2"-n-l). 

Example 

Find the mechanical advantages of the third 
system of alleys consisting of 4 pulleys each of 

Fig. 41 weight -^ih that of the weight, 

o» 

Ana.’, Here W**(a"~l)JI+wl2"-n—1) and 

w 

w «*—, n being 4. 

64 

(a*-4-l)=15i?+y w 
64 o» 

Hue, the meohealoel edveDtege*^ — — « 18 * 1 . 

Jb Oo 


60. The Inclined Plane :—It is also a simple machine and has 
heen in use in India also from very ancient times. In building temples 
of great height heavy stones and other materials used were raised by 
the ancient Indians utilising the principle of this machine. 

An inclined plane is a smooth rigid flat surface inclined at an 
angle to the horizontal. It is used to facilitate the raising of a heavy 
body. to a certain height by the application of a force (or effort) which 
is less than the weight of the body. 

Let j 4B be a plane inclined at an angle $ to the horizontal line 
and BO the height of the plane (Fig. 31). 

The bpdir 2? is acted upon by three forces. («) W, its weight acting 
verticstlllsidoysrnwards along DE, («) F, the force or effort , and *«) B, 
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the reaction of the plane. Let the normal at D to the inclined plane 
meet AG in P. Then APDE^dO"- AADE= 

Case I.—Let the force F act upwards along the plane {tnde 
Fig. 31). 

In order that the body may be in equilibrium, the sums of the 
resolved parts of the forces parallel and perpendicular to the plane AB 
are separately equal to ^.ero. Besolving 11"^ parallel and perpendicular 
to AB, we have W sin $ along DA and W cos 9 perpendicular to DA. 

Hence, W sin B — F^Q ; W cos ^ — 12 = 0 ; 

F^W sin 9 ; B — W cos 9. * 


The mechanical advantage, ^ .length ^ plane. 

^ F sin height 

When —30*, the mechanical advantage ““I’-r 2, that is, a bpdy 

of weight W can be supported by a force, F^Wf2 acting up the plane. 


CasQ II.—Let the force F act horizontally, i.e. i)arallel to the base 


AC (Fig. 42). 

The vertical and hori¬ 
zontal components of Ji are 
B cos 9 along ED and 
B sin B along FD. 

R cos 0 = TF; and B sin 9 

The mechanical advan¬ 


tage. 


W_B cos w 


F 
. base 
height 


B sin 9 
of the plane. 


«•cot 9 



Example 

A mass of 16 Iba. is placed on a smooth inctinsd flans, tohoss hsight is 3 fsst 
and baas is 4 ft. Oalculate reaction on ths plans when the mass is at rest due to 
an applied horizontal force. Evaluate this force also. 

4 S 

Ans. t For the inclined plane oos and sin . 

From case II above, B ooa ®=»PP’; or, Bx pa>16 ; or, B»20 Ibs-wt. 

o 

and F»B sin daiS0x|a>lS Ibs.'Wt, 

o 

61. The Lever :—The knowledge of the principle of the lever 
is as old as Archimedes. A lever is a simple machine and consists of 
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a rigid bar (sfcraigbt or bent) havicg one point fixed about which the 
rest of the Jever can turn. This fixed point is called the fulcram. 
The forces exerted on or by the lever may be parallel or inclined to 
one another. As in all machines, the driving force is called the effort 
(or power), and the working force, the weight (or resistance or load) 
and let them be denoted by E and W respectively. The perpendicular 
distances between the fulcrum and the lines of action of the effort 
and the weight are called the arms of the lever. The ratio of the 
arm of the effort to the arm *h' of the weight, in the position of 

equilibrium, is often called the leverage, i.e. leverage = a//y. The 

mechanical advantage = 

® Effort E 

The principle of the lever is practically the principle of moments 

which may be stated as *Tf a 
lever is in eqmh*rium, the 
sum of the moments tending 
to turn it clorJcwtse round any 
point is equal io the sum of 
the moments tending to turn 
it aoti-olockwise round that 
point." 


So for a lever, if it be in 
equilibrium, clonkwise mo-- 
ment round the fulcrum^ 
contra-cloektoise moment round 
the same point. 

Experiment.—Let a metre- 
stick AB balance on the sharp 
edge of a wedge-shaped piece 
of wood (Pig. 43) and let a load 
W says, 200 gms., be suspended by a string from a point 20 cms. from 
the fulcrum E. Now find, by experiment, a point on the other 
side of F such that an effort E, say, a weight of 100 gms. applied at 
the point will just support the load W. This point will be found to 
be. at 40 cms. from the fulcrum,, > It is seen at once that the product 
of (200X20) is equal to the product of (100X40). If instead of an 
effort of 100 gms. an effort of 400 gms., is taken, the point of balance 
will be found now at 10 cms. from the fulcrum. Again it is seen that 
the preset (200 X 20) is equal to the product of (400x10). The 
dcjving moment in this exam^e, i.e. the moment of E about F is anti- 
.'ij^pckwise and the working moment, i.e. the moment of IF about F is 
• W^iwise. ' " , 
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62. The Straight Levers :—When a lever' is straight and the 
effort and the weight act perpendicularly to the lever, the following 
three distinct classes of levers are found in practice (Fig. 44). 




£| Rp| 

M _* 

F 


m 


Fjg. 41 


U) JSxAF^WX liF, ifr)MxAF-WxBFAlIl)EXAFmWXBF 

or. B-f—XTT; or. oi, y.W ■. 

AF AF AF 


(I) Ef ( reaction at (//) {Ill) 

fulcnnn) =JS? + TF. 

Evidently, in class I and II types of levers, if F V)e taken 

£>JP 

very near to W, the ratiocan he made very small a small 

effort in E can be used to overcome a large resistance W, i.e. there is 
mechanical advantage in these cases. In class III type of levers, 
a large effort E overcomes a small resistance W, which shows a 
mechanical disadvantage. This arrangement gives W a large movement 
for a small movement of tlie effort a fact which is just opposite to 
what hapi)eQS in the other two ty])es of levers. The practical use of 
class III type of levers lies often in ccnvenUnce ; for, in practice, it may 
not always be possible to find a convenient point to apply the effort 
relatively at greater distance referred to the fulcrum than that of the 
load. 


Example 

A Uver is % fi, long with iti fulcrum at a distance of 2 ft. from one end. 
Calculate the effort to be applied to raise a load of £40 lbs, placed at the end of 
the shorter etrm, the efficiency of the Uver being 80 per cent, 

Ans. * Hite meofa, advaiitag8«240/£; and velocity ratios; —"=^2. 

Eflaolejioy»M.4./vel, ratio««|^aB80%-0*8. 

A RslOOlbe. 
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63. Common Applications of the Principle of Levers :— 

The lever priucii»les, as described above, are used in dailj" life in 
various ways. Ijevers may be simple or double. Three common 
appliances representative of the three classes of straight levers are 
shown below in Pig. 45. 


Double Lever of f/ass I Lever ClassK Lever Class M 



Fig. 46 


64. Examples of the Three Classes of Levers :— 

Class I.—A common balance, pump handle of a tube well, a spade 
used in digging earth, a crow-bar used in moving a weight at one end, 
etc. A pair of scissors and a pair of pincers are examples of double 
levers of this class. 

Class II .—A cork squeezer, a crow-bar with one end in contact 
with the ground, etc. A pair of ordinary nut-crackers is an example 
of double lever of this class. 

Class It I .—The human fore-arm (when a load is placed on the 
palm and the elbow is used as fulcrum, the tension exerted by the 
muscles in between acts as effort), the upper and lower jaws of the 
mouth, a pair of forceps used in a weight box, and a pair of coal-tongs 
are examples of double levers of this class. 


Example 

A fair of rwi-cracker a m 5 inches long and when a nut ia placed i in, front 
the hinge, a fcree of 3^ Iba. wU applied ai the end will craeh the nut. What 
toe^hd eimply placed on the top of the nut would crack it f 

(Uik. U. 1962) 

Ans. i It is • lever belonging to oUsb II. 

Here S>=8'6 lba.»wt.; effort arm « 6' ; load arm* {'*• 

•** .*. t*i5x5««Trxf ; Of, TV*90 lbs. -wt. 

JKiS^ee the weight to be idaoed on the top>B30 Iba .wt. 
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and 


65. The Wheel 

may also be looked 
of two cylinders of 
diameters cajiable of 
about a common fixed 
larger of which is called the 
wheel and the smaller the axle 
[Pig. 46 (fv)]. The load W to 
be raised is attached to a rope 
coiled round the axle and the 
effort E is ax)plied to a rope 
coiled round the wheel in the 
opposite direction, so that when 
the rope round the wheel is 
uncoiled, the rope round the 
axle is coiled up and thereby 
the weight is raised. Pig. 46 (6) 
shows a section where OB is the 
the radius B of the wheel. Taking 

F.y.OA^Wy^OB. 


Axle :—^It is a simple machine, and 
upon as a modification of the lever. It consists 
different 
turning 
axis, the 






(b) 


Fig. 4C~ 

The Wheel and Axle. 

radius (r) of the axle and OA 
moments about O, on the axis,. 


The mechanical advantage = 


W OA _ Badius o f w heel 

III W . I.. I.H ■■ IP. ■ 

E OB Badius of axle (r) 


The windlass by which water 



Fig. 47—The Oapatan. 


is drawn from a well is of tht? 
same class as the wheel and 
axle, tlie crank-handle of which 
serving the imrpose of the 
wheel. The capstan (Fig. 47} 
used on board a ship for raising 
an anchor is also of this class. 
In it the length of the lever 
arm takes the place of the 
radius of the wheel, the radius ' 
of the barrel corresponding to 
the radius of the axle. 


66. Screw :—An accu¬ 
rately cut screw has many 
important applications in 
modern industrial machines. 
The screw gauge and the spherometer which are two very common 
laborato^ instruments also work on the principle of the screw an A 
the nut. 
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A screw can he considered as an inclined plane wrapped round a 
cylinder. The connection between the inclined plane and the screw 
is shown in jb'ig. 48. 



Fig '?H 

always have a ))rotuherant thread 
cylinder. This enables the screw 


It shows a solid cylinder 
having one turn ABCD of 
a helix marked on its surface. 
The right-angled triangle 
A'OD‘ is the development 
of that part of the surface 
of the cylinder which is below 
the helix, p = pitch of the 
helix, ^ inclination of the 
helix, cZ = diameter of the 
helix. 

Then, tan <=*p//rd. 

Actual screws are of metal 
or of wood and differ from the 
above ideal screw in that they 
(forming the helixj cut on the 
j work in a nut which is a hollow 


collar on the inside surface of which a similar screw is cut, the threads 
of the screw fitting in the grooves of the nut. The screw is rotated in 
the nut or the nut on tlie screw by a force applied on a wheel or 
lever attached to the rotor. On account of the rubbing between the 
rotor and the stator some friction is inevitable and so the useful work 
obtained in an actual screw is less than the work that should be got 
out from an ideal screw. So the mexlianical advantage of an actual 
screw is less tlian the vedocity ratio and the efficiency of the screw is 
always less than unity. 


Threads of screws are generally triangular or square in section 
as shown in Figs. 49 (o) and (6), respectively. Screws are convention¬ 
ally represented as in Fig, 49 (c). screw and -a nut form a relative 



Fig. 49 
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pair. The Whitworth ^-thread in which the angle of the thread is 
55“, shown in Fig. 49((i), is perhaps the most used thread in 
engineering. 

Pitch (p) of screw thread. —The linear distance through which a 
screw moves when it is rotated once about its axis is called the pitch 
of the screw. It is the same as the axial distance between two conse¬ 
cutive threads of it. 



Fig. 50 


Lead of screw thread. —It is the actual distance a nut on the 
thread would travel in making one complete rotation. When the 
screw is single threaded, the pitch and the lead are equal ; when 
double-threaded, the lead is twice the pitch. In general, when the 
screw is n-threaded, the lead is n times the pitch. Fig. 50 shows 
in the three diagrams from left to right, the lead of a single, double, 
and treble threaded screw. 

Back-lash.— This error is present in almost all instruments with 
nut and screw. If due to wear, or any imperfection in manufacture, 
the screw is a loose fit in the nut, it may so happen that equal rotations 
of the screw-head in opposite directions may produce unequal linear 
movement of the screw, or any rotatory motion can be given to screw 
without causing any translatory movement of the nut when the latter 
should move ; then an error called back-lash exists in the instrument. 
When a screw and nut principle is utilised for measuring a small 
distance, as in the case of the spherometer, the screw should always 
be turned in the same direction to avoid back-lash. * 


67. Some common applications of the screw ^ 

A screi&-iac& (Fig. .51) used for lifting heavy loads like Mi auto¬ 
mobile, a 8(r«w-pm$ or leUsr-press used for compressing bound . books 
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Screw-jack 



Fig. 51 

Screw-preas Vice 


etc., a vice used in workshoi)s for holding jobs with a strong grip, are 
common examples of a screw. 


68. Velocity Ratio and Efficiency of a Screw-jack :— 

Let a single-thread screw (Fig. 52 left) of pitch p working in a 
nut support a load of weight W and a force P be applied in the 
horizontal plane to the end D of a lever Cj9 (length = o) fitted on the 
screw. In one complete turn of the lever arm, the distance travelled 
by the effort is 2/ra, while the load is moved up through a distance p- 



Fig. sa 


The velocity ratio {V,Ii.)^2Valp, Since the mechanical advantage 

{M,A.)isWIFs 

* the efhciency—^^^^^^"~;5^=»(PrXp)/(PX2ira)«jBf^.i.5<--—. 

work put m F.B, 
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Examples 


(i) In an evpariment, a aereto-jach 
%a arranged to be driven by a pulley as 
shown in Fig. 53. The lead of the screw 
(single~threaded) is j inch and the dia¬ 
meter of the pulley is 12 inches. Equal 
disc weights (P) of 4’6 lbs. are seen to 
raise a load W of 280 lbs. slowly and 
steadily. Find the efficiency of the jack. 


Ana,: In this oase (slngle-thread 
screw), the lead la equal to the pitch of 
the screw. 



. Fig. 58 


F B 


mo ved hy effort P f^one complete turn of screw 
* distance move^ up by load 


^ 8ir(l2/2) _ olroumfereDoe of Pttlley ^ 12X2>-75*36. 
Ij'i pitch of screw 


M.A.— 


i£^=sTF/P= 

efiort u X a 5 


31*11, 


EfSciencys: 


work got out 
work put In 


-3,.„x _1 _0-413. 4X 3Z. 


P X clroumierenoe of pulley 


75-36 


(2) The length of each arm of a screw-press {Fig. 51) is d ins. and the pitch 
cf the screw ^ in. Forces oj 14 Ihs.-wt. are applied to each arm. Find the 
resistance overcome. 


Ans.: Work put in>B2xl4x2«‘X6/l2 ft.'lbs. Work got 
ft.>lbB., where Wsaresistance in lba..wt. Neglecting friction. 


out** IT X 1/(4 X12) 
28x2irx6_ IF 

12 4X12' 


IF-i4294 lbB..wt. 


69. Wedge:—A wedge is a simple machine consisting of a 
solid block of metal or wood shaped as an inclined plane. A small 






Fig. S4 
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driving force applied to tlie wedge results in a much larger splitting 
or separating force. It is commonly used for raising heavy bodies» 
for propping up a sinking wall, for widening a gap, for breaking strong 
cover joints, etc. [Pig. 54(a)]. 

A double wedge (semi-angle of the wedge=tf 2 ) is shown in 
Pig. 64(fe) being used for widening a gap. The separating forces 
generated produce equal reactions W, TP at the edges of the gap.* The 
forces P, TP, TP* can be reju’esented by a triangle shown in Pig. 54(c), 
neglecting friction. 

Here P=2 W sin and M.A.= — (2) 

2 sm 



The action of an axe, or a knife, or a 
nail may be treated as that of a combina¬ 
tion of two wedges (Fig. 55). 


Example 

The angle of a wedge «s 10'’. -Find the 
splitting force exerted by it when driven by a 
force of 15 lb8.-wt., and the mechanical advaittage. 
Neglect friction. 

Ans. : tiom equation (1) of the preceding 
article, P=16«=2 x W sin 10”/2 ; 


or, W = 


16 


16 


S ~sm 6^ 2 X 0-0S72 


= 86 lb3.-wtT 


M.A=TY/P=86/16=6-78. 


70. Magnification of Displacement by the Use of Levers : - 

In machines and instruments it becomes often necessary either to 
magnify or to reduce the displacement of a moving element. 

This is realised in practice usually by using a lever or levers. 
Pig. 66 represents an arrangement of double levers used to magnify a 
small displacement do caused by an effort E at the end Ai of a lever 



4 iB) to a large displacement d (in two stoges) at the free end of 
BBCond lover. The fulcrum of the first lever is Pi. and that of the second 
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F%^ the working point B\ of the first being rigidly connected by a 
stout rod to the driving point ^^2 of the second lever. What happens, 
when the driving end of the first lever is given a finite displacement 
do by the action of the effort is shown by the dotted lines. 



Rack 


Overall magoification — ^ 

<*0 do 

71. Rack and Pinion :—A rack is a tootlied wlieel of infinite^ 
diameter. A rack and 

pinion in gear are shown ^'** “**“'‘'*% 

in Fig. 57. When the \ 

rack is fixed, the pinion / \ 

(with its attachments) 
rolls on it when rotated. 

When the pinion axle 
is fixed in j)osition 
and the rack is movable, 
the latter with its attach¬ 
ments move as shown 
when the pinion is 
rotated. 

72. Toothed Gear- 

ing or Gear wheels :— ..7—Rack and Pinion. 

When energy is to be transferred in a rotating machinery from one part 
to another part, gear wlieels are fitted provided the shafts of the two 
parts involved are quite close together. Here the rims of the wheels 
fitted to the shafts are provided with identical teeth which engage with 

each other in the fashion 
shown in Fig. 68. When 
the rotation of one shaft 
is transferred to another 
by the toothed gearing 
the angular speed varies 
inversely as the number 
of teeth in the corres¬ 
ponding gear wheel. If 
n\ and W 2 be the number 
of teetli resi^ectively on 
the driving and the 
driven gear, the mecha- 
F5g. B8 nical advantage is given 

by, Jlf.d.=*n 2 /ni. When n 2 >»i. the driven gear rotates at slower speed 
and when nt>ni, the driven gear revolves faster than the driving gear. 

If an imaginary circle be drawn with the axis of rotation as the 
centre and the distance from the axis to a point at haU the height 
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of any teeth as its radius, it is known as the pitch Circle. If rj and r* 
be the radii of intch circles of the driver and the driver: gears, 

.then, ilf.il.= 

ni Tx 


Belt Driving. —When the revolving 



Fig. 69 

■and r-i be the radii of the driver 
mechanical advantages in this 
case is also rg/ri. The ten¬ 
sions on the two portions of 
the belt are not equal. Belt 
driving is advantageous for 
a machine running at a 
high speed. But in case 
the load on the driven shaft 
■circuit is high the grip of the 
belting on the rim is not 
sufficient to prevent a slip 
between the two. So the required 


main shaft of the machine 
is at a considerable distance 
from the shaft of the part 
where the energy is to be 
transferred, each of these 
shafts are to be fitted with 
fly wheels with a broad rim. 
These wheels are to be 
connected with a belt of 
leather or rope running over 
the rims (Fig. 69). If - rj 
and the driven wheels, the 



Fig. 60 

purpose is not served. 


Chain Driving. —To avoid the chance of slip between the wheel 
and the belting, the rims of the two fly wheels are cut into identical 
teeth and a chain exactly fitting in these teeth run over the two wheels. 
This ensures the best possible grip as we get in the case of the pedal 
-of a bicycle connected to the axle of the rear wheel (Fig. 60). The 
high friction between the chain and the axle is disadvantageous at a 
comparatively high speed. 

73. The Common Balanee :—A common balance is an instrument 
■of the utmost usefulness. It provides us with a ready moans of 
measuring the mass of a body. We do not measure the weight of 
« body directly with it, though we ordinarily say that we do. 
A balance of this type is used by the grocer and this shows its 
importance in our daily life. A sensitive balance, of this type, usually 
referred to as a physical or chemical balance, is an indispensable 
.necessity in the laboratory. 


MACHINES 


B1 


It consists of a horizontal 
a knife-edge which rests 

a vertical pillar 


rigid beam balanced at 
on an agate plane fixed 


on 


its centre 
the top 




Adjusting Nutj ^ 



■Stirrup 


Beam 
Support 


fbihte 


'an 


on 
of _ 

(Fig. 61). 

Two scale pans of 

equal weight are sus¬ 
pended from stirrups 
(or hangers) carried 
by knife-edges at the 
two extremities of the 
beam. The distances 
between the central 
knife-edge and those 
at the extremities are 
called the arms of 
balance, which should 
be equal. A long 
pointer attached to 
the centre of the „ , 

beam moves over a ^18* Phyaical Balance. 

graduated scale fixed on the pillar. For accuracy, the x'ointer should 
swing evenly to equal distance on each side of the middlh mark of the 
scale. There is a lever arrangement (with a handle) by which the 
Xiillar, which supports the beam, can be raised or lowered and the beam 
arrested in order to preserve the sharpness of the knife-edges. 




Scale 

Pan 


FSSca/<p 
Levelling Screw Handle. 


Basm Board 




To use the balance, it is first of all levelled by levelling screws 
TJrovided at the base board and then adjusted by means of two screws 
(adjusting nuts) at the two extremities of the beam until the pointer 
oscillates equally on both sides of the middle division. ^ The body to 
be weighed is then placed on the left-hartd pan, and weights from the 
weight box are added on the right-hand pan, until the pointer oscillates 
in the same way, as in the case of the unloaded beam ; it is then that 
the weights on the two sides are balanced. As the arms are equal, the 
two weights on the two pans are also equal. So the weight on the 
right-hand pan is equal to the weight of the body. 


Principle of 

of class I type of a 




Measurement. —A common balance is an example 
of a lever in which the two arms. AF and BF, of a 
beam AB, F being the fulcrum, are 
B equal (Fig. 62). Neglecting the weight 
of AB, and of the two scale-pans hung 
at A and B, if the beam remains in 
equilibrium at the horizontal position, 
when a weight Wi is placed on the 
pan at A and a weight W 9 on the pan 
Fig, 69 at B, we have, by taking moments 


F 

S 


W 2 


6--(V0L. I) 
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about F, TFi X X J5F ••• ••• (I) 

But BF*^ AF. TFi *=TF*. That is, the weight on one pan is equal 
to the weight on the other at the position of balance when the beam ia 
in the horizontal position. This is the principle of measurement by a 
common balance. 


In practice, the weight of a given body is balanced by the com^ 
bined weight of a number of standard masses of known values. Let 
m be the mass of the given body and w*'. the combined value of the 
standard masses required for balancing. 

Then from (l), the two weights being equal, mg^mg, where g is 
the acceleration due to gravity at the place, or . That is, an 

unkown mass is measured in terms of some standard masses supplied. 


Note. —(*) Wtighing by a balance means the determination of a 
known mass which Jhas the same weight, as that of the unknown mass; 
and mass being proportional to weight, a common balance is used only 
to compare masses ; for let W. Tf' be the weights of two bodies in 
poundals or dynes, as the case may be, and let their masses be m, and m' 
respectively. Then we have, W — fng and W g% where g is the 

.-11 • W mg __m 

acceleration due to gravity at the particular place. .. 

w mg m 


Thiis, the weights of two bodies at a given place are pro¬ 
portional to their masses. 

{$») The position of equilibrium for any two masses is unaltered 
by taking the balance to another place where the value of g is different 
when weighing is done by a common balance. 


■ 74. Theory of the Common Balance ;—Suppose the beam 
AB having equal arms AF and BF turns round the fulcrum F, which, 
to diminish friction, is made of an agate or steel knife-edge resting on 
a smooth agate plate (Fig. 63). Let W'# be the weight of the beam and 



pointer. Let us assume that the centre of gravity of the bean\ and pointer, 
thro^ which Wo acts, lies at G on the line FG which is perpendicular 
trwbcam through F and is below F. Let two scale pans of equal 
8 be hung at A and B. If now nearly equal weights W and W 
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be placed on the pans at A and B respectively, and thereby the beam 
be tilted from the horizontal through 6^, we have, by taking moments 
round 


(PT+S). FM=Wo> FLHW'-¥S). FN. 

=»WoGB + (W'-^8).FN ... ... ( 1 > 

Also, FM™FA cos ^ —a cos B = FN, and FL^OB^h sin B. 


{W ■¥ 8) a cos B = Wmk sin v + iW-j-S) a cos B 


or, 


sin B 
cos B 


tan$ = 


iW-W’)a 

W^h 



75. Requisites of a good Balance :—A good balance must 
be (a) true, (b) sensitive^ (c) stable and (d) rigid. 

(a) True. —A balance is said to be true if the beam of the 
balance is horizontal when equal weights or no weights are in the pans. 
Equation (3) shows that 0, when either W W\ otW=0 = W. There-^ 
fore, it follows from the assumptions made in arriving at equation (3) 
that a balance will be true provided the arms are (») exactly of equal 
length, (»») of exactly equal weight, i.«. the G.G. lies on tlie perpendi¬ 
cular to the beam at its middle, and (i»() the pans are equal in weight. 

(b) Sensitive.—A balance is said to be sensitive, if for a small 

difference between W and W\ the angle of tilt B is large. Equation (9j^ 

shows that for a given difference between W and W\ tan B or B will be 

large if a is large, and Wq and h small. Therefore, the conditions of 

sensitivity are that the beam should be (i) long, (tt) light, and (tit) its 

centre of gravity as near the fulcrum as possible. 

% 

(c) Stable.—A balance is said to be stable, if it quickly returns 
to its position of rest after being deflected, with equal weights in the 
pans. Equation (2) shows that, when (W^+S)s»(pr'4-S), the only 
restoring couple (i.e. the couple which tends to restore the beam to its 
position of rest) arises from the weight of the beam. Hence for 
stability Woh should be large (of course the G.G. must be below the 
fulcrum F). That is, for a given value for Wc consistent with the 
rigidity of the instrument, the condition for stability is that h should 
be large, i.e. the G.G. as much below the fulcrum as possible. 

(d) Rigid. —A balance is said to be rigid, if it be sufficiently 
strong 80 as not to bend under the weights it is intended to carry. 

Note.—For a balance to be sensitive, the G.G. of the beam should 
be as near the fulcrum as possible ; while to be stable, the G.G. 
should be as much below the fulcrum as possible! Evidently, great 
sensitiveness and quick-weighing are incompatible in the same balance. 
In practice, these opposite conditions, however, do not p^sent muck 
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difficulty ; for, in balances requiring high sensitivity as in the labora¬ 
tory balances, accuracy of weighing forms the main criterion and 
quickness of weighing can be sacrificed to some extent. On the other 
hand, in commercial balances as used by grocers, etc. when large masses 
are used speed in weighing is more looked for than high accuracy. A 
compromise between the two opposite conditions is adopted when it is 
desired to combine the qualities of sensitiveness and quick weighing in 
the same balance to a moderate extent. This is done by making h 
neither too small, nor too large. 

76. Test of Accuracy Of a Balance :—Let a and b be the 

lengths of the arms of the balance, 8 and i> the weights of the scale 
pans. 

Now, if the beam is horizontal with empty p^ns, we have, by 

taking moments about the fulcrum^ 5 X 0 * 8 '.(l), provided 

the C.G. of the beam lies on the jierpendicular to the beam through 
the fulcrum. 

Again, the beam will be horizontal, if the equal weights TF, W are 
placed on the pans. We have then, (TF-i-5).a='(lF+6')6 ... (2) 

From (l) and (2) we get, TFXo™TFx 6 , or i.e. the arms 

must be of equal length ; and since S.b^S'.b, we have 5* i.e. the 
scale pans must be of equal weight. So, to test the accuracy of the 
balance, first see if the beam is horizontal when the scale pans are 
empty. Then put a body on one of the scale pans, and put weights 
on the other pan to balance it. Next interchange the body and the 
weights on the two pans. If the beam of the balance is still horizon¬ 
tal, the balance is true, otherwise it is not. 

77. Weighing by the Method of Oscillation: —The operation 
of weighing by a sensitive balance takes a very long time before the 
beam comes to rest. It is, however, unnecessary to wait till the poin¬ 
ter comes to rest, for we can calculate the position which the pointer 
would occupy if the balance comes to rest. This can be done by 
observing the readings of the scale corresponding to the turning points 
of the pointer while the balance is swinging. The position so deter¬ 
mined it called the **restiDg point*’ (written, B.p!) for a particular 
adjustment of weights and load, or for empty pans. It is more accurate 
and much quicker to perform the weighing by t-his method, which is 
called the method of oscillation. Thit method is suitable when the 
weight to be taken is small. 

Procedure. —Imagine the scale divisions, over which the pointer 
moycBt to be numbered from left to right. In an actual balance the 
aCale divisions are numbered in the way shown in Fig. 64. In some 
types of balance, thd rest position of the pointer, is maked zero and 
the gra^ptuations both on the left and on the right of aero are numbered 

the vhicreasing order as 6.10,16. etc. In Fig. 64 the graduation 
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on the extreme left is zero and those on the right of it are in the 
ncreasing order 1, 2, 3, etc. Slowly raise 
and lower the beam two or three times bo 
that the pointer swings over about i of the 
whole scale. When after two or three 
oscillations the motion becomes regular, 
take a reading (say, 3) of the turning 
point of the pointer, by avoiding parallax, 
as it swings to the left, then read the 
extreme position (say, 10) of the subse¬ 
quent swing to the right. Again read the 
next swing to the left (say, 4). 

Thus three readings, one to the right 
and two to the left, have been taken from 

which the E.P. for empty pans can be calculated in the following 
way. Take the mean of the two left-hand readings, i.e. the first 
and the third readings. Then the mean of this mean and the right-hand 
reading, ».<?. the second reading, will give the mean E.P. for empty ps*ns. 

For greater accuracy five consecutive readings (two" to the right 
and three to the left) should be taken. The E.P. for the empty pans 
is found as above a number of times and therefrom the mean E.P. (say, 
or) for the empty pans is obtained. 

The reason for taking an odd number of observations is that the 
arc over which the pointer swings continually becomes less and less due 
to friction and air resistance, and thus if only two observations, say, 
one to the left and the next to the right, or two to the left and 
two to the right, are taken, the position of rest obtained by taking the 
arithmetic mean of these two will be too far to the left. The mean 
of any odd number of observations, obtained as above, will represent 
the true position of rest more accurately. 

Next place the body to be weighed on the eft-hand pan and try to 
get its weight (w) by adding wts. on the right-hand pan until the 
pointer oscillates within the scale. Liet the mean B. P. for the loaded 
pans be y determined as in the case of the empty pans. 

Next find out the mean E.P. (z) when the wt. «; on the right-hand 
pan is increased by 1 milligram or any such small weight. 

Now, calculate out as shown below, what weight must be added 
to or subtracted from w in order to reduce the E.P. from y to x. 

Calculation.— 

True wt. = w + X (i/ -- ») gm., when y>‘X. 

y-Z 

0*001 

If is less than ar, true wt.»w — — X (aj * y) gm« 

y “ s 
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Note. —As the sensibility of a balance varies with the load, it should 
136 calculated everytime a body is weighed. Th» sensibility of a balance 

defined as the change of the resting point due to a change of some 
definite weight, usually one milligram, in one of the pans. 

78. The Method of Double Weighing :—The true weight of 
a body can be determined with the help of a false balance by any one 
of the following two methods of Doable Weighing— 

(i) The Method of Substitution {Borda's Method). —Place the 
body to be weighed on the left-hand pan and counterpoise it by placing 
sand (or any other convenient substance) on the right-hand pan. Then 
remove the body and reidace it by known weights to balance the sand. 
Since the weight of the body and the weights both balance the sand 
under exactly the same conditions, they must be equal. 

(ii) Gauss’s Method. —Let a and b be the lengths of the arms. 
Place a body of true weight IK in the left-hand pan, and its apparent 
weight be Wj. 

Then, taking moments of the force on each side, 

Wy.a^W-i'X.h . (l) 

Now put the body in the right-hand pan, and let TK# be its apparent 
weight, then PFa X a= WX 6 . (2) 

From (l) and (2),:^=*^^^; or, W^=WiXWa‘, 

W 2 IF 

or, TF= -s/TTi X wV . (3) 

Thus, the true weight is the geometrical mean of the two apparent 
weights. 


Ratio of the arms.— 


ft a TF 

From eqn. (l), and from eq. (2), r = 

o Tr o W 2 


o" 


^ IF 


6 * W PFs 


or, 


a 

b 




IF, 

W2 


(4) 


• 79. A False Balanee :—By using a false balance with unequal 

arms, a tradesman will defraud himself if he weighs out a substance 
(to be given to a customer), in equal quantities, by using alternately 
each of the scale pans. Let W be the true weight of the quantity of 
a substance which appears to weigh IF| and TFjj successively by the 
two scale pans of a balance of which a and h are the length of the 
arms. Here, the customer gets (Wx'^Ws) instead of (TF+PF), i.e. 

flPT; and we have, TFi + TFs-2 TF=*Tf|^+PF-“ 2Tr {from eqns. 1 

«iid J of Art. 78). 
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(' 




ah 




ah 


The right-hand side of the equation is always positive whatever 
be the values of a and 6, and so (ll^i + Wt) is greater than 2Tr. Thus 

the tradesman defrauds himself by the amount TF'— r~- 

ao 


Hence, at the time of purchasing a substance, a customer sJwuld 
always insist on having half of that substance weighed on one pan and 
the other half on the other if he doubts the balance. 


Example 

An object is placed on one scale pan, and it is balanced by 30 lbs. The object 
is then put into the other scale pan and now it takes 31 lbs. to balance it. When 
both scale pans are empty the scales balance. What is the matter with the balance, 
and what «s the true weight of the object f 

Ans. : Two different weights are required to balance the same object when 
placed on different pans of the balance, beo anse the arms of the balance are 
nnoqnal [ride Alt. 78 it}]. The true wt.™->/20x21a>20'494 lbs. 


80. Buoyancy Correction in Weighing :—While weighing a 
body by a balance, the body to be weighed generally possesses 
a different density (and hence a different volume) from that of the 
standard weights. So a correction for the buoyancy of air is'necessary 
to get the accurate value of the weight of the body. 

Let P] = density of the material of the weights (generally brass) ; 
p 2 =density of the material of the body ; 

Pa — density of air ; W = true weight and TFi — observed weight 
of the body. 


W 

The volume of the body = “ and the weight of the corresponding 

Pa 

displaced air —upthrust due to air on W. Similarly, the 

upthrust on the standard weights (observed) X P«^ 

For equilibrium, W-~ ^ ^^P* ^ i *“ ; 


Example 

A small piece of iron of den^y 7'8 gm.le.e., when weighed on a balance with 
standard weights of brass, weighs 10 gm. If the density of brass and air be 
respeeUDBly 8'S gm.{e,c. and O'OOIS gm.le.6, ealculaie the true weight of Qw 
iron^ieoe* 
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Ana. : True weight lF-*Tr» [!-/»« J 

-10[l-0-0018 


Questions (Chapter III & IV) 

1. Define the terms, velocity ratio, mechanical advantage and efficiency, ae 
applied to machines. 

5. Show that once a body is just ready to slide down an Inclined plane, the 
tangent of the angle of inclination of the plane is equal to the oo-efSoient of friction. 

8. What is the acceleration of a block sliding down a 30° slope, when the 
eo«e£Bloient of friction is 0‘25 ? ((7»S2'3 ft /sec.) [Ana. : 9*J3 ft /sec.*] 

What h.p. is exerted in pulling a 200 lb. log up a 80’ slope at the rate of 
12 IWsec. (oo.efi. of frictions>0‘B) 7 [Am. : S'3 h.p.] 

4. A body starting from rest slides down an inclined plane whose slope 
is 80° (co*eff. of friction>»0 2). What is its speed after sliding 76 ft. T [Ana.: 
40 ft./Beo.] 

6. What is the mechanical advantage of an Inclined plane used as a 

machine, when and the force acts (•) horizonta'ly, and (u) along the 

plane 7 [Am. : s/8 : 2J 

6. (a) State what yon mean by 'limiting friction', and 'angle of frietion.* 
Explain the laws of limiting friction and describe expariments to verify them. 

(&) Stats the laws of friction establish the relation between the angle 
of repose and the oo-efficient of static friction. 

7. (a) Define 'machine* and 'mechanical advantage’. 

(6) Justify the statement: 'What is gained in power is lost in speed* 
by oonsiderteg two important machines. 

8. Give a neat diagram and a brief description to show the working of the 
second system of pulleys, and deduce the mechanical advantage. 


9. What are levers r Give examples of dlfierent classes of levers. 

10. A uniform beam weighing 72 lbs. and 19 ft. long is supported on two 
props at Its 'ends. Where must a mass of 108 lbs. be placed so that the thrust 

O 

on one prop may be twice as that on the other 7 [Am. : At 2 . ft. from one 

9 

end.] 

11. , Describe a lever of Glass III. Calculate the mechanical advantage and 
show that the principle of work is satisfied there. 

Give a brief description of the second system of pulley ,* and deduce the 
meohaniesl advantage. 


19. Deduce the M.A. of a wheei and axle from the general principle of 
conservation of energy. 


13. A screw jack has a pitch of 0'05 inch. What weight will it lift (neg. 
leoting friction] when a force of 90 lbs. is applied at a point on the arm 
18 imffies from the axis 7 [Ans. : 45216 lbs.] 


li. Describe a jaok.Borew and state one of its praotioal appUcattons with 
which you are familiar. N^leoting weight and friction of the machine, find 
cat an expteuion for the mechanical advantage. 


A screw* jack having a pitch of 0'25 inch is turned with a force of 90 lbs.»wt. 
appittad at tiM end of a handle 3 ft. from the axis of rotation of the screw. CalotUata 
|M lead which the jack will be able to raise. [Ans.: 45316 lba.iwt.1 


[Ans.: 45316 Iba^wt.] 
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16. Wluht are the reqaisiteB of a good balance t Yon are given an In- 
aocnxate balance ; explaiti how it can be need to obtain aocnrate ceanlts. 

The only fanit in a balance being the inequality in weights of the scale pans, 
what is the real weight of a body, which balances 10 lbs. when placed in one 
scale pan and 12 lbs. when placed in the other ? [Aws. : 11 lbs.] 

16. What are the reqnlsites of a good balance ? A balance with nneqnal 
acme is need for weighing. The apparent weights of the same body placed 
In the two pans are 168*0 and 158*25 gms. respectively. Flndt the ratio of the 
balance arms. 

[Ans.t V653: ^632] 

17. Exclain with a neat sketch the principle and oonstrnotlon of a physical 
balance. Why is the method of doable weighing adopted in the case of an 
inaconrate balance ? 

18. What are the requisites of a good balanoe ? Explain clearly how you 

would proceed to determine the true weight of a body using a balance having 
unequal arms. 

19. How would you determine whether the arms of a balance are of equal 
length, and how would you eliminate errors due to such an irregularity ? 

20. A body is placed on the pan of a balance, whose arms are unequal 
and is fonnd to weigh gm. It is then rem oved to ths other psn and weighed; 
W, gm. Show that the actual weight is x TY, gm. 

21. Explain why a balance which Is sensitive cannot be stable. 

22. The turning point* of a balance were observed to be snooessively 18,8,11. 
With the body on the left pan and 24*82 gm. on the right pan, the turning points 
were 14, 9, 12. On adding 10 more milligrams to the weights, the turning points 
became 10, 3, 8. Calculate the correct weight of the body. [Ans. : 24'822 gms.] 
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MOMENT OF INERTIA 

81. Rectilinear Motion and Energy due to such 
Motion Whenever a body moves in a straight line, its motion is 
said to be translatory or rectilinear. In the case of a translatory 
motion, the force acting on the moving body is, from Newton’s Second 
Law of motion, proportional to the rate of change of momentum. 
Since a body of mass m moving with a velocity v is attended with a 
momentum wiv, the force P acting on the body may be written as 

P — K'f(rrvo) ... ... ... (l) 

at 

where K is the constant of proportionality which evidently reduces to 
unity when we define the unit of force either in the O.G.S. or in the 
F.P.8. system. 

Eqn. (l) reduces to P— ^imv) ... ... (2) 

CLb 

Since the mass of the body may be supposed to be fairly constant 
fexcept when its velocity approaches the velocity of light), eqn. (2) 
can be put in the form, 

= ... ... ... (3) 

where acceleration of the body in the direction of the applied 
force, P. 

The energy, that is associated with a body on account of its motion 
■only, is kinetic in nature. This kinetic energy of the body is measured 
hy the work done by the body against the opposing forces before coming 
to rest. Jf <0 be velocity of the body when opposing forces begin to act, 
the kinetic energy of the body is given by (4) 

82. Rotational Motion and Energy of Rotation :—Whenever 
a, body moves about a fixed straight line, the motion is said to be 
rotatory. The fixed straight line about which the rotation take place 
is called the axis of rotaHon or the gyrational axis. 

To consider rotational motion in detail it is better to start with 
a rigid body, which is supposed to be built up of particles that always 
maintain invariable positions with respect to one another. So when 
the body rotates round the fixed axis the constituent particles describe 
so many circles round this straight line. Since the distance of those 
particles from the axis are different and as they may possess different 
masses, their linear velocities as well as their kinetic energies will be 
•different. To evaluate the total kinetic energy of rotation of the rigid 
bpdy ws shall have to calculate the kinetic energy of each of the 
^^e^tituent particles and then sum them up together. 
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Let PQB be a rigid body rotating uniformly round the fixed 
axis 00' (Fig. 66 ) with a constant 
angular velocity oo—dB/dt where d9 is 
the change in angular displacement in 
time df. Let mi, fnti tna, etc. be the 
masses of the particles forming the 
body and Vx, r*, r* etc., the corres¬ 
ponding distances from the axis of 
I’otation 00'. All the particles have the 
same angular velocity but their linear 
velocities are different. When the 
particle mi (or Wj, m 3 etc.) describes 
an angle the corresponding linear 
displacement is given by the arc ri 

d 

The linear velocity =- -(ri^) 

at 

Similarly, for other particles the linear velocities will be 
fsCO, etc. 



K.E. of particle mi**gmi (oon)^ and the kinetic energies 
of the other particles will be | ms(cicr 2 )*. ^ m 8 (rC 05 )* etc. 

Therefore, the total K.E. of the rotating body 

= v mi (ccri)^+4m2 (^^s) 

= i[miri*+mtr2*4-msrs* 

= KSmr*)cD®«ilG>® 

where I stands for Smr® and is known as the moment ol inertia 
of the rotating rigid body about the axis referred to above.. When the 
body under consideration is of discontinuous structure and consists of 
separate masses mi, m* etc., I is obtained by direct summation as 
expressed by 2»wr®. But when it is of continuous structure, 1 must 

be obtained by the integral ^ r^dm, where dm is an element of 

mass at a distance r from the axis. The units in which the moment of 
inertia is generally expressed are gm.-cm.® and Ib.-ffe.* and its dimen¬ 
sional formula is ML^. 


*+Jm8 (cor8)*+ .. 
+ ...]<»* 



88. Moment of Inertia and Radios of Gyration :—^We know 
that the kinetic energy of a body of mass M moving in a straight line 
with a velocity v is given by A r** ^ J/o*. But from eqn. (4) we get 
that the kinetic energy of the same body when subjected to rotational 
motion witjh a constant angular velocity « as Er"^h where ^ I is 
the moment of inertia of the body about the gyrational axis. A simple 
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comparative study of the two expressions of kinetic energy leads us 
to conclude that the moment of inertia, /, plays the same part in 
rotational motion as the mass M of the body plays in translatory 
motion. Since M is sometimes termed as the inertia of translatory 
motion, I may as well be termed as the inertia of rotational motion or 
simply the rotational insriia. It_ is nwnirioally equal to twice the 
kimtio emrgy of the body when rotating with U'lit angular velocity. 

If M be the total mass of the rigid body PQS (Fig. 65), we can 
write I^Ttinr^^MK.^ where K is called the radius of gyration of the 
body about the axis O0\ The physical meaning of this supposition is 
that if the distributed mass of the rigid body he supposed to be concen¬ 
trated at a point at a distance K units of length fro n the axis of gyration, 
the moment of inertia under the circumstances will be the same as that 
nf the body with the distributed mass. The radius of gyration may thus 
be very well termed as the st/utDaZaat ra'/itts of the rotating body or 
simply the swing radius. 


Si. Angular Acceleration :—We know that the angular velocity 

/ V 

00 ^**-^) is related to the linear velocity by the relation Qi^vlr. 

0 = 7*0) ... ... (l) 

Again, if we consider the rate of change of this angular velocity, 
which is the angular acceleration, it will be represented by "j, "" j * 


But linear acceleration, /=— . 

dt 




dt dt' 


d JO 


So the angular acceleration, —, is equal to the linear accelera-^ 

dt 

tion divided^ by the distance from the axis of rotation. 


85. Torque and Uniform Angular Acceleration :—In rectilinear 
motion, any type of displacement is caused by a force whose 
magnitude is given by the product of the mass and the linear 
acceleration (P—m/). In rotational motion, the angular die- 
' placement of any type is caused by a torque which is the moment 
of a force about the axis of rotation. 


To find an expression for this torque in terms of a uniform angular 
acceleration, let us consider a rigid body n>tating with a uniform 
a]:]^lar acceleration about an axis and let a particle of mass m of the 

body be at a distance rj from this axis. If be the uniform angular 

at 

aceeler^i||i)n, the linear acceleration of the body~/‘i"ri 
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Hence the force Pi acting on n»i is and moment of Pi 

dt 

about the axis-Pi Xn =miTiSimilarly for another particle 

dt 

of masSi 9712. at a distance r% from the axis of rotation.'' the moment of 
theforce^^Pgr^ — 97iara* 

dt 

So is the case with all the constituent particles of the body. 

The total moment for the whole body “the required torque = 

(»»iri* + 9»2ra*+9»8ra* + ”* • )~ “~29»r®“jX^, where 

at dt dt 

“the moment of inertia of the body about the axis. 

Thus torque is also expressible in the form of the iiroduct of / 
and the angular acceleration. So the part played by mass in tran¬ 
slational motion is i)erformed by moment of inertia in rotational motion. 

From the above expression of torque, we can, alternatively, define 
moment of inertia of a body as the ratio of the mechanical moment to 
the angular acceleration of the body. 

Example 

A wheel of moment of inertia 3000 gm .cm.* rotates at a speed of 50 reve. I sec., 
when a retarding torque is applied to it as a result of which tfi ^eed falls to 
10 revs.lsee. in to 3 minutes. Calculate the torque applied. 

Ane.i Here X60 and xiO. 

dt t 2 X 60 3 

The retarding torg[ne=I'j^*3000X-~=6384 dyne-om. 

dt o 

f 

86. Angular Momentum or Moment of Momentum Let 

us consider a constituent particle of mass. 9»xf of a rotating rigid body. 
Let its distance from the axis of rotation be r i and its angular velocity 
be oi- Then the linear velocity t) of mx will be given by, v=rx^> 

Its momentum“9»|V**9n]riuj. The product of this linear 
momentum and the corresponding distance r, from the axis of rotation 
is generally kp.own as the moment of momentum. 

.*. The moment of momentum of the particle is tnjn^w. When 
the moments of momentum oi all the constituent particles are summed 
up, we get the moment of momentum of the rigid body. Thus the 
moment of momentum L is given by 

L“a)C»»iri®4-»t8r2*+9»8r«^H-...]“<«»S9»r*“Ja» ••• w) 

Thus from eqn. (5) we also see that I plays the same i>art in 

rotational motion as is played by Af in translational motion. In case 
of linear momentum we know that is given by Mi). In case of 
moment of momentum, v is replaced by angular velocity ^ and Iff by I. 
So JL***Jf*) is more commonly called the aiygulat fsoiueutoiu*- 
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As the linear momentum is conserved in a system when no external 
force acts on it, so is the angular momentum conserved in absence of 
any external torque. This is the principle of conservation of angular 
momentum. 


^ Example 

An electron of ma$$ 9xl0~*^ gm. revolves round a nucleus in an orbit of 
radius 0 6x10"* cm. If the angular momentum of the electron in the orbit 
be 10"*^ erg,-see., calculate the linear velocity with which it travels in the orbit. 

Ans.: Sinoa the electron lauy be eapposed to be a point-maas (or particle), 
its aogolar momentum is given by mur'^mvr. 

mvr» 10“*^ erp.-aec. 

10 “*^ 10 * 

Hence 9 ^ io-*e x05 xl 0 -“" 4-6 

B9'2xl0e om./8eo. ^ 

87. Kinetic Energy of a rolling Ball :—rolling ball has two 
kinds of motion—one of which is rotational in character (rotating 
about an axis passing through the centre of the ball) and the other is 
translatory arising on account of the forward motion of the rolling 
ball. So the kinetic energy will also be partly rotational and partly 
translational. 


Rotational = j Zoowhere J is moment of inertia of the body 
about the axis of rotation through the centre and co is the angular 
speed of rotation. Translational K.E.^^Mv*. 

Since I^Mk* (where A*radius of gyration) and ©=* 03r (r= 
radius of the ball), the total kinetic eneigy of the rolling ball is 
given by, JlfA*co *+2 = llf«>®(A*-f'r*) ... ( 6 ) 

The K.K. of a rolling wheel can be similarly calculated. 


88. Work due to rotation 
O 



Fig. 66 


—Suppose a body capable of 
rotatiuir about an axis perpendi¬ 
cular to the plane of the figure 
and passing through the point O. 
Let the body be acted on by 
a force F applied at the point A 
at a distance 2 from (> and the 
point of application displaced to 
Ji through a small distance AB =» 
ds,.where AB will form an arc 
of a circle of radius 1. The 
corresponding angular displace¬ 
ment of the body will be d<t>. 
If the applied force makes an 
angle with AB, the effective 
component of the force along AB 
will be F cos 9. ' Hence the work 
done due to this small displace¬ 
ment will be. 


dTF^jPcos ffx48=*FcoB 2)X W. 
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But F cos 6 X i =s moment of the effective force about 0 
=■ tongue applied (C7). 

/. dW^Od<i> ... ... ( 1 ) 

The totsj work done due to movement of the body from its 
rest position to a final angular displacement is given by* 

J 0 

This expression is true only wJien the applied torque is constant. 

89. Analogy between Rotational and Translational 
Motions :—^Bectilinear and the rotational motions are analogous in 
many respects. The mass and the linear velocity in rectilinear motion 
correspond to the moment of inertia and the angular velocity in 
rotational motion so that while mv and ^ tn-u® represent the linear 
momentum and kinetic energy in the former type of motion, iw and 
represent the corresponding quantities in rotational motion. 

A uniform linear acceleration (f) produced in a body (of mass. 

tn) by an applied force, P, is given by . 

at in 

Similarly, a uniform angular acceleration ) generated in a 

\at • 


rotating body under the action of a torque C is given by. 


d^^O 
dt I' 


(r*the moment of inertia of the body). 


It must, however, be remembered that while the mass of a body 
remains constant, its moment of inertia changes depending on the 
position of the axis of rotation. 

Eqaationa of Rotational motion. —The equations of motion a& 
have been deduced in Art. 4 in the case of rectilinear motion have also, 
their analogous forms in the rotational motion. 

As the uniform speed in rotational motion is given by. 


^de 


we Have by integration, 




dt 


or, 

When «=s0, ^ = 0. c=0. 

(So, the angular displacement, 0 ««»<) ... ... (1) 

Again, in the case of \miformly accelerated motion, let the 


angular acceleration be a 


dt' 


Integrating we get. 
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or, ««ai+Ci. 

When initial angular velocity; hence Ci —wq- 

® = + ... ... ... (2) 

Now <“ being the angular velocity in the case of an uniformly 
acceleration rotational motion at any arbitrary instant U the angle 
■described in infinitesimal time dt is dB"^o>dt ; 

or, dB “■ <OQdt-\-ai.dt. 

Integrating, ^=so>ot+iat®+C 2 . 

When ^“0, B — 0, Ca»0. 

= ... ... (3) 

From (2), + 

* «»o* + 2a(oif^t+^at^) 

— £e>j)*-h2a^ ... ... .:. (4) 

Thus equations, (l), (2), (3) and (4) in rotational motion corres¬ 
pond to equation, a^vt, and u®—«®+2/s in rec¬ 

tilinear motion. 


A table showing the analogy 
given below : 

between the two types of motion is 

Heotilinear motion 

Rotational motion 

a 

Displacement, 8 

Displacement, S 

Velooity, v^dsjdt 

Velocity, u=ddldt 

Acceleration, 

■' dt dt* 

da 

Acceleration, ass'^sad*6ldt* 

(it 

Mass, 

Moment of inertia, 1. 

Force, 

dt* 

Torque ,I d*8ldt* 

, Kinetic energy, 4 Iv* 

Kinetic energy, tla* 

Linear momentum, Mv 

Angular momentum, Jw 


90. Theorems of Perpendieular Axes and Parallel Axes:— 

To calculate the moments of inertia of different bodies, we generally 
take the help of two well-known theorems, namely, 

(a) Theorem of Perjtendicular Axes, and 

(b) Theorem of Parallel A^es. 

(a) U) Theorem of Perpendteular Axes (for a laminar 




Lei OX, OT be two mutually perpendicular axes on the plate or 
|ksa|]na PQM (Fig. 67). The two axes meet at O. OZ is an axia 
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perpendicular to the plane of the lamina and passing through d. 
The theorem states that the moment 
of inertia of the lamina about am 
axie ^perpendicular to the plane of 
the lamina is equal to the sum of its 
moments of inertia about the two 
mutually perpendicular ares draion 
through the same point and lying in 
the plane of the lamina. 


So, mathematically, it can be 
written' at'. 

where represent the moments 

of inertia of the lamina about the axes OX, OY and OZ respectively. 

To establish the theorem let us imagine a particle of mass m of 
the lamina located as shown in the figure. Letri, rj and r* be the 
distances of m from the respective axes OX, OY^ and OZ. Then, from 
geometry, 

ra*=ri*4'ra* 

By definition, 7x~2wri®, /fS=£Tnra* and /* 
ie =*2»»rs* = Sm(ri“+»*a*) 

= 2mri*H-S«»r2® 

—7* + /y. 

(ii) Theorem of Perpendicular Axes (for three dimensional 

bodies).— 

This theorem states that the 
sum of the moments of inertia 
of a three dimensional body 
about any three mutually per¬ 
pendicular axes drawn through 
the same point will be equal to 
twice the moment of inertia of 
the body about that point, 

X«t a particle of mass m of 
the body be placed at P having 
co-ordinates x, y, z with reference 
to the perpendicular axes OX, 
OF, OZ passing through the 
point O (Fig. 68). Draw PM, PQ 
and PR perpendicular to OX, 
GY and OZ respectively. 


Then, 
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Ind 0N*-3.m(x*+v*) 

(where 2f ie the projection of P on the ZY plane). 

Summing up, we get, 

/.++ /• “ Sjn(2x* + +2«*) 

"< 22fn(a;*+ 1 /*+a*) *= 2S»»r* = 2 fo. 
where r*» distance of P from 0 and 
7o = moment of inertia of the body about 0. 

This proves the theorem. 

(b) Theorem ol Parallel Axes (for laminar bodies).— This 

theorem states that if I be 
M the moment of inertia of a 

lamina SQB (Fig. 69) of mass M 
about an axis AB and if Ig be 
that about a parallel axis, MN, 
passing through the centre of 
mass, O of the lamina, both axes 
lying in the plane of the lamina, 
^then 

/=I« + 3fr* 

where r is the perpendicular 
distance between the two axes. To 
prove the theorem, let us imagine 
a particle of the lamina of mass 
m at the point P of the body. 
Let X and (r+a?) be the perpendi- 
PJg. 69 cnlar .distances of P from the 

axes MN and AB respectively. 

Then, the moment of inertia of the body about AB is given by, 

I = %m(x +r)® " 'Lm(r^ + 2rx+x*) 

« Sww* +Sfnaj® + 2'Zmrx 
■■r*3m+/o4*2r Smar, since r is here constant 
■■llfr*+Js+2rXnioment pf the mass about the axis through 
the centre of mass (O). 

For the whole body the last term evidently vanishes. 

I-7s+afr*. 

Thus the parallel axes theorem for a laminar body is established. 
It can be shown that the theorem can be extended even to the eases 
of three dimensional bodies. 

Calcnlatton of Moment of Inertia and Radlns of 
pfPlAioii s— 
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(a) Uniform thin rod.— 

(i) About an axis passing through its centre and per- 
pendicular to its length. 

Let M and I be respec¬ 
tively the mass and length 
of the rod. Consider a 
short element of length dx> at 
a distance .r from che axis 
M'N* (Fig. 70) which passes 
perpendicular through the 
centre of mass O of the rod. 

Because of uniformity,the mass 

of dx is . As dx is very 
L 

small every portion of dx may be supposed to be at the same 
distance x from Therefore the moment of inertia of the 



element dx about iH'A/' is given by 
of the rod about M'N’ is 


Mdx 

I • 




and that of one half 






given by 


24 

For the whole rod the moment of inertia about Jlf'A?' is 


Jo I 12 


Again 2= 

z® z 

-^*“22* ^®*ice the radius of gyration, if— 


(ii) Abont an axis through one of its ends and perpendicular 


to its length— 



Here M\N\ is the axis at 
the end A of the uniform thin 
rod AB (Fig. 71). At a distance 
X from A% take an element of 

M 

length dx. Its mass is — dx^ 

where ilf= total mass of the rod 
and I is the length of the rod. 

Moment of inertia of the ele¬ 
ment ‘dac’ about M\N\ 
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Integrating for the whole 'rod, the moment of inertia of the rod 
MiNi is. 



M ‘ 

r 3 3 * 


Hence the radius of gyration is 



“3" ^/3* 


about 


[This case can also bo deduced from case (i) by applying the 
theorem of parallel axis. 

Since 7= Ig + Mr* 

and here Ja—and r, the distance between the two axes M'N^ 
and MiNi is 1/2, we can write, 

1= 


(b) Rectangular uniform Lamina [_Thin rectangular plate "].— 

(i) About an axis through its centre of mass and parallel to 
one of its sides.— 




< - a 





1 


o 


i 


t*rX -► 


iB 

Fig. 72 




B. 


^.a;® 

J « a 


Ma^ 
12 * 


Let the rectangular lamina 
of mass M have a length ‘a’ 
and a breadth '1/ (Fig. 72). 
Suppose ii be the moment of 
inertia of the lamina about AB 
which passes through the centre 
of mass O and is parallel to 
the side b. Consider a small 
slice of length dx at a dis¬ 
tance X from AB. Since the 
lamina is uniform, the mass of 
M 

the slice ^-dx. Considering 

both halves of the lamina, its 
moment of inertia about 

Similarly, the moment of inertia 


«bout A\Bi which is parallel to a» Jg 


M6® 

12 


The radius of gyration is K- 
It Ct 2 s/3 

of th^* 


or 




2^/S’ 


as 


the 


case 


Ha About an axis through its centre of mass and perpendi- 
tkb plane of the lamina_ 
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Moment: of inertia of a lamina about an axis (Z-axis) passing 


through its centre of mass O and 
perpendicular to its plane is, 
according to the perpendicular 
axes theorem, J— 
where J* and I, are respectively 
the moments of inertia about 
the two axes XX' and ¥Y' (Fig. 
73) which lie in the plane of the 
lamina, passing through the 
centre of mass, O, and are para¬ 
llel respectively to sides a and 
It is evidently equal to the 
moment of inertia about the 
axis ZZ' through O and perp. 
to the plane of the lamina. 

From the previous considera¬ 
tion, 6 (i) above, we know. 


1 = 1 . 



Fig. T8 



“ 12 - 


I, 


• 12 * 




The radius of 


gyration, 



(c) Circular Disc.— 

(i) About an axis passing through its centre and perpendi¬ 
cular to its plane.— 



Let the disc have a radius 
r and mass M. Consider an 
elementary annulus at a distance 
or from the centre O of the disc 
(Fig. 74). Let dx be the thick¬ 
ness of this annulus. The mass 

M 

of this ring — —s ^ 2ifxdx 
nr 


9 *® 


.*. The moment of inertia 
of this ring about the axis A Tt 
through the centre 0 and perji. 


• rt T| f 

to the plane of the disc is given by ^ xdxjjt^^ because the annulus 

being of infinitesimally small thickness every point on it is at a 'distance 
X from O. »*. The moment of inertia of the whole disc about AB is 


given by, ^ ® ) 


Mr'* 

2 ' 
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The radius of gyration, K- 


Irl- JL 

""-V Q- /o* 



^/2• 

(il) About a diameter.— 

Tjct O be the centre of the 
circular disc and ZZ' the axis 
through 0 and perpendicular to 
the plane of the disc (Fig. 76 
Let YY’ and K2L' be any two 
mutually perpendicular dia¬ 
meters of the disc. Since XX\ 
YY' and ZZ' are mutually per¬ 
pendicular, we can apply the 
theorem of perpendicular axes 
(in case of a laminar body) 
here. That is. 


where the subscripts of the moment of inertia, /, refer to the 
corresponding axes. 

From the last case we get, and from symmetry of 

the circular disc, — /,,/ = 7, where I is the moment of inertia about 

•CrM? Jftf 

any arbitrary diameter. 




Jfr* 


Hence the radius of gyration, K 

(iii) About a tangent.— 

Let A'B' be the tangent at 
the point T of the disc. Let AB 
be the diameter parallel to A*B* 
(Fig. 76). Then since the 
moment of inertia about AB is 
T 

* 4 * 

we can get the moment of 
inertia T about the tangent 
A* B" by applying the theorem 
of parallel axes. 

, * ■ 4 

«*. The radius of gyration. 


r 

2 ■ 
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(d) Flat Ring or Annular Disc.— 

(i) About an axis passing 
throngh its centre and perpen¬ 
dicular to its plane.— 

Let T], fff and M be the inner 
radius, outer radius and mass 
of the ring re8i)ectively. 0 is 
the centre of the ring OZ 
the axis through O perpendi¬ 
cular to the plane of the ring 
(Mg. 77). Consider an elemen¬ 
tary concentric ring of radius x 
and thickness dx (shaded ring in 

the figure). Supposing the ring to be uniform, the mass of this 

elementary ring is ~~—^—st X 2xxdx^ 2M3;rfiC 

w(r8»-ri») 

Since dx is small, all points of this element are at a distance x 
from O. 

The moment of inertia of the elementary ring about 0^ is 



2M 

rg*-rx* 


xdxXx^. 


The moment of Inertia of the flat ring under consideration 


oaf 




^frV——.-M 


’'I 


Ta —ri 




Jlf(r»!±ri!). 
2 


The radius of gyration, K = jf*^ . 1 . . 



(ii) About a diameter.— 

Let the moment of inertia 
about any diameter be T. Then 
considering two mutually per¬ 
pendiculars diameter JCJC' and 
FT' in the plane of the ring 
(Mg. 78). we get from sym¬ 
metry. 

The moment of inertia about 
axis OZ perpendicular to the 

plane is 

[from Case <l(0] 


Fig. 78 

From the perpendicular axes theorem, we get. 


2 
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• « J. . » 

4 

The radius of gyration, 

2 

(iii) About a tangent.— 

Let TT' be any tangent at the 
point YY' any diameter 
paraUel to TT (Fig. 79). Then 
by the theorem of parallel 
axes, ths moment of inertia 
of the riag about TT' will be 
given by, i=j' + Hfr,* 

4 

= f(5ri,» + r,»). 

4 

The radius of gyration, K=‘}t 


(iv) Special case of a thin ring of negligible width.— 

here the width is small ri=*ra™^. So the moment of inertia 



(»u) above]. Its moment of inertia about a tangent is given by, 

7gSs:M^(5r®+r*)“^^r*, [c/. ease (»n) above]. 

4 2 



(e) Right circular cylinder.— 

(i) About an axis through its centre of mass and perpendi¬ 
cular to its length.— 

Let r be the radius of Z A 

the cylinder whose centre 
of mass is at 0 (Fig. 80). 

The length of the cylinder 
is I and M is its mass. 
represents the axis passing 
through O and perpendi¬ 
cular to the length of the 
cylinder. 

Oonsider an elementary 
transverse section of thick¬ 
ness dai ot the cylinder at a 
X from O. AB is a 
a^cis of this element 



] 

J /m 


V2 



01 

1 

1 

1 

1 

r 

A 

! 

\ 


Fig. 80 


pft^illeito Let P be the density of the material of the cylinder. 
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Then moment of inertia of the elementary section about AB is given 
by ^ mass of the element is ^r^dxp). 

Its moment ol inertia about ZZ' is by parallel axes theorem 


7rr*p.dx 


■hxr^dxpx^. 


Integrating this expression for the whole length of the cylinder, 
we get the moment of inertia of the cylinder about ZZ’ as 


nr* pi 
■4 


nr*pl^ 
12 ■ 


4 J -I/a J -i/a 

=^h:: 

=i|L*+M* (since Jir=^r*XJXp)=M(f+|!). 

The radius of gyration, ■^■^22* 

(ii) About its own axis.— Let ZZ’ be the axis of the cylinder 
of radius r (Fig. 8 I). Consider a co-axial cylindrical shell of radius, 
X, and of thickness dr. Its length is same 
as that of the original cylinder. If M be 
the mass of the cylinder, then from consi¬ 
deration of uniformity, mass of the elemen- 
M 

tary shell — - - x 2nx. dr. 

nr* 

Moment of inertia of the cylindrical 
shell about ZZ’ 

r* r® 

So the moment of inertia of the whole 
cylinder about ZZ’ is given by 

r® J o r* L 4 Jo 

The radius of gyration, iT— 

y 2 

Special eases of cylindrical shells 
(hollow cylinder). —As a cylindrical 

shell may be supposed to consist of a 
number of circular rings one above 

the other and as a solid cylinder is likewise comprised of a number of 
Superimposed circular discs, the modifications thst were introduced in 
the cases of circular rings over the discs should apply also in the case 
of hollow cylinders. Here if ri and be the inner and outer radii of 
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•cylinder, r’ in cases (i) and (n) above should be replaced by 
(ri®4-ra*). So the moment of inertia of the hollow cylinder about 
an axis through the centre of mass and perpendicular to its length 

T _ “+»*** \ 

•given by, ^- J 

and that about its own axis by, 

[The complete calculations are left for the students as an exercise.] 

(!) Solid Sphere.— 

(i) About the centre.— 

Let the solid sphere of mass 
M be of radius r (Fig. 82). 
Consider a concentric spherical 
shell of radius x and of thick¬ 
ness dx. The mass of the sha¬ 
ded shell=iff®*.dojp where p is 
the density of the material of the 
sphere. 

The moment of inertia 
of the shell about the centre O is 
4*a5^darp.®*. 

Hence the moment of inertia 
Fig. 82 of the whole solid sphere about 

the centre 0 is given by, 

r, sa 43rp J x*dx 

6 0 



since The radius of gyration, 11"*= -s/l.r. 


(ii) About a diameter.— 

Let 0 be centre of the sphere 
of mass M and of radius r 
^Fig. 83). If three mutually 
perpendicular diameters X-X\ 
YY' & ZZ* be drawn through 
the centre, the moments of inertia 
about these diameters will be 
identical from symmetry. 

= (say), where 
subscripts indicate the respective 
axes about which the moment of 
inertia u considered. 

; according to the theorem 

ol axes in three 


Z 



9)g.88 
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dimensions. 2ro®*/* + /»■♦■ J» where is the moment of inertia about 
the centre. 3I=s2xfHfr*. or, /“f Afr*. 

The radius of gyration, 

(iii) About a tangent. —Applying the theorem of a parallel axes 
to the cases (t») above, we g " he moment of inertia of a solid sphere 
about a tangent as, 

I-tAfr* + Mr’ = iMr*. 


(g) Hollow Sphere.— 

(h) About the centre. —Let 

the follow sphere have its internal 
and external radii ry and res¬ 
pectively (Fig. 84). O is its centre. 

Its mass isibf* 3 »(rs* —ri®)P where 
p is the density of the material of 
the shell. Consider a concentric 
elementary shell of radius x and of 
thickness dx. The mass of this 
elementary shell 4iTa;® dxp. 

Its moment of inertia about 
O'is i:.xx^dxp. So the moment of 
inertia of hollow sphere about 
the centre is given by. 

7«=4»p\ * g *'1 



T} 




ft _ - 6 


„ 8 a 
r% -ri 




The radius of gyration, 

^ r9*-rj* 

(ii) About a diameter.— 


If at the point O, three mutually perpendicular diameters are 
drawn, the moment of inertia of the sphere about any one of them will 
be the same. Let it be I: Again its moment of inertia about the centre 

ois 

'''^From the perpendicular axes theorem (three dimensional) 
we get, 3J=2Io ; or, 




r*® “ ri®' 


The radius of gyration. ■rg®- 


-rr 


Special case when the hollow sphere Is of negtiglblo Uiieh> 
ness. —Here if JV be the mass of the thin shell, then as points on the 
shell are at a distance r from the centre, the moment of inertia of the 
thin shell (spherical) about the centre is 
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If I be the moment of inertia about any diameter then from the 
perpendicular axes theorem, 3f~. 21 o. J=®§Jo = ajlfr*. 

92. Other important cases :— 

(a) Moment of Inertia of a Right Circular Solid Cone 
about its Axis.— 

Let O be the apex of a cone of 
height h and semi-vertical angle t) 
(Fig. 85). Let a be the radius of 
the base. If M be its mass and 
p the density of its meterial, then 

At a distance x from the 
apex O, consider a thin slice of 
the cone of thickness dx perpendi¬ 
cular to the axis. The radius of 
this slice is rs=a; tan 6. 

So its mass is m = xr* .dx.p— 
tan^ B. x^. dx. The moment of 
inertia of this slice (circular 
disc) about the axis of the cone 
« Qfnr^ =^3»pr*tan*0.x®.£?j; 

=>^7Tp ta.n*6.x^dx. 

The moment of inertia of the whole cone about its axis, 
tan*^. | ^x*dx—z'^p tan^S. ~ 

“"ft* h ^ (A tan B)^hp. (h tan B)^ 

Ma®. (since h tan B — a). 

(b) Moment of Inertia of a Thin Hollow Right Circular 
Cone about its axis. —Let A be the apex of the hollow 
cone of height h and O be 
the centre of its base whose 
radius is a (Fig. 86). If I 
be the slant height of the cone 
and <r its mass per unit area, 
the total mass of the hollow 
cone is ^ (2ffo)X Zo’=s=3eoZa= M. 

Consider a slice at a distance x 
along the axis AO, The distance 
of the slice from A along the 
slant height is The thick¬ 
ness of the slice is evidently 
along the slant surface and sup- 

to be dxx. Its radius 
. denoted by r, 

^T^metry of 



O 



Fig. 86 


Fig. 86 
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we get, ; or, r=faj; 

ah h 


and ^=1 ; or, dxi^hx. 

I h h h 

/ 

Hence the mass of the slice=a2ffr.daJi.a=2J7^,o-.!B<iar. 

h* 

The moment of inertia of the slice about AO^^^i^-x.r'^dx 


27ia^la 


z^dx. 


The moment of inertia of the hollow cone about AO 

-2(waiff)|^-j z*dx^2.M~^, 


(c) Moment of Inertia of a triangular Lamina about 

one side of the Triangle.—Let ABC be the triangular 
lamina under consideration 


(Fig. 87). It is required to 
find the moment of inertia 
of the lamina about BC. 
Suppose BC-^a and the per¬ 
pendicular from A on BG 
be h, and <r=mass per unit 
area of the lamina. Consider 
an elementary strip of thick¬ 
ness dx at a distance x from 
BC, Its mass length X thick¬ 
ness of the strip X a 



h — x 
h 


aX-dxXtr. 


a 

• • 


Its moment of inertia about BC— 

h 

The moment of inertia of the lamina about BO. 


J 0 h ITV 3 4 / 




m* 


since the mass of the lamina is 
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Corollaries :— 

(») Moment of inettia of a trictnguUtr lamina about on axis 
A through its centre of mass 

* parallel to side BC. 

I Let G be the centre of 

* t mass of the triangular lamina 

^ I X (Fig. 88). Its distance from 

{ G \ .BO—fc/3. V Su]^ose Jo be the 

I I X. moment of inertia of the 

! IVl ^X lamina about an axis through 

* * _X G and parallel to BO, and la 

^ C that about the side BC. Then 

Fig. 88 by the parallel axes theorem 

But J.- Mh^/G. Jo = ^^ 

6 9 18 

Hi) Moment of inertia of a triangular lamina about an axis 
through the vertex^ A, and parallel to the side BC. 

Let O be the centre of mass of the lamina (Fig. 88). Its 
2h 

distance from A^ -. Let J be the required moment of inertia 

o 

about the axis through A parallel to BC. Then by the parallel axis 
theorem. 


J««Ji>+M 


But J.-mVb. 




(d) Moment of Inertia of an Elliptic Lamina about 

one of its Principal Axes. —The equation of an ellipse referred 
to its principal axes is ’ Y 



where a and b refer to the two 
semi-axes. 

We shall determine the 
moment of inertia of the elliptic 
lamina about the F-axie. 

Let the lamina be divided 
into thin strips parallel to the 
y-axis (Fig. 89) and one such 
strjip of thickness dx be taken 
at a distance x from the centre 



Fig. 89 


0. length of this strip is evidently p. Hence its area is Sp. dx.and 
mass is 2^dxo^ where o is the mass per unit area of the lunina. So its 
moment,inertia about TY* is 2vv.x*.dx. 
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Henc 9 the moment of the whole elliptic lamina is, 

/“2<t J ya;*da!=2<r6 ^ ^1—a;® dr [BVom eqn. ... («)]^ 

X 

Put £B*o sin <f>, -*sin and dx — a cos ff* d 4>, 
a 

and the limits change to ■“Jf/2 when a:== — a, 

and to ^ = nf2 when a*=i+a. 

+V 

I a* sin* 4* cos a cos 
^“»/2 

-*■^2 

“2a®6ff f sin* <#> cos* <#>. d 4*^2a^icf. 1. 

^-nl2 

CL* jfCt * 

’=^(nab)cr.~- ™ where waft=area of the ellipse. 

4 4 

93. Routh's Rule :—^Routh enunciated an important rule by* 
means of which the moment of inertia in a few cases can be readily 
obtained. It is stated as follows— 

*‘When the axis about which the moment of inertia is required 
is an axis of symmetry passing through the centre of mass of th& 
body, the moment of inertia in a large number of cases is given 
, y Mass X sum of the squares of perp en dicu lar sem i-axes 

^ 3. 4. or 5 

where the denominator is to be taken 3, 4, or 5 according as the body 
is a rectangle, ellipse (including circle) or ellipsoid (including sphere). 

Applications. —(1) Moment of inertia of a rectangular lamina of 
mass Jlf and having sides a and b about an axis through the centre of 
mass and perpendicular to the plane of the lamina, 

=j f("/t)*+w.) !=^ („,+j,). 

tf lia 

(2) Moment of inertia of a circular disc of mass M and radius 
r about an axis passing through the centre and perpendicular to its. 
plane 

mM'X ^ (where D - diameter) 
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afr>. 

4 

(3) Moment of inertia of a solid sphere of mass M and radius r, 
about any diameter 








94. Time Period of Torsional oscillation of a body:— 

In rectilinear motion, the, acceleration /, proiuced in a mass m 


by a force P is given 


hy,/= 



according to Newton’s Second Law 


m 

of motion. Similarly, in rotational motion angular acceleration is 

given by - t.nr ning forc e or torqu e_ 

^ ^ dt* moment of inertia of the body' 


If a piece of wire or a rod is held rigidly at one end and the other 
end is turned through small angle and let go, it is set to torsional 
oscillation (twisting and untwisting). Thus the twisting torque and 
the acceleration are opi)ositely directed. This torque may be regarded, 
within certain , limits, as proportional to the angle through which the 
body has been turned. Thus, if at any instant, H be the angular dis¬ 
placement of the body from its normal position, the torque —where t 
(torsional rigidity) is a constant depending on the length, radius and 
material of the wire or rod. 


So the angular acceleration is given by. 


dt^ 'J' 


where I is the moment of inertia of the body about 


the axis of turning. 


Thus angular acceleration is proportional to the angular displace¬ 
ment and oppositely directed to it. So the oscillation is simple harmonic 
in nature (see Chapter VI). 

(where ^“angular velocity). 





■ —. • rtr —■ * 

r 2ir 


^ X ^ X 
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95. Experimental Determination of Moment of Inertia of a 
body :—To determine the moment of inertia of a body, first of all a 
torsion pendulum arrangement is 
to be set up as shown in Fig. 90. 

From the torsion head if, a 
Cradle C is suspended by means 
of a wire, w, in an air-tight box 
B, provided with glass windows. 

The arrangement is so made that 
the torsion wire on prolongation 
passes through the. centre of 
gravity of the suspended cradle. 

The torsion head is given a little 
twist so as to set the cradle into 
torsional oscillations. This must 
be carefully done so that pendulum 
oscillations are not set up. The 
time period of torsional oscillation 
of the cradle, To, is determined by means of a stop-watch from the 
observation of total time for nearly 50 osciUations. The oscillations 
may be observed by looking from above the chamber through the glass 
windows, gg, or by a lamp and scale arrangement with a small plane 
mirror attached to the cradle.' 



An auxiliary rod, whose moment of inertia I can be known from 
its mass M, length h breadth h, etc. [e.fif. a rectangular bar whose axis 
of suspension is parallel to the thickness and passes through its centre 

of mass, and whose moment of inertia. I — is taken 


and so placed on the cradle that its centre of mass lies on the torsional 
axis. Again the time x>eriod, T, of torsional oscillation of this combined 
system of cradle and auxiliary rod is determined in a, similar manner 
taking care that no relative displacement takes place between the rod 
and cradle. The rod is now removed and replaced by the body whose 
moment of inertia is to be determined. It is also to be placed on the 
cradle so that the axis through which the moment of inertia is required 
coincides with the torsional axis. As before, the time period of. 
the new system (cradle and body) is also determined. 


Let Jo, T and be the moments of the inertia of the cradle, the rod 
and the body (experimental) respectively. 

Then, where x*torsional rigidity of the wire, ts. 


and 


G,P. 8—^{vol. 1) 
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r»»4;7«^^L±/and 


4n* 


I, 




r*-ro’* 


4 »* J I 


r # — T * 

X ■*■ 0 \e T 

■ ■ r'-To® 

All the terms on the right-hand side of the expression for h being 
known, /* can be determined. 


96. Deterfoination of Moment of Inertia of a Flywheel :— 

A flywhesl is nothing but a heavy wheel capable of rotation 

about an axle. In determining 
the moment of inertia of a 
flywheel it is to be mounted 
on ball-bearings and its axle 
is made horizontal at a snitable 
height from the ground (Fig. 9l). 
A loop at the end of a fine 
cord is slipped over a tiny 
peg P fixed to the axle and 
the whole cord is uniformly 
wound on it. A known weight 
mg of suitable value is sus¬ 
pended from the free end of 
the string and is kept fixed at 
a particular height, ^r, from the 
ground. 

Now as the weight is released it falls under its own weight thereby 
unwinding the string and as a result the wheel is set in rotation. The 
length of the cord is so chosen that as soon as the weight touches the 
ground the whole length of the cord would unwind and slip off the peg. 

Let to be tbe angular velocity of the wheel at the moment when 
the cord sj|ps off tbe peg. Then at the instant when mg reaches the 
ground,4i^ energy of the system is wholly kinetic—^partly due to the 
iftOtemfilnt of iwp and paiiily due to the rotation of the wheel of moment 
J. if o be the vdLocity of the weight just at the moment it 
jplws th^ ground, the total kinetic energy of the system at that time 
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= 2 /«»* (oi the wheel)4 (of the weight) 

+ radius of axle). 

This energy must be equal to the potential energy mgz possessed 
by the weight at the start of its journey downwards (neglecting the 
effect of friction), 

T—2mgr — 

or. - ... ( 1 ) 

Hence from (l) I can be determined because g is known at a. 
particular locality/ m, x and r are directly measurable quantities and 
C6I can also be found in the following way. 


Starting from the time of detachment of the cord from the peg, 
the number of rotations undergone by the wheel before it comes to 
rest is counted and the corresponding time interval also noted. Let the 
number of rotations and the time interval be respectively » and i. As 
at the beginning and at the end of (, the angular velocities were respec¬ 
tively and 0, the average angular velocity of the wheel is evidently 

W-hO in 
(tig, am Ty -»tt>/2. 

2 

Hence in t secs, the angle described is <vaXt. 

This is also equal to 23*rt ; 

a 


Thus <u can be directly determined and hence I also, as stated 
above. 

Nate. If the friction at the bearing of the flywheel is not neglected, 
a small correction is to be applied, ^t B be the energy used per 
revolutiou of the wheel in overcoming this friction and let «» be the 
number oi rotations of. the wheel during the descent of the weight. 
Then the total energy needed to oyercome friction « ,, 
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[f the energy of the wheel 4 I"* is fully used in overcoming friction 
«nd it comes to rest after ni rotations then 

» I 

; ori Hence nE^— ^Ito^, 

»l ni 

So the energy eqn. (1) takes from, + 


/=(2wflra;~ 


97. Determination of the Moment of Inertia 
Cs^lindrical Rod by the Bifilar Suspension 

uniform bar or a cylindrical rod 


of a Bar or a 
Method :—If a 
be horizontally suspended 
by two . equal and parallel 
vertical thread's equidistant 
from its C.G. the arrange¬ 
ment is known as a bifilar 
suspension. If such a system 
be slightly displaced from its 
equilibrium position, it will 
oscillate executing S.H.M. 
Timing the period of such 
oscillations and knowing the 
length of the vertical threads, 
the distance between the points 
of suspension and weight 
of the rod or bar, the moment 
of inertia of the same can be 
calculated. 

Let ab be the bar suspen¬ 
ded by parallel threads, each of length Z, from the points P, Q where 
P4?*2d (Fig. 92), 0| is the C.G. of the bar and 00| is the vertical 
line through it along which the weight of the bar mg acts downwards. 



If ab bo slightly displaced through a small angle $ about OOi in 
its own plane, the suspension threads will bo displaced through an 
angle ^ wiiih respect to their original position. Now if T** tension 
, Along the threads, then in the displaced position it can be resolved into 
S' ve£ti<^ :^omponent T cos and horizontal component T sin 



hdth the 


threads tc^ether, we have. 
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(l) Sam of the two cosine components each acting verticallN' 
upwards = 2r cos 4». This evidently acts through Oi and balances rng. 


2Tcos<#» = m^. 

or, (*,’ cos ^ = 1, <t> being very small) 


... ( 1 ) 


(2) The two horizontally acting sine components being oppositely 
directed constitute a couple of arm 2d. This couple tends to restore 
the rod to its rest position. 

.‘. Restoring couple = T sin <i>X2i 

= 2Td 4> ^ is small) 

— mdg *(> [ from (1) ]. 

But as evident from the figure, 

• 

flUQ. 

V d 


/. 4l = 9d\ or, = 

Hence the restoring couple = —=—. 9 

t 


dV- 


( 2 ) 


The deflecting couple is and is oppositely directed to the 


restoring couple. 


. jd^9 _ md^iie 

* ' dt* I ’ 


d^9 md*g - 


(3) 


This is an equation of a S.H.M. whose time period is (vide 
Oh. Vr). 


r®*2jr^^ “~~T8 ’ -* 2 7 

^ md^g ^ 


... (4> 


Since In relation (4}, r, w, flf, ■<? and *I are determinable quantities, 
I can be also determined. 



118 


COLLEGE PHYSICS 


Table of Moments of Inertia 


Body ! Asia of Rotation 

Moment of Inertia 

I. Uniform thin rod 
(length 3B I) 

' (a) At end, perp. to length 
l&) At middle, perp. to length 

(a) All*/3 
(b» Ml*l 12 

1 

1 

2. Beotangalar lamina, 
(aides a and i) 

(а) Through C.G. and parallel 
to b 

(б) Through C.G. and perp. 
to the plane 

(a> Ua’in 

(« 

3. beotangalar para, 
lleloplped (edgea, 
a, b, e) 

1 

I Through C.G and perp. 

to face db 

^(a* + bM 

12 

4. Elliptioal lamina 
(Bemf.azeB a, b) 

i 

(a) About an axis 

§ 

(5) Through centre and perp. 
to plane 

(a> Any diameter 

(d) Through centre and perp. 
to plane 

(c) About a tangent in its 
own plana 

id) About a tangent perp. to 
its plane 

(«) 

(b) 

j 

1 

6. Cironlar lamina 
(radlna, r) 

i 

w ^ 

(b) 

(c) 

' 4 

3Mr* 

(d) 2 

6. Annolna or ring of 
outer and Inner 
radii, B and r. 

(a) Through centre and perp, 
to its plane 

(b) About a diameter 

w 

(i) 

7. Bight olronlar oylln- 
det (length 1, radius 
*•) 

% 

(a) Axis of figure 

1 (b) Through centre and perp. 
to axis. 

(-) 

w 

8. Spherical shell 
(rSdiUB, r) 

.(a) About a diameter 
(b) About a tangent 

(a) 2Afr«/3 
(bl 6Mr*/3 

9, Solid tidtere 

(a) About a diameter 
(h) About a tangunt 

I " ■ 

(a) 

{b) 7Mr«/6 


! • 
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Examples 

J. Two tpherei of the same mass and same external radius are externally exactly 
•similar in appearance. One of them is hollow while the other is solid. Explain 
how they can he identided. Indicate also how the internal radius of the hollow 
sphere can be determined. \.C.U.1961) 

Ans,: Let M be the mass of either sphere and r, the external radius of each 
of'the spheres. The moment of inertia, Is, of the solid sphere aboat a diameter 

and that of the hollow sphere is given by where Vi is 

r,** —Vj' 

the Internal radius of the hollow sphere. 

H,n«, I „-- r.*] . 

Since r, . is greater than rj, right-hand side is positive. Hence Ijv must be 
greater than Is. 

Now if the .time periods of torsional oscillation of the solid and the hollow 
spheres are found ont by successively suspending them at the end of the same 
torsion wire, the hollow sphere having greater value of the moment of Inertia will 

have a greater time period since T-slr Thus the two spheres may be 

identified. [It may also be done by rolling them down an inclined plane.] 

Once the spheres are identified, the internal radius of the hollow sphere 
can be easily determined from the values of the time periods obtained in the 
two oases and from the knowledge of Jd and If the time perils in the 
case of the solid and the hollow spheres be Ts and Th* ^en Tsm 

2ir ^^. From this expression knowing Ts, M and fa, we get 

Again. 2 »r / 

e r \ 6T(r,** -r,*) 

Here since r has been previously determined and Tm* M and are known, 
can be easily obtained. 

2. A rod weighing 10 lbs. and of length 3 ft, revolves SO timee in a minute. 
Find ite Mnetie energy. 

Ans .: Kinetic energy where /»moment of - inertia and w>«angolar 

velocity of rotation. Supposing the rod to be revolving round the axis passing 
through an end at right angles to the length, 


10x8* 

t, PI ^ 

3 


=30 Ib.-ft*. 


where T-time period*Sieos. 
T 50 
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s 410'9^ lb. X ^ Xft<«410’9 ft.>poandal9. 
\ sec.* / 


3. A fly wheel of maBs 2'45 tons and of diameter 8 ft. makes 260 fsolutions 
fer minute. Find its kinetic energy, (log r=0*4972) 

^na.: Aasnining the jnaes ol the wheel to be ooDoentrated at the rim, 
uid —• , 

= 3*008 X 10 ^ ft.* POOD dais. 


4. A sphere of mass 60 gms.^ diameter 2 cm , rolls without slipping, with a 
velocity of 5 cm. per sec. Calculate its total energy in ergs. (P. U. 19iH> 

Ans : From the given data, mass of the sphere (m)=50 gm.. Its radius 
>(r) ■*! om. and velooity, v=5 cm./seo. 

Total energy of the body=K.E. due to translation-l-K.E. due to rota¬ 
tion ■■ 4mp*+«!«*. 

V 

Here I—Smr*. and w= . 

r 

Total energy }. mr». ~ 


•-imw*(l-|-|)*=ix60 x 25x1=875 ergs. 

6. Four spheres each of diameter 2r and mass m are plctced with their centres 
on the four comers of a square of side a. Calculate the moment of inertia of the 
system about one side of the square. 

Ans, : If we eonslder any side of the square as the axis, the two spheres 
at the ends, of this side will have the axis passing through their oentxes. 
Henoe the moment of inertia of these two spheres about the side will be 
2(|mr*)»-OTri*. 

The other two sphere are at a distance a from the above axis ohosen. The 
moment of inertia of each of them about that' side of the square which is opposite 
to the ohosen axis will also be |Afr*. But as the axis ohosen is parallel to that 
side, by the parallel axes theorem, the moment of inertia about the required axis 
lot these two latter spheres will be 2[imr*+ma*)a»^mr^-^2ma*. 

Banoe the required moment of lnertia»|mr*+s»tr*-4-2ma*=}m(4r*-)-5a*). 

6. A flat thin uniform disc of radius a has a hole of radius & sn it at a 
distanoe c from t}^ centre of the disc [o<(o-6n* If the disc were free to rotate 
about a smooth cylindrical rod of radim b passing through the hole, calculate 
the moment of inertia about this axis, 

Ans. : If ^be the maee of the diso provided with a hole ‘of. radius b, 
supposing this nole to be at the centre of the diso, the moment ed inertia 
about an axis through the centre and perpendioular to the plane of the diso 

is 

Kow supposing the hole to be shifted through a distance e and the rotation 
axis to bi passing through this hole, the moment ol inertia. 

, IhI^’hiie*-'^{a*+b*-h2o*). 

*•' i* r * - 
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7. A fiy-wheel of mats 500 kgm, and 2 metrsn in diameter, makes 500 revolu¬ 
tions <per minute. Assuming the mass to be concentrated at the rim, calculate 
angular velocity, the moment of inertia and the kinetic energy of the fly-wheel, 

(C.T7 i9fc6 

Ans. i (i * Angular velocity. 

The angle described pet revelation is 2e radians. 

The angle described per min.ssQ^Xno. of rev. per min. 

s=s2Jrx500. 

The angular velocity = angle described per second 

2n- X 600 50"- ,, 

= = - radians per sec. 

60 3 

(m) Moment of Inertia. 

Since the mass Is concentrated at the rim, the tnomoDt of inertia of the 
dy. wheel, 

Here M «500x lO'* =5>ClO* gm. end ii=200/a= 100 cm. 

.*. I»6'clOSx(100)*=6xlO» gm..omV 
(4ii) Kinetic Energy. 

Kinetic energy, = 5 x 5 < 10® x ^^ 

=63'67 X 10" ergs. 

Questions (Chapter V) 

1. Define moment of inertia and explain its physical siKnifioancc. What do 

you mean by ‘radius of gyration' ? [c/. 0, tJ. 1946, *66 (Spl.)] 

2. A body is doing a uniform angular acceleration under the action of a 
torque. Find a noathematioal expression connecting the torque and the angular 
acceleration. 

3. Explain the term ‘angular momentum’ (or moment of momentum). 

4. A ball is rolling along a horizontal plane. Find an expression for its 
kinetic energy. 

6. A thin rectangular lamina of metal is oms. long and rotates about an 
axis in its own plane but normal to its length and equidistant from its ends. 
If it weighs 3*6 kgms.. what is the moment of inertia, disregarding the thickness 7 

[Ans, I'dSX 10* gm..cm.*J 

6. Calculate the moment of inertia about a transverse axis through its centre 
of a disc whoso xadtus is 20 oms., its density 9 gms./cm.^, and Its thickness 12 ems. 

[Ans, 27*18x10® gm.-om.*] 

7. An annular ring of mass m has internal diameter d | and external diameter 
d^. Find its moment of inertia about a diameter. 

8. The mass of the earth is about 6x10*' tons and Its radius about 4,000 
miles Calculate its moment of inertia about its axis of rotation. 

[Ane. 23*98 x lO®* Ib.-ft*.] 

9. An engine fly-wheel of 6 ft radius whose moment of inertia Is 1,44,000 Ibs.-ft.* 
has a steady tangential force of 1600 lb. applied to its rim. What is the resnlting 
angular aooeleration 7 (Takep»32t [Ans. 2 ra./seo.*] 

10. A ring whose mass may, be d^arded as being all eqnidutant from its 
centre rolls down an inclined plane in 12 sec. How long would a solid disc ta)n» 
to do same 7 [Ans. 10*89 sec.] [Vide. Art. 119 (d)] 
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11. A solid disc rolls down an inollned plane 200 om. long and 60 om. hlgb. 
Calonlate its final linear velocity and the time of descent. 

[An*. 166 cm./seo.: 1'67 sec.] [Vide. Art. 119 (<2)] 

12. Explain how the moment of Inertia of a bar of brass about an axis 
Taaslng through Its O.G. perpendloularly to its length may be determined in the 
laboratory by the torsional osolllatlon method, deducing the formula you would 
use for the purpose. 

13. Calculate the moment of inertia of a thin spherical shell about a 

diameter. (P. U. l&^S) 

14. Derive an expression for the moment of inertia of a circular disc about 
an axis perpendicular to its plane and passing through the oen^ and 

1 a) a diameter. (0. U. 1966) 

16. Show >that the kinetic energy of a thin rod of length Z and mass ta 
per unit length rotating about an axis through the middle point and perpendicular 
to its length with an angular velocity u is »» (0. XJ. 1948) 

[Hinti ; Here I-afZa/12 

=»nZ*/l2. /. K.E.=iI«' = 5vW«’Z».] 

16. What is meant by the moment of inertia of a body ? Obtain expression for 

the moment of Inertia of an annular disc about an axis perpendicular to the plane of 
the disc through its centre. (Utk. 17. 1966) 

17. A circular disc of mass m and radius r is set rolling on a table. It u be 
Its angular velocity, show that its total energy is given by 

(P.U. 1950) 

[Hints : Here 

JBr.E.**4Iw* + Now put paswr.] 

18. A circular disc and a thin hollow cylinder open at both ends, each of 

the same radius, are allowed to roll down a smooth inclined plane starting from 
rest at the same height on the plane at the same instant. Calculate to show 
which one of the two reaches the bottom of the plana first. (Bihar IT. 1969) 

[Am. The Dlse.] 

19. Oalonlate the moment of inertia of a uniform rectangular lamina about 
a line passing through a confer and perpendicular to its plane. (O.U.H. 1967) 

20. Calculate the moment of inertia of a hollow sphere of uniform density p and 
enter and inner radii B and r respectively about a diameter. CCtk. U. ]970($)] 



CHAPTER VI 


SIMPLE HARMONIC MOTION : 

COMPOSITION OF SIMPLE HARMONIC MOTIONS 

98. Periodic Motion :—The periodic motion is a type of 
motion that repeats itself after a regular interval of time. The motion 
of the earth round the sun is periodic because the same motion is 
repeated after an interval of one year. Similarly, the motions of a 
clock pendulum and of a particle describing a circular path with uniform 
speed are periodic. 


99. Oscillatory Motion ; — When a periodic motion is reverseil 
in direction after a fixed interval of time, it is said to be oseillatory oi- 
vibratory in nature. Thus the to-and-fro motion of a pendulum, the 
backward and forward motion of the piston of a reciprocating engine, 
etc. are instances of vibratory motion. One complete forward and 
backward motion is termed n complete oscillation. 


An oscillatory motion is a periodic motion having a position of 
vest at which reversal in direction takes place. An oscillatory motion 
is therefore always jieriodic but a periodic motion may be oscillatory 
or not. 

« f 

100. Simple Harmonic Motion :—Harmonic motion is an 
oscillatory motion executedf in a symmetrical manner about a point. 
When an oscillatory harmonic motion is of the simplest type, i.e* when 
that motion occurs in a straight line, it is said to be simple harmonic. 
It is exactly defined with the help of its characteristics which will be 
explained subsequently in this chapter. 

A body IS sauZ to execute a simple harmonic motion when it 
moves in a straight line in a forward and backward direction, the 
motion being repeated after d regular interval of Ume, and is acted on 
by a force, which is directed towards the mean position and is propor¬ 
tional to iAa di^laoement of the body from that position. 

The ideal case of a simple harmonic motion may be realised by 
the motion of the foot of the perpendicular drawn on a diameter 
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of a circle from a point describing the above circle wiUi a uniform 
speed. 


B 



Fig. 93 


Suppose a particle P start- 
^6 from A describes a circle 
(Fig. 93) ABA\B\ having its 
centre at 0 moving in an 
anti-clockwise direction with 
a uniform speed v. Let AOAi 
be a diameter of the circular 
path through the starting point 
A. Now if N, the foot of the 
perpendicular drawn from P 
on AOA-^ be observed, it 'will 
be found to undergo a periodic 
motion along A(fAi reversing 
the direction each time the 
moving point P crosses A or 
^1 in its circular orbit. The 
motion of N along AOAi is 


then an ideal simple harmonic 
motion because it is a to-and-fro periodic motion in a straight line. 
The other characteristics are also satisfied in this case as will be 
evident subsequently. The point P is called the generating point and 
the circle it describes, with uniform speed is called the auxiliafy circle or 
the circle of reference. The centre of the circle of reference O, is called 
the mean position of the vibrating point N 


101. Terms associated with Simple Harmonic Motion :— 

(i) Amplitude •—The amplitude of a particle executing simple 
harmonic motion is its maximum displacement measured from the 
mean position. Beferring to the auxiliary circle (Fig. 93), the 
displacement, a?, at any instant of time, measured from the mean 
position 0, is given by ®«»o cos 6 where a is the radius of the auxiliary 
circle and^^ is the phase {see below) of the vibrating particle. Evidently 
r is maximum ^ when ® «= 0, or a multiple of n and is equal to a, the 
radius of the circle of reference, H being measured from the position of 
maximum displacement of the vibrating point in the positive direction. 

(M) Period.- -'For a particle executing S.'S.M.f one forward 
motion together with a backward* one is called a complete oscillation. 
Period is the time taken by the vibrating body to execute one complete 
oscillation. Beferring ‘to the auxiliary circle (Fig. 93), it is obviously 
equal to the time taken by the generating point P to go once round 
tlm oirdf ^f reference. If <!> be the angular velocity of P« the time 
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(ill) Freqnency. —The number of complete oscillations made 
liy the particle executing S.H.M. in one second is called its frequency. 

If n be the frequency, wT — l or n=^=» — . 

r 2/r 

(iv) Phase.—The phase of a particle executing ipeans 

its state of displacement and that of motion at an instant of time. 
.Keferring to Fig. 93, the speed of the generating point P is the same 
at every instant but the magnitude of the velocity of the vibrating 
point Nt as also its direction, changes. Thus to know the state of A", 
completely at any instant of time, its displacement from some standard 
position as well as its direction of motion must be known. Two particles 
are said to be in the same phase when moving in the same direction 
they cross their standard positions at the same time and are said to be 
in opposite phase when one of them moves in a direction ojqiosite to the 
other at the same instant of time. But whatever is the phase of the 
vibrating body it is exactly repeated after the lapse of its periodic time. 


Measurement of phase of a vibrating particle at any instant must 
be made with reference to some standard state at which the phase 
of the particle is known. According to Barton, the standard state is 
the mean position at O (Fig. 93), the vibrating point being N and the 
auxiliary circle AB AiB,. According to Bayleigh, the standard state 
of A is at yl, the position of maximum displacement in the positive 
direction. When the vibrating point iV is at the generating point I* 
is also at A. The x>hase of the ]>oint N at subsequent intervals of time 
may be measured either * 


(l) by the angle 0 which the generating iioint P moving along 
the circle of reference AB A^Bi has made at the centre 0< since it last 
X}as8ed through its standard position. 

or, (2) by the fraction of a period T which.has elapsed since the 
generating point P last passed through the standard position A. 


Thus if the phase of N at some instant of time be 60^ it may also 
be put at 3V6. Make B ^ 60* and draw PN perpendicular from P on 
Adj. N will then represent the state of the vibrating point moving 
from right to left. Obviously phases 60“, 420", 780“ etc. are identical 


as 


T TT 137’ 
0 ’ 6 ‘ ,6 


etc. 


Again if we consider a point Pi (Fig, 93) which is the diametrically 
oj^site pdint of P, the corresponding foot of the perpendicular, N|, 
drawn on the same diameter AA\t will have the same magnitude of 
displacement as JV, the foot of the perpendicular drawn from P. But 
the direction of displacement as well as its direction of motion will be. 
oi^site to those of iV. So and are said lo be in x>ppos^ phases^ 
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If the phase of N be ^“60“ as referred to above, the phase of N-f will 

be ^■=180 +60 " 240’. In terms of time period phases - and—— are 

6 o 

opposite. So the phase of a vibrating particle becomes exactly opposite 
after an interval of half a period. 





Fig. 9i 

or particle N at the commencement 
ZCiOd"H. This angle * or <<. is, 
vibrating particle, N. The equation oi 
be given by, 


(v) Epoch.—^Bpoch is the 
phase of a vibrating particle 
at the instant when the count- 
ing of time is* began. jRefer- 
ring to Fig. 94, N, is a vibra¬ 
ting point executing S.B.M. 
along AAi and its auxiliaiy 
circle is ABA\Bi and let A 
be its standard state. If the 
phase angle 0 is measured 
from the instant when the 
generating point P passes, 
through C or Cj and not 
through A, while the time 
is counted from the instant 
when P passes through the 
standard state A, then the 
phase of the vibrating point 
of time is either or 

by definition, the epoch of the 
displacement, ar, in this case will 


either, a;*o cos jLPOA^a cos [ZPOO— ZCO^l] 

“a cos (^ —^) ; 


or, as** a cos Z POA * a cos [ Z POOi + Z OiOZ] 

“a cos (d+<). 

102. (a) Expression for tfae dhiplaeement of a particle ezeeiit<- 
ing S.H.H. at any instant:—The displacement signifies the change 
in position of the vibrating particle in a definite direction 
from its mean position. With reference to Fig. 94, let a 
vibrating particle or point Nt executing S.ff.M. move from A to 
ill and back from Zi to Z in time T, called its time period. 

be, the radius of the corresponding circle of reference ABAiB\ A. 
Et^ently a is the amplitude of yibiralton. Iiet T be the {wsition of the 
generatki^ point at any Instant of time f. while the vibrating point 
is at Iiet the time^ be eqnntod pom the instant when the genera* 
tingjn^t last passed thronigh^t^ position i. The displace- 

IS^Tol iiris given by. s;»tf cos Z dOP ... ... {I 
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If oj be the angular velocity of P and L AOP be described in time 
^ then Z ZOP— 

a:*acosiDf ... ... ... (2^ 

Again if T be the period of P, whicli is identical with the time 

required by P to move once round the auxiliavv circle. £*)■■??. 

T 

ISqn. ( 2 ) takes the form, 

O3IJ 

x«acos-'^«. ... ( 3 ) 

If the phase is measured from the instant when P passes through 
point C or C?j (Fig. 94), and time is counted from the instant when P 
passes through then if ZCOA = 6 and ZC?iOA = <, eqn. (2) will 
be modified as, 

cos ( wt —8 ), or, a cos ), as the case may be, 

where 5 and «c represent the eixxihs of the S.H.M. 

(b) Expressions for Velocity and Acceleration of a Particle' 
executing S-H.M.—Since the velocity of a body is the rate of change of 
its displacement with regard to time, the velocity can be very easily 
deduced from the expression for the displacement. 

The displacement a;a cos ... ... ... (l) 

when the phase at the commencement of time (i.e. epoch) is zero. 


, *. Velocity — flco sin wi 

at 


... (3) 


But from eqn. (1), coswt*®-. 

a 

/. Velocity, t; = — o w sin 

-“< 1 ( 0 s/l—cos* wt 



JB —oi^a*—«* 



So the velocity is zero when the displacement is maximum, t.e., 
when and it is maximum when x»0, f.e. when the paiticl4> 

is at its mean position of rest. 

Again since the .acceleration is defined ks the rate of ebange of 
velocity with regard to time, we can directly, by diffei»nttetmg thA 
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■expression for velocity with respect to time, obtain an expression for 
the acceleration of the body doing S.H.M, 

The acceleration of the 'vibrating body is given by 

a® sin —aw* cos 

at dt 

But a cos wiaa-. ... ... (4) 

\ 

So the acceleration is isero when x^O, i.e. at the mean position of 
rest and it is maximum when x = n, i.e\ at the maximum displaced position. 


108. Characteristics of a S..H. M. :—The acceleration of a body 
executing <9.27. ilf. is given by the expression, This shows 

that the acceleration is proportional to the displacement and moreover 
the negative sign indicates that the direction of the acceleration is oppo¬ 
site to the direction of disiilacement, i.e. the acceleration is always 
directed towards the mean position about which the vibration takes 
place. So the characteristics of a S.H.M. may be stated as follows :— 


(»* The body executing a S.H.M. must have an acceleration (hence 
must be acted on by a force) directed towards a fixed point in its 
path, and this acceleration at any instant must be proportional to 
^he displacement of the particle from that same fixed point at that 
instant. Thus the eqn. of acceleration may be considered as the 
■characteristic equation of S.H.M. From the expression of acceleration, 
we know that 

, f f /neglecting the — vesign because it 

X ’ V \ / indicates direction only. 


^ - / Jl • 
T ^ X ' 


or, T, the periodic time 



a Qrj t displ acem ent 
'V acceleration 


.So r, the period, is independent of the amplitude of vibration. 
This type of periodic motion in which time period does not depend 
on the amplitude is called iiochronout motion. Within a certain limit 
■of amplitude, the motion of a simple pendulum is also isochronous in 
nature. 

I 

' 104. Force, 'Potential Energy and Kinetie Energy t— 
Let the particle executing S.H.M. be of mass m. Its acceleration, 

as has been found before, is given by - w*x where and x is the 

■displaccp^t. So the force acting on the particle, when its displace* 
inent,!* is given by F** — . 
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So ihe-^iv(yrk done hy the particle against the above force in 
moving a short distance dr, over which the force may be supposed to 
be constant, is mfo'*x.dx. Therefore the work done by the particle in 
moving through ar, i.e. the potential energy of the particle at the posi¬ 
tion where the displacement is x is given by, 

Wp= \ dx^\m^*x'^. 

•I 0 

Potential energy is zero for zero displacement, $.«. when the 
particle is at the mean position of rest. It is maximum for maximum 
displacement when x^a. 

Again, as the velocity of the particle at the position of the said 
displacement, cc, is given by, 

dx / “ d 9 

V = --- sa - to - a;*, 

at 

Mie attending kinetic energy of the particle will be given by, 

TTto (a* x*). 

So K.E. is maximum when x — 0 and it is zero when x = a. 

Hence the total energy of the vibrating particle^ 

TT-17;. + IFfc * +^w«>* (a® - r*) - 

The e?tpression is independent of x, the displacement. Thus the 
total energy remains constant, whatever may be the displacement, there¬ 
by showing the validity of the Principle of Conservation of Energy in a 
a.H.M. 

105. Graphicai Representation of the Changes in the Potential 
and Kinetic Energies in S.H.IVf. :—For a particle executing &H.M. and 
for which epoch angle is zero, the displacement x at any instant of time 
is given by x—a cos cos 9. 

Hence its velocity, -—= —ao) sin $. 

at 

The kinetic energy of the particle sxn*^ 

where m—mass of the particle. 

JS'.jE'.s*T r*= 2 wo*£o® sin* = sin* where the cons¬ 

tant, wito*o*. 

Again, as shown before, its potential energy at the same instant 
is given by 

f moi^xdx —Qoe* 6^K COB*0 ... (2) 

Jo 

Now let Wt and Wp be plotted as ordinates against different values 
of 6, from 0* to 360*, as abscissa as shown in Fig. 95. It is found 

G.P. 9—(vOL, l) 
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from the graph that for each valne of though the individual values 
of iTte and Wp are different, the sum of the ordinates of the two curves 
(^K sin''* cos* h) is a constant throughout and is equal to 

11= 2 “ the maximum ordinate of either of the curves. This 

constancy also indicates that a iH.H.M. obeys the principle of conserva¬ 
tion of energy. 



106. Equation of a S.H.M. :—If m be the mass of the particle execut¬ 
ing S.H.M. and J- its displacement at any instant, its acceleratTon ■will 

evidently be So the o rce acting on the particle is This 

dtt* 

is proportional to the displacement and oppositely directed to it. as 
force must be known from the characteristics of a simple harmonic 
motion. 


m 


d* 


X. 


dt^ 


■fix 


( 1 ) 


where fi is the constant of proportionality. This may be rewritten as 

/*, (Q\ 

— X ••• ••• ••• ••• \^r 

dt* m 

The eqn. (2) is identical with the equation, 

fsa — o»*x as has been already deduced. 

So here stands for to*. Substituting to® in place of — we get 
m ^ 


the equation in the form. 




— Sn* .. 
to * » 


or. 


dt* 


• • • 


This if thf differential equation for a simple harmonic motion. 
• iolve this equation multiply both Bides by 2—^. 


(31 
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2^. ^ +2c„’*. f =0. 

dt* at dt 

On integration, ^^ ^ * — k 

where h is the constant of integration. 


dt. 


When the displacement is maximum, a:=a, ^■■0. 

at 

Applying this condition to eqn. (4), we get, co^a^^k. 
Bqu. (4) takes the form, 

dx 


dr 




— mdt. 


(4> 


dt a* 

On integration, we get, 

sin~‘—=o>i+S, where 5 is the constant of integration ; 
or, - — sin (ewi + «5). 


a:=a sin {toi + B) 


... ( 6 > 


Here mt is the phase of the vibrating imrticie and 2 is the epoch. 

To express the solution of the equation as given by relation (6)‘ 
in a more general form, let us write relation (5) as, 

x—a sin cut cos S + a cos cat sin 2 
» [ a cos 2 ] sin a>t f [o sin 2] cos cot 
s .d sin cut it cos cut. 

This is the general solution of eqn. (3) of a where A and 

are two constants. 

The particular solutions are evidently (i) if sin cot, and (ulx — 
B cos tot* both of which represent S. H. Motions. 

Taking any one of those particular solutions, say solution («) we- 
see that. 


sin cut* i sin (cut+ 2*)*=.4 sin cu ^t+— So after an 

interval of —' , the displacement and hence the state of motion also 

cu 

2ic 

is exactly repeated in nature. So — is the time period* Tf of the 

<u 
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2x 


2* 


(O 


V — 

m 


= 2 «^ 2 _ (-.■ 

u. \ 


m 

t*’ 


’0) 


and the corresponding frequency, n= 


23e'V 


m 


) 


Examples of Simple Harmonic Motion 

(j) If tht period of a S. H. M. is 12 secs, and amplitude 10 cm,, 
what will be the ph ise and displacement at a time Id secs, after the 
passage of the particle through its extreme elongation ? 

Ans. : Considering time for extreme elongation 
displacement equation becomes 

23C 


(0. U. 1962) 
to be zero, the 


x^a cos = « COB 


T 


t. 


Here T ■ 


12 sec., i = 14 sec. and o=10 cm. 

ir = 10 cos 73r/3=®10 COB (2*+fr/3) = 10 cos 60“ *5 cm. 

The phase is evidently 7ff/3 and displacement 5 cm. 

(2) Show that a bar magnet freely suspended so as to move in 
a horizontal plane in the earth's field executes a. S.H.M. Bence calculate 
its time period and the angular displacement at any instant. 

Ans. : Let the bar magnet AB swing round, 0, (Fig. 96) about the 
mean position NS which represents the magnetic meridian at the place 

ot observation. The magnet 
is first turned through an 
angle $ to the position AB 
and then released. At this 

d'^f* 

position its acceleration is - j - — 

deflecting 

force of 



where 


dt^ 

1 is the moment of inertia of 
the magnet about O. Again 
if n be the horizontal com¬ 
ponent of the earth's magne¬ 
tic field at the locality, the 
forcer: acting on the two ends 
of the magnet will be mH each. 
These forces are equal and parallel but are oppositely directed. So they 
focm a couple which tries to restore the magnet to the meridian 
j£ine« The moment of this restoring couple is given by mETXdis- 
tsiica A i I. 
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But AJx^2l sin where 21 «*length of the magnet. 

Moment of the restoring couple =TO£fx 2i sin 6 

= Mff sin = when 0 is small and Af=magnetic moment 

of the magnet = 2wZ. 

Since the magnet is temporarily at rest in its displaced position AB^ 
the algebraic sum of the moments of forces about 0, must vanish. 

'. at 

or, where a> = ^. 

at i ^ J 

This is ail equation of a 8. H. M. So the motion of the magnet 
is simple harmonic in nature. Its time period can be easily deduced 
because to in the above equation refers to the angular velocity of the 
corresponding generating point as is evident from the nature of the 
equation [See the equation of a S.TI.M.]. 



Since eqn. (l) represents the differential equation of a S. U. \I. 
its general solution will be of the form, 

0 = ^ sin tot4-B cos tot ... ... (2) 

To calculate the angular displacement 0 at any instant of time, 
we shall have to evaluate the constants A and B from the boundary 
conditions of the problem. 

Applying the initial condition, f.«. when <—0, ^=*0, 

we get, 0 = i4 sin 0HhJ5 cos 0—B. 

®=»ilsina)f ••• C®) 

■ Again, when t = r/4, 9 =#?o“EQaximum angular displacement, 

.*. 00 =^A sin rn^^A sin » A sin Jr/2-A. 

' 4 J. 4 

Substituting in eqn. (3), we get the expression for the angular 
displacement at any instant f, as 0 sin cut 

•^0 sin 

' (d) A quantitv ■ of gns is gnalostd in a cylinder in which works 
a smooth hmvy piston. The aris of the eylinisr is mrtioal. The piston 
it thrust dwn to compress the gas and thm 1st go. Show that the 
motion proAv/esd is simple harmonic. 
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Ant. ; Iiet the piston 



P be at ^ initially and after being thrust 
down, let the piston be at B (Pig. 97). If 
/ be the pressure 'Of the gas when the 
piston is at A, then, 

<P""ing where < « cross-sectional area 
of the piston, m = its mass and g = 
acceleration due to gravity. 

9 • JCT '• 

"t 

When the piston is at yl, let the ver¬ 
tical length of the gas column be 1. When 
the piston is thrust down to B through a 
distance *.# the vertical length of the 
column will be L — jr. 


Fig. 97 


If the change in volume be assr 
to take place adiabatically, we can \ 

vhere X is the ratio of the two specific heats of the gas, *.«. C, 
md p is the additional pressure on the gas caused by the diminutit 
irolume. 

So, cancelling f rom both sides, we get, 

pi'’=(p+p)(i-xr=(p+p)p(i 

=(P+p))i’*^^l — approximately neglecting higher powers of -. 


••• P~(P+p) (i-')'pj=P+p-P)|-prj- 


—PY- (p and - each being small quantities 

their product can be neglected). 

Hence. ps=Py^*=y—? 

£ < £ 

Thus the extra force on the piston, 

p<-y. pf<-'Ep‘^.x. 

2 2 

where Ef = VP*®bulk modulus of adiabatic elasticity. 

So the extra force is proportional to the displacement, x, which is 
A ch aracteristic of 6'. H. M, Therefore the motion under consideration 
is simple harmonic in nature. 

(4) AparticU of mass mis oUnchsd to the mid-point of a string 
stretched wlieaUy under constant tension T. The particle oscillates 
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horizontally but the end$ are prevented from hofixontal movements. 
If I he the length of the string* calculate the time period of small oscilla¬ 
tion of the particle. 


-In*. : Let < S] he the vertical string and 0 be its mid-point (Fig. 
98', If the particle of mass m be attached to O and 
if it be given a small displacement x so as to shift 
the particle to P, then the force acting on the body 
horizontally will be the horizontal components of the 
tensions on the two halves of the string in the dis¬ 
placed position, 

Hence the force acting on the particle w at P 

is 2T cos = ^=2T. ® 

SP //2 


4rx ® acting 

V 


along PO. 

This force is evidently restoring in nature. 

The equation of motion of the particle is 


m 


d^x__4rT 


X 


or, 


dt^ ^ 
with the 


dt'^ I 

Comparing this 
S.H.M. we have, 

i = ; (T = time period) 

^ ^ ml 


X. 


equation 


of 


a 



Fjg. 98 


or, Jmll^TJmllT. 

{5) A vertical U-tuhe of uniform cross-section contains water up 
to a height of 30 cms. Show that if the water on one side is depressed 
and then released, its motion up and down the two sides of the tube is 
simple harmonic and calculate its time period. (Del U. 1947) 


Ans. : Since the curvature at the bend of the U-tube is not given, 
the mass of water in the two limbs of the U-tube may be approxi¬ 
mately taken to be 2X 30X<>c gms.^^BOi gms. where the cross- 
sectional area of the tube. 


If the water on one side be depressed, say through T. cms., the 
water level on the other limb will rise by x cms. above the equilibrium 
level. So a difference of height of 2 r cms. will be created between the 
water levels in the two limbs. This column of water will apply on the 
total mass of water a force which is equal to its weight. This force is 
equal to 2rX‘<XlX|j dynes (density of water being unity). 

The acceleration produced in the water mass 
s= Force ^ 2 r^g^gr, 
mass 66< 30 

Thus acceleration is proportional to displacement, x. 
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The motion of the water column will be simple harmonic in 

nature. 



or, o>=^= ^ (where T^time iieriod). 

T ^30 

2 ’ = 2 /r_/^ = 2 Jry.M = r098 secs. 

^ g ''981 

{6) A particle is mooing with simple hnrmonic motion in a straight 
line. When the distance of the particle from the equilibrium position 
has the values X\ and arg* the corresponding velocities are Uj and « 2 * 
Show that the period is 

Ans .: Let the simple harmonic motion l>e represented as 

£C=o sin (ot. 

Then, cos o>t. 


X * ti 

^■“sin oat and =cos cwt. 


aco 


,a 


Hence, 

a a*(o 

m (o 


or. 




to 


fO- 




T‘ 


Hence, T « 2x\[ri * - .r, ®)/ « j • - 1*3 *)P . 

107. Composition of Simple Harmonic Motion:—^The 

resultant motion of a particle simultaneously acted on by two forces 
each of which acting separately would make the particle execute a 
S.H.Mm depends on whether (») the forces acting on the particle are 
Gollinear or («») they are in mutually perpendicular (rectangular) 
directions. 


Case. 1 When the forces acting on the particle are collinear.— 

The composition of S-H-M's in this ease may be made either by 
analytic^ method or by the graphical method. 
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(A) Analytical method of Composition of two col linear 

s.h.m;s— 

Let the displacements of the simple harmonic motions to which 
the particle is subjected be represented by, 

cos fut’Siii cos B 

and x% = a 2 cos —aa cos + 

where a-i and are their amplitude and are their phases. 

Here the amplitude and phases are supposed to be different for the twf)" 
S^IJ.M's but their period is taken to be the same. 

Since the motion and hence the displacements are collinear, thf»- 
resultant displacement will be obtained by the algebraic sum of the two 
individual displacements. 

The resultant displacements, x, is written as, 

+ra = ai cos "t + a 2 cos Goi+8) (ll 

If the periods of component motions were diflerent, the eqn. (l) 
would take the form. 

.r*rti cos +a 2 cos (^2 4 8) ... ... (2) 

which is the equation of a compound harynnnio motion. As the com¬ 
pound harmonic motion is of no general interest, we shall proceed 
with eqn. (l) and discuss tlie nature of the resultant motion: From 
eqn. (1), we get, 

, a;=*ai cos ^4'a2 cos B cos ^ —sin B sin 5 
— cos 8) cos B - (a^ sin 8) sin t-. 

Ijet ai +a 2 cos cos 
and aa sin 8*22 sin P. 

Then, cos B cos P — B sin fi sin cos (^4 (3) 

where B*“(ai4a2 cos 8)® 4(a2 sin 8)*s*rtj*-f a 2 * + 27|t/* cos 8 (4^ 

and tan •"^-***^ ■ ■ ■ (5) 

a\ +aa cos o; 

The motion represented by eqn. (3) is evidently a SLm]>le harnJonic 
one. 

Special Cases : 

(t) When 8a«0, the resultant amplitude is B = ai4i»s and 
^=0, from eqns. (4) and (6). 

Hence from (3), a;=*(ai 4'a2) cos B. 

So the resultant motion is simple harmonic and the resultant 
amplitude is equal to the sum of the amplitudes of the two motions. 
If again then x=^2a cos «.f. the resultant motion has an 
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-amplitude equal to double the amplitude of each of the component 
motions. 

(u) When «=>r/2, and iSatan*^^. 

_ 

So i$ + P). If further ai^a 2 =a and 

i.e. tan ^~1, 

r <^2 X a cos {$ 4 ?r/4). 

(«») When S=3r, i2 = ai—a* and ^ = 0, a;=(rt'i—a*) cos If 
further Oj^aa^o, the resultant displacement is aero, i.e., one 

6.H.M. cancels the effect to the other. 

(B) Graphical method of Composition.— 

The graphical method requires the construction of the time-dis¬ 
placement curve of each S.H.M. So to understand the method 
thoroughly, a knowledge of drawing the time-displacement curve is 
•essential. This is given below. 

Let ABA^B\ (Fig. 99) be the circle of reference for a simple 
harmonic motion. The circumference of the circle ABA^BiA is divided 
into 16 equal parts and perpendiculars are drawn from each point of 
tlivision on the diameter BBy and they are numbered as given in the 
figure. The diameter AiA which is at right angles to the diameter 
is produced to X. Prom Oj, a point close to il, a vertical line 
OiY is drawn on the horizontal axis AX. 
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Pig. 99 


Let OiY and O^X represent respectively the displacement and time 
axes of the graph. Along the .X'axis a suitable length OiP is taken 

end divided into 16 equal pai-ts also, L is marked midway between 0 1 
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and P. 0\L is divided into 8 parts and numbered as 0 to 4 and 4 to 0. 
Vertical lines are drawn parallel to O | If from each of these points of 
division. Lines from Oi to L are drawn above OiX and similar lines 
are drawn below 0|X in the segment LP. If 0,P represents a time 
equal to one period of oscillation, each of these 16 segments on OiP 
will indicate a time interval of T/IQ. 

Now suppose the S.H. M. of the foot of the peri)enclicalar drawn 
from the generating point moving along the circle of reference 
he considered on the diameter JbBi. Let the time of ovservation begin 
when the generating point is at A and moving in the anti-clockwi.S'e 
direction. Evidently at the ttart the foot of tlie perpendicular will be 
at O and its disidacenient will be Kero. So when t - 0 (along ./-axis), 
the displacement y is also zero. This point is evidently represented by 
Ox in the graph. When the generating point moves to point (l) on the 
circumference after an interval of T/IG, the foot of the perpendic ular 
moves to point (J) on /?/L in the vertically upward direction. Tlio 
displacement is evidenily the distance between 0 and 1 on Bh^, Draw 
a horizontal line through this point (l) parallel to A A j. It intersects 
the vertical line (l) on the graph at point (l). This vertical line again 
everywhere indicates an interval of T/IG from the start. So this point 
(l) on the grajih indicates the time T/16 and its corresponding displace¬ 
ment. In this way points 2, 3, 4 are obtained for the ttme-oLtsplucement 
curve corresponding to positions 2, 3, 4 of the vibrating point (foot of 
perpendicular) while moving up vertically. Again as it moves down 
from’4 to 3, 2, 1, 0 etc. the points will be indicated on the graph by 
points 4, 3, 2, 1, L on the downward sloiie of the upper loop of the 
graph. Once these points are obtained the whole upper loop can be 
drawn by joining these points by a free-hand curve. Similarly, the 
downward motion of the vibrating point from 0 to 4 and then the ui>- 
ward motion from 4 to 0 is represented by the lower loop of the curve. 
This complete curve for a single period or any other specified time, 
wherein displacement is plotted against the corresponding time is called 
a time~di$plctcement curve of a S.H.M. 

Since in this case the vibrating point has been considered on 
diameter B Hi, the displacement expression will be ysin ft*®a sin rot- 
So the time-displacement curve is also a sine curve. If the vibrating 
point is supposed to move along the diameter A Ay, the displacement 
expression will be, x a cos cut, add the time-displacement curve would 
be a cosine curve. The time-displacement curve can also be drawn by 
taking one diameter and one half of the circumference only for reference. 
This will give the curve for half period—the other half being obtained 
from symmetry. 

'Once the construction of the time-displacement curve is known, the 
composition of two simple harmonic motion may be made in the 
following way ;— 
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(a) When the motions are in the same phase. —On the same 
axes of reference and 0\Y the time-displacement carves for the 

two S.H.M'.s are drawn on the same scale such that 

(i) the radii of the circles of reference are in the ratio of the t 
amplitudes of the two motions ; 


(ii) the semi-circumference of the reference circles of both 
the S.H.M.’s are divided into equal number (say, n) of divisions, 
tsach corresponding to an interval equal to a definite fraction 



of the period—the length OiP along the time axis beingi divided 


into twice the above number of parts (i.e. 2n). 


Now finding out the displacement along the vertical diameter (i.e. 

along j/-axis) at the end of each of these intervals, the time-displacement 
curve for each of the comi>onent S.M.H's can be drawn. 

The resultant curve is obtained by taking the algebraic sum of 
the ordinates of the component curves at the same interval of time. 



Fig., lou 

In Fig. 100, the curve (c\ shows the resultant of two coUinear 
(a) and. ( b\ having the same period and no initial phase 
d^j^ipence and their amplitudes being in the ratio 2:1. In case the 
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l)eriods of the S.H,M.'8 are dififerent, the semi-circumferences should be 
divided into a number of parts having the same ratio as that of the 
periods. Then the time-displacement curves are drawn as usual. The 
thick-line curve (c) in Fig. 101 represents the resultant of two compo¬ 
nent vibrations (a) and (t) having the same amplitude and phase but 
periods in the ratio 2 : 1 (or frequency in the ratio 1:2*. The thick¬ 
line curve (fj) in Fig. 102 represents the resultant of two component 
vibrations (a) and (6), whose amplitudes are identical, phase differenct* 



Fig. 101 

is nil and the i)eriod8*are nearly the same ($.«., frequency also nearly the 
same). When the component vibrations under these conditions, are 
sonorous in nature, the resultant vibration represents a beat curve, (see 
Part II, Sound). 



Fig. 102 
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(b) When there is a phase difference between the two 
motions. —The method is similar to the aV)ove with the difference 
that the origin of the displacement curve for them is not the same. 
The origin for the lagging motion is to be taken to the left of Oi by 
an amount equal to the phase difference measured in terms of the time 
period, when the motions are of equal period. When the motions have 
different periods, the division of the circumference or semi-circum¬ 
ference, as also 0\ X. axis, has to be made into an appropriate number 
of parts or intervals such that the pliase difference may be rex)resented 
by an integral number of such intervals. The time intervals are to be 
numbered separately bearing in mind the different origins of the two 
curves. Fig. 103 shows the graphical compositions of two of 

same am^ffitude, phase difference 7 j/ 3 and time i^eriods in the ratio 
3 : 4. The curves, (a) and (/y), represent the component vibrations 
and the thick-line curve (c) the resultant. 



Fig. 108 

It should be remembered that if the time periods are different, 
the phase difference does not remain constant throughout. The initial 
phase difference can only be introduced in investigating the resultant 
motion. 

Case 2. When the forces aetins on a particle are in matnallsr 
perpendicular directions.— 

In this case also the composition may be made either analytically 
or graphically. 

(A) Analytical method.— 

Wh$n tJuf periodn ara idmUeal hut th» anplUuit^ and phcuas 
the two componmt vihmtum*. 
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Let the two rectangular S.H.M. s be represented by 

x=ai cos 9 ... .. (l) 

ys*a 2 cos ... ... ... (2) 

From (2) =cos 9 cos < —sin 9 sin <=*-—cos< —v 1"*^ 


on —® cos < 

02 U) 


since from (1), cos — /; 

cttJ 

= — fj J "* sin < ; 


or, on squaring both sides. 


8 -f ~ j, cos® < - —cos ^ =■ (1 - 2 ]sin® < . 

a»* a\ wiOa \ ai / 

or. • —- — — - - cos< + '^— (cos* sin*^) = sin*< ; 
aa ttioa ®i 

or, ^~z~- --- cos< + —n = sm*< ... {o} 

a% Uifla a\“ 

This is the equation of an ellipse. Hence the resultant vibration 
will, in general, be elltpttcal. 


Special cases : 

(1) When «ts=0, i.e. when there is no phase difference and ai and 
aa are different, 

; or, y—^ x, which gives a straight line 
\o* oi' ai 

passing through the origin, inclined at an angle tan~*^ to the a»s 

of a:. Again if a%^ai ; the angle of inclination is tau“^ 1 = 45*. 

(2) When < - 1ij% but a,\¥a the equation (3) reduces to 



So under the conditions, the resultant vibration is elliptical. This 
ellipse hiS its axes of symmetry coincident with the co-ordinate axes 
and its semi-axes equal to ag and a\, 

(3) When <~w/2 and a\ =*a***a, say, the equation (3) takes the 
form 

a!*+V**<i** 

which gives a circular motion, the ‘radius of the circle being a. 
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( 4 ^ When < = 7 t, and 02 and a\ are different, the eqn. ( 3 ) can be 
Avritten as. 


y _ I 1 

5* 

U2 Ox 


'0; or. (’'+£.)* = 0. 
^0>2 0|/ 


’y = —a:, which gives a straight line passing through the 

Oi 

•origin and inclined at an angle tan“*^ as-axis. 

(«) When the amplitudes, phases and periods of the component 
rectangular vibrations are different, the periods being in the r ttio 2 : 1. 

* Under these conditions the two S.U.M.'s may be represented by 
.the equations. 

x — ai cos B ... ... ( 1 ) 

j/ = o» cos (Sd+st) ... ... ( 2 ) 

Here the phase of vibration along |/-axis is taken to be in advance. 

From eqn. (2\ — = cos 20.cos < — sin 2^ sin < 
a^ 

= (2 cos* ^ “ 1 ) cos < — 2 sin B cos B sin "t 

— (2 ^^- — 1 \ cos< —2^ 1 —“ , . sin <. 
\ ax^ J ^ ai* a 1 

\ substituting cos ~ from (l) 1 

»i J 


L 


Squaring both sides. 


)cos<=-2-^ 1-—a - — sin -t. 


a2‘ 


Adding 



1 

cos* <- 

■3(S- )■ 


=<1- 

SC* >a;* . 8 . 

—5;—a- sm* 4 

( ^0 — 1 ^ sin®«c to both sides. 

\ai* / 



1/* _ 22/i 2c* 

-1^ cos<+ (^-1^ 

a** aaVai* 

/ 

'ai- > 

= sin* < 

r(^-: 

Ly+ 4 (l-^ 


I'ai* 

/ V ni* 

“sin* < 


• •V 


.. ( 3 ) 

- When the phase difference vanishes <*= 0 , the eqn, fS) can be 

'%mtten as, 
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Eqn. (4) stands for two coincident parabolas, each 
be represented by the relation, 





or. 


V 



2 


(Za 


of 


( 4 ) 


which may 


(5) 


This represents a parabola symmetrical about the ^/-axis, its vertex 
being at the point (0, — 

\ih) IVheft. the romponent rectangular vibrations have their 
amplitudes different^ phases identical but the periods in the ratio 3 : 2. 


In this case, since ‘< = 0, 'the component vibrations can be represen¬ 
ted by the equations, 

x=ax cos 2B ... ... (l) 

and 2/= 02 cos 30 ... ... (2) 


From (1) 


cos 20 = ~ = 2 cos® 0 — 1 ; 


or, cos 0 



Again from (2), — = cos 30 — 4 cos*0-3 cos 0 


.JL\l 

2ai / 


« q + , 2 -^* 4 .^ 2 x . 6 aj* . 9 , 9 ® _ 


6 ®® 24 ® 


ax 


• 2ai 


a I 2ai 2 


The equation (3) represents a cubic curve. 

(b) Graphical Method.— 


( 3 ) 


Let the amplitudes of the two S. H. motions one vertical and 
the other horizontal be in the latio ai : 02 and the periods in the ratio 
m': n. To get the resultant of these two motions the following procedure 
is to be adopted. 

( 1 ) On the graph paper take a horizontal line and a line at right 
angles to it such that their lengths are in the ratio of the amplitudes 
t.e., 02 : a\. Draw on the upper side a semi-circle with the horizontal 
line as the diameter and another semi-circle on the L.H.S. with the 
vertical line as the diameter (Figs. 104 to 108). 

(2) Divide the above semi-circumferences into kn and km number 
of parts resx>ectively. Here k is to be so chosen that the interval 

G.P. 10 —-(vOL. I) 
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between two points of division on the semi-circumference is either 
equal to or an exact submultiple of the initial phase difference between 
the two motions. 

(3) Draw straight lines through the jioints of division on both 
the semi-circumferences, so that they intersect and form smaller 
rectangles within the rectangle contained by the two diameters. 

( 4 ) Mark on the semi-circumferences, the starting positions of 
the particles bearing m mind the initial phase difference. Usually 
the starting position of the lagging motion is taken at the extreme end 
of the diameter concerned and the position of the leading motion at 
that instant of time is found out on the other semi-circumference by 
taking the phase difference into account. 

(5) The initial position of the resultant motion will be at a point 
in the big rectangular diagram where the horizontal and the vertical 
straight lines corresponding to the initial posts (positions of the 
generating points) of the two motions intersect. 

(6) Determine the initial position according to rule (5) and then 
proceed along the circumferences of the semi-circles taking one division 
of one semi-circumference for one division of the other. The corres¬ 
ponding vertical and horizontal lines through these points of division 
intersect somewhere within the big rectangle contained by the diameters. 
This intersection point is a point on the resultant curve. In this way, 
fin d out the different points ®n the resultant curve and join them by a 
free-hand curve turning each time a side of the big rectangle is touched. 
The curve so drawn will give the resultant curve of two component 
S. H. M.’s. 


2 




AmpUtndea and time per lode same 
and pbaee diSerenceaar/d. 
(S.H.M.. a leading) 

Fig. lOS 
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Ife.is easy to follow that the diameters of the two circles will be 
equal when the two motions have equal amplitudes. The number of 
parts into which the semi-circumferences are to be divided will be the 
same when the periods of the two motions are equal. The starting 



Amplitades and time periods eame 
and phase difference=v/2. 
(8.H.M , a leading) 

Pig. 106 



Amplitades are in the ratio 3 : 3(a ; b), 
time periods 2:1. (freqaenoy 1: 2) 
and initial phase difference nil. 
Fig. 107 


points of them will be from the extreme right hand end of the horizontal 

diameter and the extereme 
upper end of the vertical 
diameter when there is no 
phase difference. If the 
periods of the two motions 
are different, the phase 
difference cannot remain 
constant. What can be 
done at most is that the 
initial phase difference can 
he introduced. The tracing 
points on the two semi¬ 
circles are taken to be 
moving in the anti-clock¬ 
wise direction. 



Amplitades 3 ; 2 (a : b), period * 2 ; 1 and 104—108 show 

^“***?S.aM.!alMdln“) * the different cases of Wo 

Fig. 108 rectangular, S.H.M.s 

phicaUy combined. In these figures a and b are horizontal and vertical 
Si and Ss the starting positions of their tracing points and 
0 and. S their resultant and its starting point respectively. 
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108. Resolntion of a Uniform Cirenlar Motion :—Let 


« particle P move uniformly roi 
109). 8ui)pose AOA} and BOB\ 


B 



id the circle ABA\Bx (Pig- 
are two mutually periiendicular 
diameters of the circle. As P 
moves from A to A\ and then 
from AI to A moving all along 
in the anti-clockwise direction, 
the feet M and JV of P execute 
S.H.M.'a along AOA^ and* 
BOB I respectively with O as 
the mean position. Now the 
displacement OM =r cos 0 and 
OB — r sin fi where r is the 
radius of the circular motion 
and 0^ the angular displacement 
of the particle at that instant 
of time, this displacement being 
measured from the instant the 
particle passes through 4. 
When 0 — 0, OM is maximum 
and ON is zero and when 


^ —w/2, OM is zero and ON is maximum. So the phase of N is */2 
behind that of M, Thus the uniform circular motion of P is equivalent 
to the two S.E.M.’s of equal amplitude r acting at the right angles to 
«ach other and differing in phase by 3f/2. 


109. Composition of two equal and opposite circular 
motions:— 


(i) Analytical method.— 

Let represent one circular motion, a?i and indi¬ 

cating the displacements along the x- and y-axes respectively and r the 
amplitude of the motion. This circular motion is equivalent to two 
simple harmonic motions, 

Xi —r cos cos 
and yi~r sin 0**r sin wJ, 

the two motions obviously acting at right angles, to each other and 
differing in phase by 3t/2 ; to is the angular velocity.. Since the other 
circular motion is in the opposite direction, it will give rise to the other 
simple harmonic components with only the sign of ca changed. So these 
component S.H.M*s are— 

cos (—cos 
and y*s»r sin (—— f gin wt. ■ 

Combining these a^-displacements as also the ^-displacements, the 
resultant displacements are, 

'-X**a/i+a} 9 “»r cos cos wi a2r cos wi and 
+y 9 «'r sin sin 
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Thus the resultant motion is a S.H.M. of displacement X“2r cos -Jut,. 
having the same period as either of the circular motions and of 
amplitude equal to double the radius of either of these circles. 

(ii) Graphical method. —Let P (Fig. 110) be the position of 
the particle executing anti-clockwise circular motion at any instant 
of time. This circular motion 
is equivalent to two 
one along AA^ and the other 
along BB\. The displacements 
of P along these axes are OM 
■^NP and At the same 

instant of time, Pi will re¬ 
present the position of the 
particle executing clock-wise 
circular motion having corres¬ 
ponding displacements OJHi 
“NPi and ON. Now as the 
two circular motions are equal 
in magnitudes, the components 
NP and NP^ being equal and 
opposite cancel each other, and 
the components along the dia¬ 
meter BOBx being equal and 
similarly directed add up together to give resultant displacement 
equal to 20iV. Since the component displacements are S.H. in nature, 
the two circular motions are equivalent to a S.H.M. having a displace¬ 
ment 20 V which is double the displacement of the similarly directed 
components of each of the circular motions. Again since displacement 
W =* O', sin cot along BOP i, the resultant displacement will be 2y *= 2a sin wt. 
So the amplitude of the resultant displacement will be double that 
of the similarly directed component of each of the circular motions. 

110. Resolution of a S.H.M. into two equal and opposite 
cireular motions:— 

Let the S.H.M. be represented by the displacement equation, 

x=r cos 



This can be rewritten as, 

(a) cos y=* J sin wf, 

2 2 

and (h) a?*® cos wi, y “ “ sin wt. 

2 > 2 

This is justified because in the direction of w-axiSt two equal and 
opposite S.H.M*b are taken whose total effect is nil. 
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•*, From (a) + • which represents a circular motion 

of amplitude ( or radius ) Again from (6), aj®+y® = (;r) also re- 

3 v2 

presents a circular motion of amplitude ^but it is opposi^ly 


directed because of the negative sign of co, which is indicated by the 
negative expression of y in (6). Thus it is found that a S.H.M'b can be 
resolved into equal and opposite circular motions. 


111. LisBajons* Figures : — Lissajous’ figures are curves repre¬ 
senting the resultant of two S.H.M's acting at right angles. 
These component S.H.M.’b may again be varying in amplitudes, 
I)ha6e8 and periods, or in some of them. Sometimes they may 
be even identical in all respects. These curves were for the first 
time produced by Lissajous. Hence the name. These figures may be 
obtained experimentally by (1) Tisloy*s Harmonograph, (2) Black¬ 
burn’s Pendulum, (3) Kaleidophone, (4) Optical method and 
(5) Cathode ray oscillograph. 

Production of Lissajous* Figures 
(1) Tisley’s Harmonograph.— 

It consists of two vertical iron rods provided with adjustable 
weights. A and B (Fig- 111) at the lower ends. They are fitted with knife- 

edges about which they can 
oscillate inside two slots cut at 
right angles to the two adjacent 
sides of a rectangular table. 
Thus these rods form two pen¬ 
dulums whose periods can be 
adjusted for the given ratio wifh 
the help of adjustable weights 
and a stop-watch. The upper 
ends of the rods, which project 
a little above the plane of the 
table, support two straight 
strips, whose tree-ends are 
hinged perpendicularly together 
at 0. A fine vertical pencil 
is attached to this hinge. 
The tip of this pencil is free 
to move over a piece of paper 
placed on the table. Now as 
the pendulums formed by the 
Fig, 111 rods are made to oscillate with 

thcldesired periods the resultant curve is automatically drawn by the 
atti^hed pencil on the piece of paper. 
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(2) Blackburn’s Pendulum.— 

It consists of vertical rectangular wooden frame fitted on to a 
heavy horizontal base (Fig. 112). At the centre of the horizontal arm* 
of the vertical rectangular 
frame is fitted a screw peg P, 
from which *two strings aie 
made to pass through the two 
corners and of the 
frame. The two strings are 
clamped togetlier at rj|, hy 
means of an adjustable clip. 

At C 2 another clip is fitted 
and the strings are here branch- • 
ed into 3 parts which hold a 
heavy metal ring R. Through 
the central hole of the ring 
passes a funnel filled up with 
coloured sand or any other 
heavy coloured powder. .Tust 
below tliis ring is placed a 
piece of paper. Now if the 
ring B be displaced slightly in 
the plane of the rectangular 
frame, it will’ oscillate and 
form a pendulum of length 

(say). Its time period will be proportional to Jl\. Again 
if the ring be displaced in a direction normal to the plane of the 
frame, the effective length of the pendulum will be SB^li (say) 
and the time period will ])e proportional to Jig. Thus by adjusting 
J j and I 2 any ratio of the time periods can be set up. Since in each 
of the above two modes of vibration, B executes a if R he 

displaced in any other intermediate direction, it will simultaneously 
be subjected to two at right angles. So if the sand in the 

funnel be now allowed to fall on the paper below, it will trace out 
the resultant curve of these two rectangular S.II.M*3 thus giving the 
required Lissajous’ figure. 

fS) Kaleidophone.— 

This is an arrangement devised by Wheatstone by means of which 
Lissajous* figures can be visualised. It consists of a rectangular 
metal bar fitted vertically on to a heavy metal base. At the^ top 
of the bai; a polished metal bead is attached. Now since the widths 
in those to perpendicular directions are different, the periods of 
vibration in those two directions will also differ because of the 
different elastic forces that are called into play while the vibrations 
continue in those two directions. So when made to vibrate in an 
intermediate direction, the vibration will be the resultant of those 
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two rectangular S.H.M*s and the shining bead will indicate the 
resultant Lissajous’ figure. For getting different types of Lissajous’ 
■ curveSi different rods of suitable rectangular cross-sections are to be 
chosen and fitted in the similar way on to the heavy base. 

(4) Optical method.— 


Lissajous used an optical 
method for the production 
of the resultant curves of two 
rectangular S.TJ.M's. Two 
tuning forks (Pig- 113)- one 
horizontal and the 'other 
vertical—are adjusted on suit¬ 
able stands. To one prong 
of each a small mirror is 
attached. A narrow beam of 
light is passed through a 
focussing lens L and is suc¬ 
cessively reflected from the 
two mirrors and is finally 
received on the screen S. 
If only the horizontal fork 
F vibrates a horizontal lines, 
an 1 will be traced and if only 
the vertical fork F% vibrates, 
a vertical line bby will be 
traced on the screen. These 
two are two separate S.H.M.'s having different ireriods depending on 
the frequencies of the forks. When both the forks vibrate together the 
spot of light will describe the locus of the resultant motion. The initial 
phase difference between the two motions depends on the times of 
excitation of the forks. The amplitudes of vibration will depend on the 
dimensions, the elastic constants and the magnitudes of the exciting 
forces—either electrical or mechanical. 

(5) Cathode Ray Oscillograph (C.R.O.) Method.— 

The cathode ray oscillograph is essentially a modified cathode 
ray tube wherein a beam of electrons possessing high energy is 
focussed on to a fluorescent zinc sulphide screen attached to the end 
of the- tube which is opposite the cathode. A greenish blue spot of 
light is obtained on the screen- Since the electron b^am is very 
lights it can easily respond to the high frequency variation of an electric 
or magnetic field near it. The nature of this variation can be visualised 
by the movement of the spot of light on the screen. 

In the attached figure (Fig. 114) C is the oscillograph tube which 
is highly evacuated. The electrons are supplied by the filament F which 
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serves as the cathode and is heated to a high temperature by passiug 
a desired current through it. Now-a-days an indirectly heated cathode 
is more commonly used. G is a metal cylinder having an opening in 
front of F for the passage of electrons G is maintained at a negative 
potential with respect to F and this potential can be varied by some 



suitable arrangement. and A 2 are two metal cylindeis serving as. 

the anodes and kei)t at high positive potentials relative to 1*\ The 
components G, and A^ together form the electron-g?in of an 
oscillograph. S is the fluorescent screen. The uaterior of the tube is 
coated with a conducting paint, with the help of wdiich. N is connected 
to -4g. Thus &’ and A 2 are maintained at the same potential. This, 
makes the electron beam apiiroach the screen without finy change in 
the associated kinetic energy. YY and XX are two pairs plates 
known as the pZafes. These are placed between 5 and A 9 . 

yy-plates, when connected to a voltage source, deflect the beam in the 
vertical direction and similarly, AA-jdates deflect it in a horizontal 
direction. 

The intensity and hence the brillianoe of- the spot on the screen 
depends on the number of electrons reaching S per second 7.». on the 
beam current. So the brilliance can be i»ai-tly controlled by adjusting 
the filament current and the p.d. betw'een the anode and the cathode., 
which supplies the energy of the electrons producing fluoiescence on the 
screen. Again as is at a negative potential with resi)€ct to the filament 
Ft the magnitude of the potential applied to O evidently controls the 
number of electrons passing out of the opening in 0. Moreover, the 
fluorescent material used in the screen should have a high conversion 
efficiency and spectral response so that sjjot brilliance may effectively 
increase. 

• 

Focussing of the spot of light on the screen is mainly effected by 
applying suitable ’foltages to ii i and A 2 which serve as an electron 
lens system' The focussing can also be done with the help of magnetic: 
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iields in places of electrostatic fields. If the spot of light is not at the 
centre of screen, it can be easily brought to the centre by ai>plying a 
small suitable voltage to either of the two pairs of plates as the occasion 
demands. 

When the instrument has been once adjusted* an alternating p.d. 
of simple harmonic type applied to Fy-plates causes the spot of light 
to describe a vertical line on S, if XJT-plates are kept at a constant p.d. 
This vertical line indicates the line along which the tS.Jf.3f. takes place 
(actually electrons are subjected to this ,11. M.). Now if TT be kept 
at a constant iiotential and an alternating simple harmonic p.d. be 
Hliplied to XX, a horizontal line will be described by the light spot, 
which again indicates the line of action of the S.Jf.M. to which electrons 
are subjected in between the ]dates, XX. 

In order to obtain List-ajous’ figures with this apparatus, two 
alternating p.d.’s of desired periods (having the desired ratio) are 
■simultaneously applied—one to the plates YY and the other to the 
plates XX. As a result, the electron beam will trace the curve of the 
resultant of these two rectangular S.H.M'f. When the ratio of the 
periods is rather high, this simj)le method cannot be suitably applied 
and as such modifications are to be introduced in the method. By this 
method Lissajous’ figures at a frequency of the order of megacycles 
])er second can be easily traced. 

Time-displacement curve of a S.H.M.— 

This can be easily obtained with the help of a cathode ray 
oscillograph. A simple harmonic p.d. is applied to YF-plates and the 
steady voltage, applied to AT-X-plates, is made to decrease uniformly with 
time. The spot of light now travels across the field and describes the 
time-displacement curve of the on the screen. The uniformly 

varying voltage applied to JXAl- plates is obtained from a circuit known 
as the time-base which is one of the essential parts of the tube. 


112. Utility of Lissajous* Figures—^Vibration microscope :— 

Lissajous’ figures are i>ractically utilised in accousfcical determinations 
like standardisation of frequencies of tuning forks- The method is 
based on the fact that for two S.H.M's at right angles, the resulting 
■curve will have a particular form for a particular ratio of the periods 
or frequencies, so long as the phase relation between the two motions 
' remains constant. 

If m- and n are the frequencies of the two forks producing a 
Lissajdfis’ figure, its form will correspond to the frequency ratio m/n. 
Now’ll in place of n, another fork of frequency »+S is taken, S being 
cmiU. rind start both these forks at the same pihase. then at start 
path will, be almost the same as that for frequencies m and n. Bat 
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gradually the faster one will gain over the slower one and this 
gain will continue till at last they are again in the same phase. This 
happens jevhen the faster one has made one vibration more than it 
would have made, had the ratio been exactly m/n. At this instant when 
they are in the same phase, the form of the curve will be repeated. If 
the time interval, U after which the form of the curve is repeated, is 


noted, then 8*=^. 

t 


Thus it is possible to know S whence tlie frequency, 


«+8, of the second fork can be determined. 


The above principle has 
been ijractically applied in the 
vibration microscoi)e devised 
by Helmholtz. Such a micro¬ 
scope essentially consists of a 
horizontal tuning fork 
(Pig. 116) carrying on one of 
its prongs a lens L supported 
by a frame. This lens forms 
the objective of a vertical 
microscope M, its other parts 
'being suitably supported by 
a separate stand. This fork 
holding the objective serves 
as the standard of known 
frequency. The fork F® whose 
frequency has to be determined 
is placed vertically with one 
of its prongs below the micro¬ 
scope objective. This prong 



Fig. 115 

has a dot at its top The microscope is focussed on this dot. The 
motions of the prongs of the forks are evidently at right angles to each 
other. So when both the forks are excited, Lissajous’ figures are 
observed on looking through the microscope. By applying the principle, 
indicated above, the frequency determination of the vertical fork is then 
made. 


QnestionB (Chapter VI) 

1 Define a S. H. motion, explaining the meanings of the teems, period, 
amplitude and phase. 

A partiole is subjeoted simultaneously to 'two S. H. ▼fbmtinns, of the same 
period but of different amplitude and phases, in perpendioolar direettons. Find. 
an expsesflon tor the resultent motion and show that the path bmoed by tite 
partiole Is an einpsa. 
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For whftt conditions the peth may be a circle and a straight line t 

(r.U. 1960) 

Q. Explain the oharaci'eristics of a simple harmonic motion an^ show how 
to find the velocity at any phase of the motion. 

A particle executes simple harmonic motion of period 16 secs. Two seconds 
after it passes the centre of oscillation, its velocity is found to be 4 ft. per second. 
Find the amplitude. [Ana. 14'4l ft.l (Madr U. 1949) 

5. Show that if the displacement of a particle executing a B. H.M. from a 

fixed point is given by a;=a cos the total energy at any instant is given 

by ergs, m being the mass of the particle. (C. U. 1967) 

4. A body execnti^s simple harmonic motion of amplitude 1*0 cm. and 
frequency 13 cycles per second. What is its velocity when the displacement 
is 6 mms. ? [Am. 65'3 cm./seo.] 

6. Deduce the equation for the simple harmonic motion of a particle. 

Two simple harmonio motions, having the same period but dlfiering in 
phase and amplitude, are acting in the same direction on a particle. Show that 
the resultant motion Is simple harmonio and deduce the expression for the resulting 
amplitude and phase. (C. U. 1940) 

6. Find the resultant of two mutually perpendicular B. H. motions which 

agree in period but differ in phase. Oonslder the important cases for phase 
differences varying from 0 to Sn*. (Pun. U. 1935/ 

7. Define simple harmonio motion and show that if the displacement of 
a particle moving at any time is given by an equation of the form 

x — a oos ut-irb sin 

the motion is simple harmonic. If a=33, &=s4, and a=2, find the period, 
amplitude, maximum velocity and maximum acceleration of the motion. 

[Am. <i) 3*142: (•«) 5; (tit) 10; (tv) 20] (Madr. U. 1949) 

6. Derive an expression for the motion of a particle subjected to two mutually 
perpendicular S. H. M.’a having the same period but differing in phase. Hence 
obtain expressions when tho phase difference is 0, r/4, «*/2, 

(c/. C. U. '67) (Bom. U, 1943) 

9. Find the velocity and acceleration of a point executing simple harmonio 
motion. 

A point describes simple harmonic motion in a line 4 oms. long. Its velocity 
wh4n passing through the centre of the line is 13 oms. per sec. Find the period. 

. [Am. 1*047 secs.] (C. U. 1949) 

10. Deduce an expression for the 8. H. M. of a parbiole. Explain the terms, 
period, phase and epoch angle. 

• 

Find graphically or otherwise the resultant of two S B.M.’a at right angles 
to each other ha'rtng the same period and amplitude but with a phase dlfferenoe 
ofir/4. (Utk. D. 1949) 

11. ' A partlole exscatfng a sin&ple harmonio motion has a maximum displace- 
mont qf 4 nuns, and its aooelecatioa at a distance of I mm. from its mean Ft^tion 
i$ 3 zdins,/sao*. .What will be the veloaity at a distanoe of 3 mms. from the mean 
position 7 (Ant* 6 mm'•./see.] • 
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12. A paitiole moves with a nnlfoim speed in a oircle. Show that the motion 
may be resolved into two simple harmonic motions at right auglat* to each other. 
How do they differ in phase and amplitade ? Show how the potential and the 
kinetic energies of a particle executing simple harmonic motion vary. 

(C. n. 191S: c/. Madt. U. 1947) 

13. A body executing has an amplitude of 10 cm. and time period is 

1*5 8608 . Oalculate the time taken by the body to travel a distance of 6^3 cm. 
from its rest position. 

[Ans. 0‘26 sec.] (Pat. U. 1959) 

14. A mass of 100 gms. is attached to the lower end of a long light spring 
hanging vertically from a fixed point at its upper end. This inorpases the length 
of the spring by 2 oma. Find the period of vertical osolllatiou when the mass is 
slightly pulled down and released. 

[Am 0*2836 seo.] (Bnrd. U. 19661 

15. A test tube of weight ^ gms. and of diameter 2 oms. is floated vertloaliy 
on water by placing 10 gms. of mercury at the bottom of the tube. The tube is 
depressed by a small amount and then released. Find the time of oscillation. 

[Am. 0*4537] (Bihar U. 1955) 



CHAPTEE VII 

GRAVITATION AND GRAVITY 


113. Historical Notes :—One day while Newton was sitting 
under an apple tree in the garden of his village home at Woolsthorpe, 
a ripe apple, it is said, fell on his head. This simple event started him 
thinking why the apple should fall towards the earth. There must then 
exist some attractive force between the earth and any material body. 
Reasonings on this line ultimately led him to found the doctrine of 
universal gravitation. 

114. Newton's Laws of Gravitation :— (l) In the nature 
every material body attracts every other material body towards itself, 

(S) The force of attraction between any two todies varies directly 
as the prodtict of their masses and inversely as the square of4he distance 
between them. 


If 9711 and ms be the masses of 
between them (Fig. 116) and if F be 
the force of attraction, which each 
exerts on the other, F*»mxm 2 and 
also F «1/d* ; 


two bodies and d the distance 




or. 

d* 


Q> 



where 6r is a constant known as the 
Universal Gravitational Constant. 


Fig. 116 


Its value as determined by Boys in 1895 is 6’6576X 10“® in C.G.S. units. 
The most accurate value of Q claimed so far is by Heyl (1930) and is 
(6’670 ± 0 006) X10“** C.G.S. units. The dimensional formula for G 
is given by [G] = [F][d*]/[m|m2] 


Let mi and m 2 in the above equation be each equal to 1 gram 
and d equal to 1 centimetre, then O’^F, which means that O is numeric 
oaily equal to the force of attraction between two masses, each of one 
gram, when separated by a distance of one centimetre. 

116. Gravitation and Gravity :—The force of attraction 
between any two*material bodies is called gravitatton- The term is more 
specially applied to the attraction between two heavenly bodies. 

Now gravity is the force with which the earth attracts every body 
on or near its surface towards its centre. If the mass of the earth is M 
and the mass of any object on its surface is m, the force of attraction 


due ^ to gravity *■ where B is the radius of the earth. 

B 

is a.*|)articalar case of gravitation and may be called earths 
The force of gravity on a body is called its weigM. 


So gravity 
gravitation. 
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116. The Acceleration due to gravity (g) :—A body, if 
dropped from a height, falls vertically towards the earth, t.e. as if it 
would pass through the centre of the earth ; its velocity continuously 
increases as it falls. That is, it falk with an acceleration. Such 
motion is due to the attraction between the body and the eai-th, t.e. 
due to gravity. When a body falls freely from rest, as in the case 
when it is simply dropped from a height, it is experimentally found that 
the distance s through which it falls is proportional to the square of the 
time taken t. That is, where k is a constant. This is possible 

only if the acceleration of the falling body is constant (cf. 

Thus., a body dropped from a height falls vertically towards the earth 
with a constant acceleration. 


If then the acceleration is constant, a heavy body as well as a light 
body dropped from a height should reach the ground simultaneously. 
That is also exactly what is found exi)erimeutally. Newton’s famous 
Guinea and Feather experiment conclusively proved that all bodies 
starting from rest fall in vacuum with equal rapidity. That is, the 
acceleration due to gravity at the same place is the same for all bodies. 


Consider, again, a body i)roiected vertically upwards ; its velocity 
gradually diminishes and is finally reduced to zero^fter which it begins 
to fall downwards again. This also clearly shows the existence of an 
acceleration directed towards the earth due to which the upward motion 
of the body is gradually reduced. Thus, all experimental observations 
lead us to the belief that any body moving in the field of the earth’s, 
attraction is subject to a constant acceleration acting vertically down¬ 
wards and its value is the same for all bodies at the same place. This 
acceleration is called the acceleration due to gravity and is conven¬ 
tionally denoted by ‘g’. 


We have seen in Art. 115 that the force of attraction due to gravity 
varies inversely as the square of the distance of a body from the centre 
of the earth. So the acceleration duo to gravity g also varies in the 
same way, accofding to Newton’s Second Law of Motion, the mass of 
the body being constant. Since the force of attraction on a body of 

mass m due to gravity is (vide Art. 115) the acceleration 


due to gravity is g 


^F^QM 

m 


It is 


earth on its axis {vide Art. 117). 


affected due to rotation of the 


The value of the acceleration due to gravity at sea-level and in 
latitude 45“ is generally taken as the standard of referenee for values 
of acceleration. The value of g at any place varies with its height above 
the sea-level, being less at the top of high mountain than at its bottom. 
The value of g ia constant at the same place, but varies with the latitude. 
It is minimum at the equator and increases gradually to attain the 
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maximum value at the poles. At the eQuator^ the value of g is -about 
978 cms. per sec. per sec. and at the poleSi it is about 983 cms. per sec. 
per sec. and the accepted mean value is taken to be 981 cms. per sec. 
per sec. or 32*2 ft. per sec. per. sec. It also changes from one place to 
another due to various local conditions. 


117. VariatioD 
to place :— 


of ‘g’ (or the weight of a body) from place 


The numerical value of the acceleration due to gravity may vary 
when its magnitude is determined at a higher altitude or at a plane 
below the surface of the earth. It is also found to alter from place to 
place even on the surface of the earth when the latitude of the place 
changes. The nature of these changes are discussed fully below. 

(a) Above the Sarface of the Earth. —(*.«. at a higher altitude). 
At a height h above the surface of the earth, the force of attraction on 

A body of mass m, according to the law of gravitation = G 

such positions external to the earth, the mass of the earth may be 
supposed to be concentrated at its centre. So the acceleration due to 

gravity ^ ^ body above the surface of the earth is 

iUverSBly proportional to the square of the distance of the body from 
the centre of the earth. If.g be the acceleration due to gravity on 


the surface of the earth. 




QM, 




■(-I) 


approximately. . . ^ So will be less, as the distance 

of the body above the surface of the earth increases. 


(b) Below 

of mass m at s 


the Surface of the Earth.-— Again, consider a body 
depth h below the surface of the earth [Fig. 117j. 

Imagine a sphere concentric with the earth 
having radius (A —ft), *.e. with its surface 
passing through points at a distance h below 
the surface of the earth. It is known that 
tfcie gravitational force of attraction within a 
hollow spherical shell is zero. Here the 
given body is on the surface of the inner 
sphere of radius (B—h) but it is 
tnstde with respect to the portion of 
the earth outside the smaller sphere ; so 
the outer portion has no attractive force on 
Ptf. 117 the body. The force of attraction on the 
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body will be due to the inner solid sphere of radius (i2 — h) towards the 
centre of the earth and is equal to 

where (i2 — h)* X D is the mass of the inner sphere, Z) being the 

mean density of earth's crust. 


The force of attraction, and hence g' inside the earth, is there¬ 
fore, directly proportionsL to — that is, to the distance of the 
body from the centre of the earth. Here also if g be the accelera¬ 
tion due to gravity on earth’s surface, ft —fc)Z) 

Q I B* 

ji \ a/ 



Thus from fa) and (6) we find that g varies inversely as the 
square of the distance from the centre of the earth for points on 
and exterior to the earth's sur¬ 
face, whereas for points in the 
interior of the earth g varies 
directly as the distance from the 
centre of the earth. This behavi¬ 
our is illustrated in Fig. 118. 

Here g at a x>lace linearly rises 
with its distance li from earth’s 
centre up to a value equal to Jiot 
the radius of the earth. This limi¬ 
ting value of g (for is near¬ 

ly 32 ft./sec.*. When B is greater 
than Bo, g falls less slowly tiian 
the h'near rate of rise for the 
same variation of distance. This 
inverse square variation is shown 
by the portion of the curve on 
the right-hand side of P. 

So g* will be less inside the earth’s surface, the greater the depth 
the lesser being the value of g\ Hence the maximum value of g is 
on the surface of the earth* and the value of g is minimum (».e. eero) 
at the centre of the earth. 

G.P, 11—fvOD. I) 
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(c) On the Earth’s Surface. — (i.e. at different latitudes). In 

this case the value of g varies due to two reasons— 

(i) The Peculiarity in the Shape of the Earth (effect of 

equatorial bulge )—As the force of gravity on the earth’s surface is 
inversely proportional to the square of the radius of the earth at the 
place, it is greatest at the poles and least at the equator, the earth being 
a spheroid of which the polar radius is the least and the equatorial 
radius the greatest, the difference between the two radii being about 

13*5 miles. So the value of g or the wb. of a body, increases from the 

equator to the poles. 

If ^ be the latitude of any place, the true value of acceleration 
duo to gravity there is given by (980’61 —‘025 cos 2^) cms./sec.** 

(ii) The Rotation of the Earth about its Axis. —The diurnal 
rotation of the earth (about its polar axis) causes every body placed 
on it to be subjected to a centrifugal force due to which it tends to be 
flung off. A part of the gravitational force, due to which the body is 
attracted towards the centre of the earth, and which gives the true 
weight of the body, is used up in counteracting the centrifugal force 
and the balance shows itself as the weight of the body, which is an 
apparent weight only. 


The apparent weight and so the apparent acceleration due to 
gravity, which we actually measure in our experiments, increase from 
the equator to the poles, as shown below. 


Let us assume the earth to be a uniform and homogeneous sphere 
of mass M. Let XX" and YY' be respectively the equatorial and the 
polar axes of the earth mutually intersecting at right angles at 0, the 
centre of the earth and let P be a body of mass m at latitude A (Fig.119). 
The true weight W of the body is a force F acting on P in the direction 

TO and is given by where G™gravitational constant. 

It 


and P = radius of the earth. Draw PC pefpendicular from P on YY\ 
The centrifugal force / to which P is subjected, is given by 

\FU)^ 

where v—linear velocity of P and PC**®radius of the circle which the 

body P describes while the earth rotates about YT'i or, 

■<*>»co*(PO)»»i«*PXeos K where cooBfehe common angular velocity of 
the earth and the body P about YY*. This force is directed from P to~ 
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wards O' the continuation of PC in the 
nent of this force in the direction 
PO\ which is opposite to is 

given by / cos A, i.e. mco* B cossX. 

The apparent weight of P 
“TT — toco'* 22 cos’*A ... (1) 

If ffx be the acceleration due 
to gravity at P, then mgy, =- mg - 

m"* 22 cos*X 

srx=tr^l-cos*A.^^j 


opposite direction. The compo- 



Now X = 0 at the equator, i.a. cos X [g maximum, t.e. the apparent 
weight of the body (or the acceleration due to gravity) is minimum 
8^ the equator. Again, X«90® at the pole, i.e. cos X^O, i.e., the 
apparent weight of the body, or the acceleration due to gravity is 
maximum there. Thus apart from the fact that the weight of a body 
or the acceleration due to gravity increases from the equator to a pole 
due to decrease of the earth's radius, it also increases from the equator 
to a pole on account of the diurnal rotation of the earth. 


VABIATION OP 'g WITH LATITUDE 


Place 

Latitude 

Value in 
ft/seo.' 

Value in 
oms./seo.* 

Equator 

0*0' 

32*09 

97610 

Madras 

18® 4' 

82*10 

978*36 

Bombay 

18’ 63' 

3212 

978*63 

Calcutta 

S2“ 32' 

32 18 

978*76 

New York 

40" 43* 

82*16 

980*19 

Paris 

48® 60' 

88*18 

980*94 

Iiondon 

61® 29’ 

82*19 

98117 

Poles 

90® 

82*25 

■ 

98111 
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118. The weight of a Body on the Sim or the Moon:— 

A 1-lb. mass will weigh twentyseven times more when taken to the 
sun, since the gravitational force exerted by the sun is so many times 
greater. For similar reasons it will only weigh ^th of a pound when 
taken to the moon. 

119. Experimental Determination of ‘g’ :— The acceleration 
due to gravity is best determined by a pendulum experiment, though 
the following methods may also be used in the laboratory : 

(a) By the Atwood Machine.—The machine is generally used 
(») to determine the value of g at a place, and also (ii) to verify 
Newton’s laws of motion. 

The machine consists of a fine silk thread (i.e. a light inextenaible 
thread) having two equal cylindrical brass weights of masses P, P 
attached at the two ends (Fig. 120) passing over a Itght smooth pulley 
it. fixed to the top of a graduated vertical stand S. There are two platforms 
A and 0 which can be clamped at any desired point of the stand, as 

also a ring B which is clamped 
somewhere in between the platforms. 
There is a small weight of mass Q, 
called the rider, of the shape shown 
in the figure, wich arms projected on 
either side, and this is placed hori¬ 
zontally over the right-hand cylindrical 
weight P which, to start with, rests on 
the upper platform d, placed as near 
the top of the stand as possible. The 
ring has such a diameter that the 
upper weight P, when dropped, passes 
through the ring but the rider Q is 
arrested. When the upper platform is 
turned (in some arrangements, there is 
no upi)er platform and a spring-catch 
bolds the lower weight P ; when motion 
is to be started, this catch is released), 
the system with a mass (P + Q) on one 
side and P on the other begins to 
Fig. lao- The Atwood move. At some instant after start. 

Machine the right-hand weight P passes through 

the ring B, when the rider Q is arrested and the subsequent motion of 
the system takes place with equal weights P, P at the either end of the 
string. The motion stops at the right-hand weight touches the lower 
platform C. 

.In peirfonaing an experiment distances moved through by the 
xight-hahd ^ight P daring the two stages of motion, (a) first, from 
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its start from the upper platform till the rider is arrested, (fe) second, 
from the instant when the rider is arrested till it is stopped on reaching 
the lower platform C, are noted and also the times taken by the two 
stages of motion are recorded by stop-watch. Let the two intervals of 
distances be and h 2 and the times taken t\ and Here hi is to be 
taken as the distance from the top of the upper weight P at start 
to the ring B and as the distance from the ring B to the top of the 
same weight when it is on the lower platform C. 


fi) Determination of g .— Since the masses P, P on the two sides 
of the pulley are identical, the downward acceleration, f of the right- 
hand P and its rider attachment Q, as also the upward acceleration / of 
the left-hand P is slowly caused by the weight of the rider of mass Q. 
(P+P + Q)/“ Q.g. So the acceleration of the moving body will be 

given by,fir ... ... ... (1) 


Starting from rest, the body moved through a distance hi in time i\ 
with the acceleration given by equation (l). 


So, hx 


Q 

2P+Q’ 


(7.h 


2 


( 2 ) 


P and Q being known, and hi and ty being noted, r/ is determined. 
The experiment may be repeated by altering h I at jileasure by shifting 
the position of the ring and noting in each case, when the value of (j 
will be found the same. 


(i!) Verification of Newton’s Laws of Motion. —Here assume o 
to be known. The observed value of h^ and ty will be seen to satisfy 
the relation (2) for all values of hi proving the correctness of the 
formula for the acceleration ^ given by relation fl'. This indirectly 
verifies the truth of Newton’s Second Law of Motion l)ecause the 
relation (l) is deduced directly from the relation P = vif. 


The velocity acquired by the moving body at the end of the first 
stage of motion is given by. 


D 


»« 2 . 


2P+Q 


.g.h' 


(3) 


From the experiment it will be found that the value of so 
determined exactly equals hf/t*?, h The same result will be 

obtained on changing h? by altering the position of the lower platform 0. 
Tliis verifies Newton's First Law of Motion, for during the second stage 
of motion, i.e. from the ring B to the lower platform 0, when the weights 
on the two sides of the string are equal, the velocity once acquired 
remains uniform in the absence of any resultant force on the system. 
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In deducing the above relation (l) which gives the acceleration/, 
the tension T is assumed constant throughout the string and this assum^ 
tion is based on the truth of the Third Law of Motion. The experi¬ 
mental verification of the value of f given by the relation (l) supplies an 
evidence in support of the Third Law as well. 

(b) By the Falling Plate Method. —The method is very appro¬ 
priate for measurement of the frequency of a tuning fork and has 
therefore, been described in Part II of the book under Sound. It 
will be evident from the last equation of that article [Art. 103(8)] that 
the same exijeriment may be used to determine 'g' at a place, if a stan¬ 
dard fork of known frequency is supplied. 


(c) Vertical oscillation of a body suspended by an elastic 
string. —Suppose a body of mass M be suspended vertically by an elastic 
string. Then under the action of the weight Mg, the length L of the 
string will increase by 1. If E be the longitudinal elasticity of the 
string, then. 


E 


_ Ma/< 
llL ’ 


where < is the cross-sectional area of the string. 


Then, ; 

or, Kl (where TT is a constant for the string) ; 

Ij 

or, is the restoring force per unit displacement which 

y 

balances the corresponding external force in the steady state. 


L 


□ 

Mg 

9ig. 121 


Now if the body be given a slight displacement r in 
the downward direction and let go, it would oscillate in 
a S. H. manner. The restoring force acting on the body 
^Kx. The force acting on the body due to its inertia 


of motion is These two oppositely directed forces 


balance each other. 
Hence, 


or. 


tit* 

dt* 


Kx\ 

K 


This is the equation of a 8.H.M. 

The time period of oscillation is given by 
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Thus knowing the time period of oscillation, flf at a place can be 
determined. 

Td) By the inclined plane method. —^When a body of 

mass m rolls down 
an inclined jdane its 
kinetic energy will be 
partly translational 
and partly rotational. 

In Fig. 122 P and 
are two positions of 
the rolling body on 
the inclined plane, at 
a vertical distance li 
apart, P being the 
position from where 
it starts. Supposing 
that there is no loss Pig. 122 

of energy due to 

friction, the loss in potential energy at Q is equal to the corresponding 
gain in kinetic energy. 

.*. ... ... ... (l) 

where 7 is the moment of inertia of the body about its axis, m its mass, 
V its linear velocity, to its angular velocity about the axis of rotation 
and g and h are respectively the acceleration due to gravity and the 
vertical distance of fall. 

If Tc be the radius of gyration of the body, 

... ... ... ( 2 ) 




If the radius of the rolling body be r, then Again, 


v* = 2/-t- 


= 2/s where / is the acceleration down the plane.) 


Hence, fir -+ 1+^ \ 

v* Bin*^ sm \ r* / 


So f can be found out by actually observing time, t, of fall through 
the distance, s( = P0), with the help of the relation s=g/i*;r is 
determined directly by measuring the diameter of the rolling body. 

Here, is also known because r* (in case of a solid 

ft 


sphere) or, - (for a solid cylinder or disc). $ is known from the in- 

2 
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clination of the plane* Thus all the quantities on the right-hand side 
of equation (4) being known, g can be determined. 

J^xample 

How long will it ialte a naya-^aisa starling jrom rest to roll a distance of 
1 metre down on inclined plane which makes an angle 30'* with the horizontal • 

(g-^981 cm,lsec.*) {Pat. U. 2958) 

Ans. ; We kcow^ **i/lf.* ; or, 

J 

But /•*<7 Bln oj from relation (4) above. 

Here I—^Mr* ; or, 

* 100(14-, ) 

g einft *"981X sin 80“ 

^600 

*981’ 

<=^6(JO/98l=0‘783l sec. 

(e) Other important methods of determining ‘o’ are by means 
of different types of pendulums—simple, conical and compound. 
These are dealt within the following few articles. 

PENDULUM 

120. Historical Note : —Galileo appears to have been the first 
to make use of the pendulum. One day in the Cathedral at Pisa, in 
1583, while watching a swinging lamp he noticed that even when tlie 
oscillations of the lamp gradually died away, time taken by it to make 
one oscillation still remained the same. He timed the oscillations by 
beats of his pulse. This discovery, he pointed out, could be utilised to 
regulate clocks. In 1658 Huygens actually used the pendulum to regulate 
the motion of clocks. 

121. Types of Pendulum :— 

(a) The Simple Pendulum. —A simple pendulum is defined 
as a heavy particle suspended by a weightless, inextensible but perfectly 
flexible thread, from a rigid support about which it oscillates without 
friction. In practice, however, a small metal bob suspended from a 
fixed support by a very fine long thread is taken to be a simple j^ndulum. 

(b) The Conical Pendulum. —^Here the bob of the pendulum 
is made to describe a horizontal circle instead of vibrating in a vertical 
plane. The time period, T—2ff/^/g/h• Hence g is found, {vide 
Art. 17 (vf) on Conical Governor.] 



GEAVITATION AND GRAVITY 


16» 


(c) The Conipoimd Pendulum. —Any body capable of oscillat 
ing freely about a horizontal axis is known as a compound iienduluin. 
Tlie metallic rod carrying at its lower end a heavy lens-shaped mass^ 
of metal, known as the bob, acting as oscillator in a clock is an example 
of a compound pendulum. 

(d) The Seconds Pendulum. —It is a rimide pendulum wliieh 

takes one second in making half a complete obcillation U.e. oJii^ 
vibration or swing). So it has a of two seconds. When it is 

said that a pendulum heats, one second, it means tliat it takes one secoiul 
to make one swing. 


122. Some Terms :— 

Length of a Simple Pendulum.- It is the distance L from the 
point of suspension up to the centre of gravity of the bol), i.p, tli€* 
distance between A and B [Fig. 

123(a)]. That is, it is the length 
of the suspension thread plus 
the vertical radius r of the bob. 

It is also called the effective 
length of the pendulum. * 

Amplitude.— The maxi¬ 
mum angular displacement < 

[Fig. 123(6)] of the bob, mea¬ 
sured, on either side, from its 
undisturbed position (given by 
the vertical position B) up to 
the extreme position as shown 
at G or Dn is called its ampli¬ 
tude. It should not exceed 4® 
for the motion to be simple 
harmonic. The amplitude of 
a simple pendulum gradually decreases as the boh swings on account 
of air-resistance mainly. 

Time period (or simply. Period) —It is the time taken V)y a 
pendulum to make one complete oscillation. One complete oscillation 
comprises two swings—one'forward, another backward. An oscillation 
is usually reckoned from the extreme position D [Fig. 123(6)] to the 
other extreme position C and back to D next time ; or, from tlio 
undisturbed position E (pendulum vertical) when say, it is moving to 
the right, until when it passes through the undisturbed position h' 
again moving in the same direction as shown by the arrows. 

One vibration means the motion from one extreme position, say, 
D to the other extreme position Cj i.e. it is half of an oscillation. 



Pig. 12^ 
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Frequency. —It is the number of complete oscillations made by a 
pendulum per second at a place. Thus, if n—frequency, and !?=time 
period, nT = 1, or, n = l/T. 

Phase.—The phase of a pendulum gives its stage of displacement 
and motion at any particular instant, i.e. it determines the position of 
tlie pendulum in the jiath of motion and also the direction of motion 
at that instant. 

123. Motion of a Simple Pendulum is Simple Harmonic:— 

Let the boh of mass m of a pendulum of length I (Fig. 124) be displaced 
through an angle - from its undisturbed position B to the position C. 
If g be the acceleration due to gravity at the place, the weight mg of 

the bob can be resolved into 
the two components mg cos ■' 
acting along CF, the direction 
of the string which is kei)t 
taut thereby, and mg sin ^ 
acting at C along fiE at 
right angles to CF. The 
former is balanced by the 
tension of the string, while 
the latter tends to bring the 
bob back to its original posi¬ 
tion B with an acceleration 
g sin 0. If 9 does not exceed 
4”, sin 9 may be taken to be 
equal to w and so the acce¬ 
leration of the bob, q sin 9 
— g** in the direction in 
mean position B, when the bob 
moves towards BD by virtue of its inertia and acquired velocity, the 
acceleration acts in the opposite direction, i.e. towards B and so the 
motion decreases and vanishes at the other extreme position D, when 
the direction of motion is reversed. This explains why a pendulum 
should oscillate at all. The acceleration, it is to be noted, is always 
directed towards the mean position B. 

Again —_ disp lacement_ 

length AH length of pendulum (Z) 


A 



P'lg. 334 

which 9 decreases. After crossing the 


Acceleration —g.9 = 


9 

I 


X displacement. 


( 1 ) 


That is, the acceleration is proportional to the displacement, because 
■g and i are constants for the pendulum at a given place. 

Thus, acceleration being proportional to displacement and always 
directed to a fixed position B in the path of motion, the motion is 
simple harmonic, according to the definition of simple harmonic 
moUbn. 
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Though a pendulum continues to oscillate for a long time, it 
gradually stops due to the resistance of air and the friction at the point 
of suspension ; otherwise, a pendulum would have oscillated for ever, 
had there been no such resistances to stop it. 


Mathematically, the motion 
harmonic, is given by 

Acceleration 

ao) 

Displacement 


of a pendulum, which is 
(where angular velocity) 


simple 



, where T=time period. 


That is. = X i. torn (l) above. 

acceleration g 

9 

[Alternative method: 

From above, we know that the bob of a simple pendulum lias an 
acceleration, 

f^g sinO^gB ... ... . 

It acts tangentially to the arc described by the bob in a direction 
in which 9 decreases. 

If the effective length of the pendulum be ‘V the tangential velocity 
at any instant is ® where « is the angular velocity (i.e. ). 

Hence the tangential acceleration acting in the direction in which 9 
. dv ,dm , 

increases is = i /..x 

dt dt dt* ■■ 

Hence from (*) and (it), 

. ^ . (•») 

This is evidently the equation of a S.H.M. as has been shown on 
the Chapter VI. 

Hence the time period of oscillation will be given' by T ■* 2*^/ ~ .J 

If the arc of swing be finite, a correction should be introduced for 
the time period. This has been dealt with in the article on compound 
pendulum. 

124. The Laws of Pendulam : —The laws of oscillation of a 
simple pendulum are given by the following relation,— 

^ 9 

where 2*-'" period of the pendulum ; effective length ; acceleration 
due to gravity at the place of oscillation. 
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Law 1. The oseillationt of a pendulum are isoahronoua .—^That 
is, a pendulum takes equal time to complete each oscillation whatever 
is the amplitude, provided the latter is small (within 4'’). So time 
period is independent of the amplitude of vibration. This is also known 

as the law of i§ochroni»m. 

Law 2. The period of oseillalions of a pendulum varies directly 
as the square root of the length. Mathematically T°^ Jl, or, 
constant for the place of observation. Thus if the length be increased 
four times, the period becomes double. Thi% ts known as^ the liW of 
length. 

[Note .—The length of the pendulum changes with temperature, so 
the period t of pendulum changes with temperature]. 

Law 9. The period of oscillation varies inversely as the square 
root of the acceleration due to gravity at the place of observation. This 
is known as the law of acceleration. Mathematically, T •« 1/ or, 
T* X constant, for the same pendulum 

Thus if g be greater at the place, T will be less, i.e. the pendulum 
will vibrate more rapidly. 

Law 4. The period does not depend on the mass or material of 
the bob of the pendulum, provided the length remains constant. This is 
known as the law of mass. 

__ m 

Verification of the Laws of Pendulum.— 

Law 1. {Law of Lsoahronism). —To verify the first law, note 
with a stop-watch the total time of, say, 20 oscillations with different 
amplitudes, keeping the length constant. It will be found that the 

It should be noted 
that the law is tnie 
only for small angles 
of amplitude (about 
4“) ; so when noting 
the time of oscilla¬ 
tion with different 
amplitudes, care 
should be taken not 
to exceed the maxi¬ 
mum limit of 4“. 


Law 2. {The law 
of length ).— Find 
the vertical radius ‘ 
of the bob by means 
of a slide callipers, 
and hence determine 
the length from the 
point of suspension 


period T in each case remains constant. 



L£NGTH OF PENWLUM 
Pig. 125 
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up to the centre of gravity of the bob. Observe the time taken for 
20 complete oscillations and thus find T’, the period. 

Change the length of the j/endulum and again find the i)eriod. In 
this way get several values of the period for the corresponding length. 
It will be found that IT®* y/l, i.a. the value l/T* will be a constant. 

Law 3. {The Into of Acoeleratton ),—This law can be verified 
by taking a pendulum to different places having different values of p. 
It will be seen that at a place where g is greater, the vibrations will 
be quicker. T* X g wiU, however, be found constant at the different 
places for the same length of the pendulum. 

Law 4. (fhe Law of Mass ).—Keejung the effective length of 
the iiendulum the same in every case, if the bob be replaced by another 
of different size and of a different material, it will be found that the 
I)eriod T will remain unaltered. 



Fig. 136 

By performing this experiment with bobs of different substances 
(such as wood, iron, brass, etc.), it can be sho^^ that the acceleration 
due tO'gravity at the same place is the same for all bodies. 

Graph. —^Draw a graph with the length I (along the JV-axis) and 
time period n along the y-axis). The relation between I and T will 
be an arm of a parabola (Fig. 125). The graph in Fig. 126, which 
is a straight hne, represents the relation between I and T*. From any 
of these graphs, the length of the pendulum corresponding to a given 
time of oscifiation can be determined but it is better to take the help 
of I and t* graph (straight line) for this purpose. 
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125. The length of a Seconds Pendulum :—The period of a 
seconds pendulum is 2 seconds. Hence from the formula for the period 
of oscillation, we have, 

1 —; or, ^ ... ... (1) 

g w’* 


So the length of the seconds pendulum changes at different places 
depending on the value of g. 

Taking the value of g to be 981 cms. per sec, per sec., the length 
of the seconds pendulum becomes [from eq. (l) above]. 


, 981 _981 _ 
W* 9'87 


99*39 cms. 


Taking the value of g to be 32'2 ft. per sec. per sec.. 


j 32 2 _ 33 2 Q. ,, on* IQ’ 1 , 

Q-' 0>7 ^ ft. = 39 19 inches. 

Graph. —To determine the length of the seconds pendulum from 
the graph, draw the L and 27* graxih (Fig. 126) and find the length 
corresponding to IT*— 4. 

126. Th© value of ‘g* by a Pendulum :—By carefully measuring 
the length and the corresponding period of a simple iiendulum, the 
value of g at any place can be determined from the formula, 

T=2xJ 1 ; whenceflr=~ = 4w'x|;. 

Thus, when the value of Z/27® at a place is (say) 24*84, g is given 
by flf = 4a® XZ/T* = 4X9*87X24*84=980*68 cms./sec.-*. 

127. Loss or Oaio of Time by a Clock :—The loss or gain of 
time depends on (a) the latitude of the place as the value of g varies 
with the latitude of a place. It {g) is minimum at the equator and 
increases gradually towards a pole. But as the time period T of a simple 
pendulum varies inversely as the square root of g, the period T of a 
pendulum will decrease as it is taken from the equator to a pole, bo, 
pendulum clock will gradually gain time, t.e., will go fdsit when taken* 
from the equator to a pole. 

(d) The loss or gain of time also depends on the height of a phute 
above the eeti’devel. As the value of g diminishes with the distance 
aboye and also below the surface of the earth, the time period 2 * of a 
pepdolum clock will increase, and so the clock will lose time, i,e» will 
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go slower when taken to the top of a mountain or to tlie bottom of n. 
mine. 


(c) Again if the length (/) of the pendulum varies, T will directly 
vary as the square root of this length. WJien I increases, T also 
increases and the clock runs glow. When I decreases T also decreases 
and the clock runs fast. This length variation in a pendulum is 
gradually caused by temperature variations. The extent of these losses 
or gains due to variations in (j and L may be found out as follows :— 

We know, Jlhj. 

log T=log +J log 2 - ^ log g. 

Differentiating, we have, ... ... (l) 

T 21 2g 


Again if N be the number of oscillations executed by a pendulum per 
day, then 86400 sec.=sa constant. 


Differentiating, TdN-¥ NdT^O 
dN ,dT 

or. ^+j,-0 


( 2 ) 


Thus from (l) and (2) we get, 

dN __dg _dl 
N 2g 21' 

Here dN is the number of oscillations gained by a pendulum in a 
day. In a seconds pendulum A ”—2 X 86400 **43200. Since eacli 
oscillation in a seconds pendulum requires two seconds, the number of 
seconds gained by a seconds pendulum 2dN= (say). 

= i3200(^^-^^ ••• ••• (3> 

When g is constant, dg<^0 and Aw— —43200-^, 

-ve sign indicating the fact that as { increases n diminishes. 

When I is constant, dl^O and An**43200 — . 

9 

When both these faators g and I vary An is given by the 
expression (3). 
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128. Measurement of the height of a HIU : — 

U) by a Pendulum Experiment.— 

Suppose g and g are the values of the acceleration due to gravity 
_ respectively at the bottom and 

■ /TV ‘ at the top of the hill as measured 

hill—J j \ by a pendulum experiment. Then, 

Jij I fir — with usual notations 

y 1 i \ 

where 22=radius of the earth. 

• 1 Acceleration g at the top of a hiU 

y ! I ^8, of height h (Fig. 127) wiU be 

I it 1-. ' (7.M U, 

I ^ given by Brom 

I ^ the above equations, 

Centf»-ofSar(k «_(«+*)» R*h /„ 

F„.127 W 


I R 

jj 

Centre of Earth 


Fig. 127 


» or ^ 

g- ’ • B 


Thus, if H is given h will be known when g and fir' are 
.experimentally determined. 

(ii) by a Clock.— 

Suppose, a clock gives correct time at the foot of a hill and loses 
n secs, a day at the top of it. 


Then, at the bottom 1 

^ n 


where Z = length of its pendulum. At the top where it makes 
-(86400 — «) swings in 86400 sees., 

86400 _/T 

86400- w g' ' 

Prom (2) and (3). -8^^ .(4) 

Prom (1) and (4). .(5) 

Thus, h will be found if 22 is given and n determined. 

Examples 

(i) Two pendulums of length 1 metre and T1 metres respectively start swing- 
ing together with the same amplitude. IHnd the numher of swings that wM he 
executed by the longer pendulum before they will again swing together ig»978 
oms.per mc.*). 

Ans .: Let 2t and <• be the periods o( oeolllatlon of the pendalnm of length 
1 metre and I'l metres leapeotively ; l metre«sl00 omi. andl'i metreB»110 ome. 


Then we have, tx^2r 


and /aasSw 


flib 
V 978’ 
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J ^ metrea length nankea «, awlnga, rad the other 
xnaJcea (ni-f-na) awlnga before they again ewlng together ; 

then. or. n, {<.-<,)-in,^ 


Bat, 


+♦»,) ti ; 

2t 


( 1 ) 


(t.-i.) 


n/978 


(>/liO- >/■ 100). 


Proin(l).-^ (V’ll0-^/i00)-?^:!!r^/*0?; 
»J91H ^078 


or. 


^ 110-10 * 10 


=(a/ll04-l0) n,=20*6n, (nearly) n, (nearly). 


To get a whole namber, the least valne for n, is 2 and therefore nis 4,1 
(nearly). 

(2) A pendulum which beats seconds at a place whore g«»S2‘2 is taken to a 
place g»32197. How many seconds does it loU or gain in a day 9 {cf. Utk. U. 1970S). 

Ana.: Bet t^ be the original period, and t* the new period of the pandnl nm. 
In thia case 1 1 is eqaal to 2 seos. bnt this fact la not required. 


We have. 
Hence, 


t^sxSv j f sKgir f —?.— , 

SZ'i 'd V 33197 

/'82;)97_ /82 B -0 i 08_ / / iZoO'mx 

t. V 32 2 y 82-2 V \ 3^'3 ’’ 


Because perlodee-, we have f. > I., and so the pendulnm will lose time. 

•Jg 

Iiet n>no. of Been, lobt par day. The namber of secs, in a day ia 
24 x 60 x 60, or, 86400. .'. (86400-n) 1*-=86400xl. ; 

or, (86400-n)“86100 k^»- = 864C0x / 7 ^ “86400 

t, V V 34*2/ \ 32*3/ 

«86400 ^1—^ X approx. a» 86400—4. na4 seos. 

Hence the pendulnm loses 4 secs, per day. 


[Alternative method : 

Here dp*«p-'p'=»>32'9—32*197=0'0f)3 sto. 

.*. An=48200x~| -432 x ^“4 seoa. (approx.) 

Here as g deoreasee time period inoreasesi. Hence the pendalaxn loses 4 seoa. 
» pec day.) 

(d) A fenduhtm which heats seconds at the equator gains Jive minutes pOr day 
at the poles. Compare the values of g at the two places, * 

Ans,: Let Pi and <i denote the value of g and period reepeotively nt tha 
ieqnator, and p, and 1, those at the polee. 

Beoauee the pendulnm beats seconds at the equator, ft “2 seconds* 

Wehave* f.*—4r*—; or, 4->4** i-; or, pi-jr*! ... ... (IV 

gt 9% 

. G. B. iij—(vOL. l) * 
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Now, »t the poleSf the pendolam gains 6 mlontea pet day that 1 b(5x60} 
seoOhde In (84 x 60 x 60) seoa. /. It gains aeo net rsc it 

***”*¥88®®®* *“ ; or, ^ see. In one oompiete oscillation. 

Beoanse It gains see. in one oscillation, its peiiod,/,= A - Ae--- 

*’• (i§) - - (2) 

From (1) and (2), ^ss 


jr*l. 


4X_M** 
674* 4X267* 


,287* ^U3 

2d8» 144 


approx. 


[Alternative method : 

Here Ans5 x60>«300 sees., and . 

.•. 300a43a00x ^ ; or,* 8 = 488^3-1’-^ 


OX, 488^-43^; 
9i 


or. 


^ 489^143 

144' 


]■ 


(4) A pendttlum of length I loeea S secs, in a day. By koto much must it be 
shortened to keep correct time 9 

dfu.: There are 86400 seconds in a day. As the pendulum loses 5 sees, 
a day, it beats (86400—5), or. 66395 times in one day, • e. in 86400 seconds. 

Time of one vibration '(time of one swing), (and, not 1 seo.) 


h63*,)5 


But the time of one swing, i s. half oaoillatlon is r j ifg] 


We have t 




{ 86400 


± _/8f400v 
g "V 86895/ 


( 1 ) 


g 86.^95 g 

In order to keep oorreot time, let the length of the pendulum be shortened 
by St» In this case, it becomes a true seconds pendulum and its time of one 
vibration becomes 1 second. 


' Z— a 


• 1 . 


,Z_a 

IT-=sl 


33ien we have, ^^ ^ 

From (1) •»*(«. 1+8®,)*-> 


( 2 ) 


■' •* 

esseet, 

cms.po. 

^fia. 

1 metre. 

a 

Th 


i/ 4>eto...\—I, from Binomial theorem 

\ ^<46886 > 




10 . 

tneglecting other terms) 

' 96895 
10 
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If ia taken M 981 oms./aec.*, we have, —0*0115 om. 

9'07 X obS96 

[Alternative method : 

Here alnoe finally the pendntam keeps correct time, its rs=2*“2ir^/|/981; oe 
1 b> 99‘39 oma. 

» 

. Here, £in^5 sees. 

If dl be the required ehortening of length, then, 

£vn*43a00 or, 5.43200^. 
di -496*95/43200=0 0115 cm.l 


129. Compound Pendulum :—If a rigid body, whatever 

its shape or size, be supported 
so as to rotate freely about a J 

horizontal axis and such that 
its centre of gravity does hot 
lie on the axis of rotation, 
the body will oscillate to and 
fro, if displaced from its 
position of stable equilibrium 
and let go. Such a body is 
known as a eompounX pen¬ 
dulum. 

Suppose the body PQB 
(Fig. 128) represents a com¬ 
pound pendulum oscillating 
in a vertical plane (say, the 
plane of the paper) round a 
horizontal axis (prep, to the 

plane of the paper) passing through the point of suspension 0. The 
irast position of tQB is evidently with its centfe of gravity, G, vertically 
below 0. In course of its oscillation, let the body be displaced through 
an angle the G.d. being displaced to the position G\ At this displaced 
position, the acceleration acting on the body in the direction of & 

increasing is , a • Hence the deflecting couple is expressed as I 2;-^* 
dl* at* 

where /=»moment of inertia of the body about the axis of rotation. 

Again in the displaced position, the weight mgf of the body acts vertically 

downwards through G. This gives rise to a couple mgXBG*^mgl sin 0 

tending to restore the body tg its original position, where 2 is the >• 

distance between 0 and Q-. This couple acts in t^ direction of 9 

decreasing. , 
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Hence equating these two oppositely directed couples, we get, 

1 —mgl 6 (where $ is small) 

at 

Or, j.e 


( 1 ) 

( 2 ) 


This is evidently the equation of a whose angular velocity 

«> is given by. 


. nr fHUSk 

i ' ' T V y 


or, 

^ mgl 

But here as the axis of rotation is at a distance / from 6'.G.. the 
value of I is given by m (k^ + V*) where k ip the radius of gyration. 

T’>-2*Jbl±t . ... ... ... (s) 

Thus the time period of vibration of a compound pendulum is 
given by relation (3). This period is the same us that for an ideal 
simple pendulum whose length is (k*+l^)ll. Such a simfde pendu¬ 
lum whose time period is the same as that of a compound pendulum 
is called the equivalent simple pendulum. 


Since A;* is always greater than zero, the length of the equivalent 
pendulum is necessarily greater than 1. Let us take a point 0| such 
that 00 1 = the length of the equivalent pendulum = — 

Then 0i is the centre of oscillation. If OOi —Zi, 00i = 

+ and T-2Jr^l±Li. 

I ^ g 

If agai n the pendulum be suspended from 0|* the time period, 
t\9 ; 






I 


■=Z+Zi ; or, k®*ZZ 


1 • 


Panto. ri°airy %th! 



9 
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Hence, T (with 0 as the centre of suspension) is identical with 
r, (with 0, as the centre of suspension). Hence the centres of 
oscillation and suspension are interchinge ibis. 


Really speaking there are four points on the 
vertical line through C.'r. about which the body will 
oscillate with equal time periods. This is evideuT; 
from the fact that the equivalent length of the 
Z*'* 

X)en(lulum —-— may be supposed to be equal to the 


sum of two lengths Z and 



an 3 ^ one of which may 


be supposed to be the distance of the C.Cf. from the 
point of susjiension or from the point of oscillation. 

So if we draw two circles with O as centre and 
the above two lengths as the radii, they will intersect 
the line through the at A and 0 above O and at 
A\ and Oj below G (Fig. 129). 

Z;2 

Then (7di = aO«Z and G0i^GA=^~. 

I 

Hence + (7^ = 44, +G0^b0i. 

V 


Do 


G 

Ot 


Fig. 129 


Thus we have four points O, A. Oi, 1 ^, collinear with 0 about 
which tJie time period is the same. It is therefore necessary to choose 
, two points such s.s 0,0^ or A, 1 1 in finding the length of the equivalent 
pendulum and not to take a symmetrical pair of points like A, 
or O, d 1 , 


Maximum and Minimum values of the time periods : 


Th^ time period of a compound pendulum is 

or, squarmg, 7 ~ ■— ZH—r-). 

g ■ If 


^ ig 


we 


Differentiating this expression with respect to Z, 


This relation gives the variation of T with length. 


If Z *0, i.e. if the point of suspension coincides with the 0,0. the 
time period will he a maximum (equal to infinity) and if A“**>Z*, the 
above expression reduces to zero and the period is a minimum. 
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This minimum £value' of T is equal to 2tr 




Pig. 190 


An alternative method of 
deducing the equation of 
motion of a Compound 
Pendulum :— 

Let 0 be the centre of sus- 
Iiension of the body and Ofi. 
tJie vertical line passing through 
the i^oint of suspension and the 
G.O. (G) in the mean position 
of rest (Fig. 130). If the body 
be now displaced through an 
angle < such that G is shifted to 
G , and then let go, the oscilla¬ 
tion will set in. «<• will evidently 
represent the maximum angular 
displacement (t.e. amplitud^. 


Starting from the position OG^ where it is temporarily at rest the 
body would gradually try to restore its equilibrium position OG, 
Suppose, in t secs., OG i roaches OG9 making an angle ® with the 
vertical. Then the loss in potential energy of the body will be mgx 
(where X is the corresponding vertical shift) — (i cos di cos 

(cos $ - cos «<}. 

Since the body was at rest at 0(?i, the K.E. at that position was zero. 
Hence when it comes to it acquires a K.E. at the expense 

of the above potential energy, where I i§ the momeqt of inertia of the 

body about 0, i e. TO its mass and angular 

velocity. 


iloo®*TOgZ (cos ^ —cos •<.), 


Differentiating with respect to t, 

L®* —mgl sin ('.* < is a const.) j 

at at 

L being small) ; 

(j*® — ngia 


or. 


or. 


or. 


dH_ gl . 






( 1 ) 
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180. Bar Pendulum It is a very simple form of compound 
pendulum used for determining g. A metal 
bar RH [Pig. 131] having two sets of holes 
drilled symmetrically with respect to its centre 
G forms the compound pendulum. Here O 
coincides with the O.G. of the uniform bar. 

The horizontal knife-edge K is now placed in 
^ny one of the holes. Now recording the time 
I>eriods about the uj^per edge of each of the 
iioles on one side of G and measuring the 
corresponding distances from G, curve may be 
drawn connecting T and this distance as shown 
by the right-hand> half of Fig. 132. The left- 
hand half corresponding to the holes on the 
other side of G may be drawn from symmetry. 

As is evident from the figU7’e, the minimum 
time period refers to a length LL' i = 2l) of the 
equivalent pendulum. When this length 
approaches zero (i.e. when the body is sus¬ 
pended from C.G.) the iieriod tends to infinity. Fig. 131 * 

Again taking any horizontal line to cut both the curves at OA 0*A\ 
we get the four possible points of suspension for the same T. Here 
the equivalent simple pendulum has a length 00’ and A A’. ■ 



If/stance from - ■ .► distonae from C.O. 



Tig^ 182 




X84 


OOLLBGB PHTSIOS 



Fig. 133 


181. Kater’s Pendulmn. :—The Value of the accele¬ 
ration due to gravity on earth’s surface is accurately 
determined by Kater’s revisihle pendulum. The pendulum 
(Fig. 133) consists of a rod carrying three weights, the bob 
O and two adjustable weights D and K. It can be 
supported at any of the two knife-edges and K ^2 on a- 
rigid horiisontal jdatform P. K j and /('o ai^ turned towards 
the centre of gravity of the suspended system. The larger 
weight it’ is moved until the time periods about /i, 
and A ^ are nearly equal and is then fixed in position. 
The smaller weight D is required for finer adjustments. 
It is moved by means of a screw until the number of 
swings made in 24 hours about and successively 
are exactly equal or at best differ by a small fraction 
of one vibration. Kt and are then the reciprocal 
or interchangeable points within the limits of experi.- 
mental error. Their distance apart is very carefully 
measured. This distance I between Ki and AT*, which 
will be found to be asymmetric points, is the length of 
the equivalent simple pendulum, at the place of obser¬ 
vation. The acceleration due to gravity will then be 


given by, where T is the time period of the 


adjusted pendulum which can be measured by a stop watch as usual. 
Kater, in 1917, determined g at London by this method. For finding 
out T he had adopted the coinci¬ 
dence method taking a 'standard 
seconds pendulum. i 


If the position of one of the 
knife-edges be adjustable, a much 
simpler method can be used to 
get the required result. First the 
adjustable knife-edge is adjust¬ 
ed so that the time of swing U' 2 ) 
about A't is slightly greater than 
the time period (t*t) about K\. 
o distance between the knife- 
^ 1 ) at this position is also. 

Now if® i)S sufficiently 
or, fvarda K 1 such that time 
f * ) about K\ is slightly • 

, j the period (t,.) about 

* \e distance t% betweep /C.i i 



FJg. 134 


is again measui^d. Now the 
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time periods are plotted against the distance between K\ and 
(Fig. 134). The points lie on two intersecting straight lines. The co¬ 
ordinates of the point of intersection give the periodic time T and the 
length I of the equivalent simple pendulum. 

Beasel uolnted out in 1826 that the exact eqnality of time periods about 
and K^, is not Indispensably necessary If and T, are nearly eqnal 
time periods abont and AT, respectively whose distances from C.G. of the 
pendnlnm are, say A, and then from relation (1), Art. 129, we have, 

and +fe*. 

On subtraction, -(A.IT,*——A,* ; 

El -m 9 r a a 

’ g 2l hi+h, J 

Since Tj diSers very little from T, the second term is very small oompared to 
the first term and as snob need not be known accurately. T, and are observed : 
hi4-A* Is the distance between the knife-edges K, and Welle -h,, is 
obtained by finding the C.G. by balancing the pendclum honzontally on a sharp 
edge. 


Examples 


(2) A nutre rod i$ hung up as a pendulum and allowed to swing. At what 
point must it be suspended to have the least possible period i 

Ans. The distance of the required point from the C.G. of the rdd is given by 

(when & is the radius of gyration)"* ^-L-V 




:883‘3 cm.*, 


7i“28*8 onu. from the centre of gravity on either side of it. 

(a) What ie the length of the eguivalent simple pendulum which consists of 
a sphere of 10 oms. radius suspended by a light string of length 50 cms. 7 


Ans. The length of the equivalent simple pendnlnm is I. * -1^. 


Here k* 

L- 


= 1 r*a»;xi0»«40cm8.* ; and 2-50+10**60 oms. 


»:j;+I*_4«+60* 

^ 2 bO 

« 


60 67 oms. 


(d) ^ A circular disc of radius ilO cms. oseillates as a pendulum about a point 
on its eiroumferenes. Find the position or positions of the centre of oscillation. 

(Pnoj. 0.1965) 

Ans. The moment of inertia of the disc of mass m about its centm is 


l^\Mr*»Mk^. 

Period of oKoiUatlon abont the point on ihi elvenmferenoe is, 
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t^2ir /jB. 

\ Ig V 20 X980 V 98 

If the length of the equivalent pendulum be L, then 

f" 

9ai"9l' "• • 

Thna the centre of oscillation is 30 cms. vertically' below the point of suspension, 
i.e. 10 cms. below tbe centre of the disc. Since any point on the olronmference 
may be taken as the point of Rnspenslon. the point of oscillation may also be any 
corresponding point lying on a circle of radius JO cm-*, described with the centre 
of the disc as the centre. 

182. Errors in the determination of by a Compound 
Pendulum :—In the various raethods adopted for finding V/’ by a 
compound pendulum, the time .period is accurately determined. But 
the expressions used for T in those experiments only refer to ideal 
conditions. The observed value of the time period T\ is really connected 
with the ideal value T by a relation of the form, 

where <, y, 8, 9y and 4' are small correction terms. 

( 1 ) arises due to the finite arc of swing, because the theoretical 
deduction of /’ supposes the arc of swing to be infinitely small. In 
actual practice the arc of swing lias always a finite value. This increases 
the time period. Theoretically it can be shown that the true time 
period To (for an infinitely small arc of swing) can be expressed in 
terms of the observed time period T (for a finite arc of swing) by 

the relation To^T l — where <1 and <9 are half swings in 

radians at the start and at tbe end of thefcxperiment respectively. 

( 2 ) 0 is due to the buoyancy of the air surrounding the pendulum. 

( 3 ) y arises due to the motion of the air (air-drag) as the pendu¬ 
lum vibrates. 

Tbe corrections for air e^ect, i.e. ^ and can be eliminated 
by using Bepsold's pendulum with a suitable compensating device. 
Tbe usual procedure now-a-days is, however, to swing,the pendulum 
in a reduced pressure, at which the aii^effect is a linear function of the 
pressure. Thus taking observations, at two or three different pressures, 
he effect at aero pressure can be extrapolated from the graph. 

*(i); damping correction due to the viscous drag of the air. 

Thl^ia corrected from the ohservation of the logarithmic decrement 
iTQ|p|^^e swings. 
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(6) 9 is due to the change in length of the pendulum for variation 
of temperature. 

(6) «/> arises due to the possible yielding of the support on which 
• the knife-edges are swinging. 

As is due to movement of the support caused by a horizontal 
force equal to the weight of the iiendulum, it may be estimated by 
hanging the pendulum over a pulley by a string horizontally attached 
to the support and observing the horizontal displacement by a 
microscope. ' 

(7) ip is due to the fact that the knife-edges are not perfectly sliarp 
but are rather rounded cylinders. 

This effect may be avoided by having a plane bearing on the 
l^endulum and a fixed knife-edge on the support. 

Over and above these corrections the detailed treatment of which 
is beyond the scope of this book, a correction should also ho introduced 
for the rotation of the earth about its axis. 


133. General Remarks on variation of g and gravity 
survey :—The actual variation of the acceleration due to gravity on the 
surface of the earth is sometimes found not to conform to the theoretical 
calculations. Actually Airy in 1854 found that g at the bottom of a 
coal pit, 1200 ft. deep, was greater than at the top. This observation 
was subsequently confirmed by other experiments too. That g at first 
increases with the depth is now accounted for by the fact that the 
central portions of the earth are much denser than the crust. “Variations 
of density from its normal value in a locality by reason of the nature 
and position of a mineral deposit, affect to a measurable extent, the 
space-variations of the gravitational force.!’ From the survey of gravity 
by suitable methods (e.g. Eotvos balance or a gradiometer) geophysical 
prospecting (i.e, location of geological deposits) has been made p>ossible 
and thus a new avenue for industrial enterprise has been opened up. 

Duffield in 1914 made a survey of g at sea. His results appear 
to show a defect of gravity over very deep oceans and on the edge of a 
continental mass, especially if there is a costal mountain range. The 
later gravity expeditions at sea, wherein the submarine with its com¬ 
paratively steady motion allows the use of the compound pendulum 
with nearly the same accuracy as on land, also confirm the general 
observations of DufiBeld excepting in a few cases where the local 
iiregulaTities may in all probability account for the deviations. 

( 

The local chants in acceleration due to gravity are generally too 
email to be measured by ordinary pendtilums because t!be accurecy dt 
them is limited to within 10*^ cm./see.* £or» 0*1 mijQdgs^ wheps 
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1 milligalss'lO”® cm./sec.®]. So more sensitive instrumeuts are to be 
used for this purpose. The instruments usually used are :— 

(I) Invariable Pendulum. —This is a compound pendulum of 
invar-steel suspended in a partially evacuated chamber, where a constant 
specified pressure is maintained to ensure a known air-correction. The 
temperature correction thougli negligible io also taken into account in 
the final evaluation of V/» > 


(fi) Gravity Meters.— 

(a) Threlfall and Pollock Gravity meter. —^It is one of the 

most sensitive type of gravity meters. It consists of a quartz thread 
horizontally stretched and fixed at one end. The other end is attached 
to an adjustable screw provided with a pointer moving over a circular 
graduated scale. Near about the midpoint of the thread a small "weight 
mounted on a pin is attached and the pin is sej; horizontally in an 
unstable equilibrium position. So a slight change in g will upset the 
horizontality of the pin. By adjusting the screw again the horizontal 
position can be restored. If the screw readings be previously calibrated 
with reference to known values of g, g at any place can be directly 
obtained from the pointer position. 

(b) Boliden Gravity Meter. —It consists of two springs sup¬ 
porting a mass carrying two movable plates of two condensers at the 
two ends. The upper condenser is included in an oscillatory circuit of 
known frequency. The lower condenser is meant for mere calibration 
of the instrument. As (7 at a place changes, due to change in the 
gravitational force acting on the mass, the separation of the plates of 
the upper condenser changes. Thus the capacity as well as the frequency 
of the oscillatory circuit also change. If the instrument be previously 
calibrated, a knowledge of this change in frequency would give the 
variation of g at the place. 

(c) Gulf Gravity Meter .—This is also a sensitive gravity meter 
depending on the same principle as a spring balance. Here a flat 
metallic ribbon spring is used and observations are made by lamp and 
mirror an'angement. The sensitivity attained is of the order of 
0*05 milligal. 

(ill) Eotvos Balance .—It is the most sensitive type of gravity 
balanej^ and is extensively used for gravity survey. It claims an 
ao^racy of the order of 10 ® to 10' ^ milligal. It'cQnsists of a rectangular 
torsion beam suspended from a torsion head by mesfls of a fine sus¬ 
pension of idatiuum-iridium, fixed at the C.G, of the beam. A small 
,:weight is suspended by a fine platinum wire from ,one end of the beam 
aa4 ^ oouhter-balanced by a sliding weight mounted at the other end, 
Wflevp vanes, the system experiehoos a couple, whose value and henee 
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the variation in g can be had from the constants of the instrument and 
from the deflection of the beam which is recorded by a lamp and teles¬ 
cope arrangement. 

(iv) Horizontal Pendulum. —The horizontal pepdulum is an 
arrangement by which vei-y minute temi>oral variations in the 
acceleration due to gravity {g) can be accurately determined. It was 
devised in 1832 by Hengier. Later on it was modified by Galitzin and 
others to act as a sensitive seismograph^ which is used for recording the 
tremors of an earthqualre. 

A horizontal pendulum consists of a rod RB fitted with a spherical 
or cylindrical bob at C. The rod is held in a position slightly inclined 
to the horizontal plane by two 
light strings B>i and SO attached 
to two rigid supports. This 
type of suspengion is known 
as the Zollner suspension The 
c.g, of the suspended system 
lies at 0 inside the bob itself 
and its centre of oscillation lies 
at O, the point of intersection 
of BB and ab. The line aOh 
makes an angle with the 
line Vo along which the force 
of gravity acts [Fig 135j. 



Fig. 135 


If the 
an. angle 


pendulum is slightly displaced to ft, f?, [Fig. 136] through 
0 in its plane of oscillation, the torque acting on it due to 

this angular motion 



IS I “j, where I 


is 


acting parallel 
cbmponent mg 
each it may be 
and mg sin ^ sin H 
second component 


the moment of iner¬ 
tia of the moving 
system. At the dis¬ 
placed position the 
force mg acting on 
the bob due to gra¬ 
vity in a direction 
parallel to Va can be 
resolved into two 
components, mg cos 
to Oa and mg sin ^ acting parallel to BC. The 
sin <s evidently acts in the plane of oscillation and as 
resolved into components, intg sin cos B along B 0% . 
»mg sin 0 along L’lO when B is very small The 
exerts a restoring ‘cduple mg sin 
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moving system where Z**the length 00, 
site to the torques calculated above. 

Hence, 2^-^ • — (mgl sin ^). $ 
at 

d*d I mgl sin ^ o^n 


t 


This couple is equal and oppo- 


This is the equation of a S.H.M. Hence the time period of 
oscillation is given by, 


T"2Jr 


■V 


mgl sin 4* 






mgl sin 4* 


i2*\ 


/ 


gl sin^* 


If the same pendulum is made to oscillate in a plane making 
<Z**=90^ sin <^*“1 and the new time period is T' = 23t 

f 

/T' V* ' 

Hence l ^ j =-siu 4>. 

Thus 4* and hence the inclination of the line of gravity can be 
accurately determined. Any change observed in 4> indicates the variation 
in the direction of g. 



Note :—To aae the horitorUal fendfdum ae a seismograph to record «the 
horiasntal component of an earthquake shook. Qalitzin’a modified form is >very 
oonvenient. As shown in Fig. 186, the rod or the *&oom' makes a small angle 
with the horiioDtal and is supported by two strings. The boom extends beyond 
the bob and oarries a fiat copper coil moving in a magnetlo field. When an 
earthquake ooonrs, the boom moves causing the coil also to move in a magnetiQ 
field. The current induced in the coll is proportional to the angular velocity of 
the boom. The coll Is connected to a sensitive and critically damped galvanometer 
the movement of whose moving part is recorded on a moving film by the usual lamp 
and mirror arrangement. The developed trace on the film is called the seismogram. 


p 

The motion of the boom la rendered critically damped by electromagnetic 
damping. Here the rod oarries a copper disc which moves in a magnetic field. 
The induced eddy current damps the motion of the boom. The overall magni- 
fieatioi’^ of this arrangement may be of the order of 1000 or more. 


'184. Determination of the Universal Gravitational Cons* 
tanti^):— 

^ . > Biperimeht-^Bongaer in 1749 earned 

[t an ex^«erl^lexlt on Moant*jpbinibomR> in Bara tb determine 0, The 


If.#,*, 
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principle of his measurement lies in the observation of the deflection, 
of a vertical plumb line towards a large mountain due to the gravita¬ 
tional attraction of the latter. If m be the mass of the bob of the 
iflumb line, and M and the mass and radius of the earth resi)ectively 


the vertical downward force on the bob== 


Mm 

B* * 


Again if V, p and d 


refer to the volume of the mountain, ifs mean density and the distance 
between the bob and the C.G. of the mountain respectively, then the 

sideways deflection force is 

Hence the deflection $ of the plumb line is given by, 

n^GVpm jj^Mm _7PB* 

Un 9- 

As gf at the locality which is known from a seiiarate experiment ia 
given by have, 

. « VPG tan P 

gd* V p 

Thus G is determined. O, determined by this method is not reliable' 
because of the uncertainties is determining p and d. 


Maskelyne in 1774, repeated the experiment at the request of the 
Boyal Society, in a more precise and thorough manner. But the result 
obtained is neither dependable because of a few uncertainties in the 
measurements. 


(ii^ Airy’s Mine Experiment. —In this experiment the perioda 
of oscillation of a i)endulum at the top and the bottom of a mine of 
known depth were determined. Hence the value of g were calculated. 
By mere comparison of the two values of g, the maghitude of G and M 
can be approximately found out. Airy’s value of G was 5'7 X 10“* 
CM.S. units which is far too short of the standard value. 

(iii) Cavendish’s Method.—^Cavendish in 17,97« performed his 
&mou6 torsiou'^bidance experiment for the determination G*. 
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the gravitational constant. 
From a knowledge of O, the 
mass of the earth was 
also calculated, knowing 
the values of the radius of 
the earth, B and the acce¬ 
leration due to gravity, g, 
at the place. So it is some¬ 
times stated that “Caven¬ 
dish is said to have weighed 
the earth.” The actual 
arrangement of his experi¬ 
ment is as follows : 

At the end of a 6. ft. 
beam. AB [Fig. *137 (a)], 
were hung two small lead 
balls P and Q each of two 
inches diameter. The beam 


strengthened by two 
NiCiV hraces and OB con- 

nected to O in a short stout 

A(-]« upright 220, attached to the 

\ R / middle point of AB. The 

N beam was suspended at O 

from a torsion head G by 
^ . means of, silver-copper tor- 

'®/ sion fibre 00, 3 Jeet long. 

Two large lead spheres, M 
p. and A’, each of one foot 

diameter, were suspended 
at equal distances near the 
halls P and Qs from the two ends of a rod, rr'. rr could be rotated 
through any angle about a vertical axis with the help of a wheel AT, 
•a pulley p and the weight W shown in the figure. Thus JlfV could be 
made to take up positions either or on either side of PQ 

£Fig. 137 (6)]. The centres of the four balls P, Q, M, N, all lay on the 
circumference of a horizontal circle of radius 3 feet. The whole arrange¬ 
ment was entirely enclosed in a glass case, and rr could ‘be rotated from 
outside and so also the torsion head C by an arrangement not shown 
in the figure. The ob^rvations were made with two telescopes fitted iii 
the walls of the room. 


In tra position 3f)JVi of the lai^e' balls, attraction took pl^ce 
between^^ and M\ as also between Q and N , These forces constitute 
which turned the beath AB through an angle. The equilitiilum 
)|i^tion« which was difi&chlt to be kept steady, wm deterouned by the 
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method of .oscillation from the observation of the swings. The beam 
carried at each end a vernier that could move freely on a fixed scale. 
The vernier readings on the fixed scales were taken from outside the 
closed room by telescopes. The deflecting balls M and N where rotated 
to the positions and such that PM\ and PM^ were equal and 
the‘ new equilibrium positions were again estimated as before. In this 
way, the mean angle of twist tt of the beam due to interaction between 
the two balls at each end was known. Hence G could be determined 
according to the following calculation. 


The deflecting force brought into existence due to gravitational 

attraction at each end of the rod = where resjiectively 

a* 


are the masses of big ball and a small and d is the distance between 
the centres of these balls when the mean deflection of the beam, is $. 


If I is length of the beam, the moment of the deflecting couple 


In the position of equilibrium this couple is balanced by the tor¬ 
sional couple of the suspension wire, i.e, c6 where c= moment per 

unit twist ^ “modulus of rigidity of the wire, li 

being its length and r its radius. 


Q«^Xi = c(»; 
a 


or. 




cO 

fnxWt^Z 


Precautions.—1. To avoid draughts due to temperature fluctua¬ 
tion and air currents, Cavendish housed the apparatus in a glass case 
and observations and adjustoients were made from outside the case. 


2. To avoid possible stray electrostatic attractions from outside, 
the glass case was gilt-covered. This precaution also served partly to 
equalise the temperature within the case. 


Defects in Cavendish’s experiment.—(1) The torsion fibre 
was thick and hence $ was small. (2) The vernier method of measuring 
deflection is not accurate. (3) Temperature fluctuations and hence 
draughts could not he altogether avoided in the large apparatus used. 
(4) Each large sphere also attracted the more distant small sphere and 
thus a-counter gravitational couple tending to decrease 6 was present 
but not accounted for.' (5) Thus rods supporting the large masses M 
and N tended to increase it, (6) The attraction on the beam A3 also 
tended to inci^ase it. ' 

GJ?. 18—(vOL. l) 
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(iv) Boys’ metbod of measuring G. —Sir C. V. modified 

Cavendish’s original experimental arrangements whereby most of the 
above defects were considerably rectified or minimised. 


Defect (l) was much reduced by using a fine quartz torsion fibre 
which is very elastic but nfevertheless strong. 

Defect (2) was much identified by hsing the mirror and scale 
arrangement, the glass beam being used as the mirror. 

Defect (3) was effectively minimised by using a small apparatus. 

Defect (4) was almost eliminated by idacing V and M at a level 
different from the level of Q and N, 


Defect (5) was removed dispensing with supporting rods and 
revolving the top of the case to bring M and N in the proper position. 

Defect (6) was made negli¬ 
gible by making the beam AB 
very short. 

Boys’ torsion balance (Pig. 
138) consists of a central verti¬ 
cal fibre of quartz suspended 
from a torsion head C. The 
fibre carries a horizontal glass 
beam Ah. From two ends of 
this beam two quartz fibres of 
unequal lengths hang vertically;, 
each supporting a small gold 
sphere ('25" in diameter). This 
' suspension system is hung inside 
a cylindrical glass tube and is 
thus protected from draughts. 
Further, the air pressure inside 
can be adjusted to any desired 
▼alue. Outside the tube two equal spheres of lead M and 
(4'6” in diameter) are suspended at equal distances from the axis. 
The centres of M and N are febi)ectively situated in the same 
horizontal jilanes as the centres of the gold balls P and Q. Bach 
lead sphere exerts an attractive force on each gold ball. But as the 
levels are different the attraction of a lead sphere for a gold ball in 
the same level tvill be much greater than that for the other. . The 
attraction produces a torque about the axis and the central fibre is 
twisted through an angle B, The suspension system comes to rest when 
the resultaqut moment of the displacing forces due to gravitation is equal 
Mid 0]^site to the moment of the restoring couple due to the t^st 
jQbre. The positions of the lead spheres are so chosen as to 
^ the mqment of the deflecting forces as laige as possible. Defli^- 
is measured by scale and telescope arrangementr the mirror being 



Fig. 188 
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the horizontal glass beam AB itself. The spheres M and are then 
swung to the reverse side of the gold spheres and the deflection again 
observed. If C be the couple i>er unit twist of the suspension, 




where in *= mass of P or Q, Af=the mass of M or N, 


(2=distance between the centres of the attrac ting spheres P and M 
or Q and N, Z—the effective arm of the mechanical couple. 0 is obtained 
from a knowledge of the moment of inertia I of the suspended 
system and the time of torsional oscillation T from the relation. 


V^27rJ 


I 

C 


where I—moment of 


inertia of the oscillating system and 


C = couple i)er unit twist. 

The mean value of G obtained by this method was 6’6576 X 10“ * 
C.G.8. units. 


Calculation of the values of d and /.—Let the masses MM 


mm occupy the positions 
in the equilibrium 
condition of maximum 
deflection <if». The axis 
of rotation of AB passes 
through its mid-point O. 
Let GD^2bt AB^2a 
and <f»=the angle 
between CD and AB. 
The force of attraction 
between M and m 
tMm 


C, D and A, P as represented in Fig. 


and 

139. 


The 


BD^ 

couple exerted 


by 



this force == ^ 

Due to attraction on 
both the smaller spheres, 
the total couple 

=O^.20L. „„ 

Bb* Fig. 139 

Hence, in the above relation of Cb^ and d^BD. 

Here. d^BD^{a^+b^ - 2ab cos (from the properties of a triangle),. 

Again, of AOBD’^h'Xa sin ^ ; 

7 —sin 
or, l^20L^ 


(u*+6* —2ab cos < 
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Hence, 


C$'‘ 


%QmM ah Bin 0 
(a® + — 2afc cos 


(v) Poyntlng's Balance method.— Poynting’s method is one 
of directly weighing the attraction between two lead spheres by means 
of a balance. The i)rincipl'e of the method can be understood from the 
diagrammatic arrangement shown in Fig. 140. The attracting lead 
Sphere M weighing about 350 lbs. is carried on a jdatform which can 
he revolved about an axis 0 such that it may in turn be brought under 
either of the attracted spheres P and Q of lead, eacli weighing about 
50 lbs. M is counterpoised by the weight A' so that during the revolu¬ 
tion of the platform the base of the instrument ie not disturbed. The 
deflection of the balance beam is measured by a suitable optical arrange¬ 
ment [e.g. a mirror and scale arrangement, the former being attached 
to the pointer). 


Suppose is the deflection 



Q“ [° "p. 

Fig. 140 


produced in moving M from below 
P to below Q and I is the arm 
of the balance, the couple per 
unit deflection will then be 

given by ——= - where m 

dr<t> 

= mass of P or Jlf=mass of 
M, and d = the vertical distance 
between the centres of P and 
jU. The balance is then cali¬ 
brated by a rider of known 
weight, , If . the rider 

produces a deflection $ when 
placed at a distance 2i along 
the arm of the balance, the 
couple for unit deflection is 

mygii 


Equating these two couples, ~ — 


or, ^ determined. The mean value 

of G ohtamed by this method was 6*6984 X 10“® O.G.S. units. 

*(1^) s metltodi of dotormliiinj^ During the years 

to 1930, Heyl in Ajoberica earried out a series torsion 
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beam experiments for the accurate determination of the universal 
gravitational constant G. 


A rigid beam (20 cms. in 
length) is horizontally suspended 
at its centre by a fine tungsten 
filament (l metre long). Two 
small metallic spheres mm, 
(each of mass 50 gms.) are fixed 
to the ends of the beam. Two 
large attracting masses MM 
about 70 kgms. each) in the 
form of two metallic cylinders 
have their centres of gravity in 
the same horizontal plane as 
those of the spheres. These 
bigger masses can be swung 
either on to such a position that 
the centres of gravity of the four 



Fig. 1-11 


masses lie in a straight line 

[Fig. 14l(Z)], or on to a position where the line joining the C.G. s of the 
two bigger masses intersect that joining the C.G. s of the two smaller 
masses peri)endicular]y [Fig. 14l(ll)]. 


In one set of experiments the time period of oscillation. To, of 
the torsion beam is first determined in absence of tlie attracting 
masses. This time period is given by = J/C, (3 ) 

where I is the moment of 



P 

Fig. 143 


inertia of the oscillating 
system and C is the torsional 
couple per unit radian twist 
in the suspension wire. Then 
the attracting masses ^ 
are set in the same line with 
as in Fig. 14l(l), and 
the time period of oscillation 
again determined. Here the 


controlling couple is partly due to the torsion in the suspension and 
partly due to the couple arising out of the gravitational attraction. 
Hence the time period T \ is given by, 



I 

C+Ci 



where Ci is the couple per unit radian twist due to the attraction of 
lai^e masses, the expression for which evidently includes the universal 
gravitational constant G. 

Hence eliminating I from the two expressions (l) and (2) Oi can 
be found provided C is previously determined for tbe same .wire by 
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susj>eii3ing a system of known moment of inertia and finding the 
corresponding, time period of oscillation. Thus G can be evaluated if 
the expression for 0i be known. 


To evaluate <71, let ns refer to Fig. 142 wherein the force on each 

GMm 


of the small spheres in the deflected position ab is 
couple for a small twist 6 is, 


Hence the 


(oP) = — 2Z sin 4>, where ab^2l. 
r* r* 

But as is evident from the geometry of the figure, 

2.0 = r. y ; or. 7 = 0-* . 

r 


*=9+y=»(j+i\ 


Since is small, sin ^ 


=*=«( 


1 + 1 ). 

r / 


When the angular displacement is very small the couple for 
a twist of 0 radians due to the gravitational attraction 


GMm 

—“ 2 — 


X21B 


( 


Couple per unit twist, Oi* ^^^22^ \ 

Thus eliminating T from (l) and (2), as referred to above, and 
substituting for C’l, we have, 

ToVr.® «1 + -^) ... ... (3) 

0 Or^ \ r / 


Hence from (3) G can be determined . 

In some later set of experiments, once the time period was deter¬ 
mined with the centres of gravity of the four masses in the line and 
then the time period T-t was determined with the line joining the 
centres of gravity of larger masses at right angles to the line joining the 
other two centres of gravity. 

Here p^and ^1^. 

, From these two relations C can be eliminated. 

Hence finding expressions for 0 1 and in terms of G and other 
known quantities in the above manner, G can be determined. The 
.mean, value of G obtained by Heyl from a series of experiments is 

f ^ 

• 0»-»(6*67O t -OOSDX units. 
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135. Velocity of escape of a projectile t Artificial satellites and 
planets. —A new era dawned in the history of science and technology 
when on October 4, 1957, Bussia launched the first artificial satBllite ' 
f^imtnik No. 1. Since then a few more Bussian and American satellites 
have been placed in different orbits round the earth. The first successful 
launching of an artificial jdanet by Bussia on January 2, 1959 was 
definitely a stop further towards the possibility of interplanetary flights. 
These satellites, planets and space-ships are all rocket-driven and are 
successfully placed in their precalculated orbits with the help of 
rockets moving with the tremendous speeds. To understand the 
theory of these rocket-proi)elIed artificial planets and satellites it 
would be better to consider first of all, the limiting velocity that must 
be imparted to a body in order that it may escape from the earth in 
spite of its gravitational attraction. 


Velocity of Escape.—In Art, 143 («) it has been shown that 
the gravitational potential on the surface of the earth is given by 

-, where “universal gravitational constant, ilf—the mass 

T 

of earth and r = its radius. Here the negative sign indicates the intrinsic 
negative nature of the gravitational field So in order to take a body 
of mass m outside the attractive influence of the earth’s gravitational 
field, the amount of work [or energy] that must be expended should 
exceed the potential energy of m on the surface of the earth, which 

, r^Mm 
IS given by G —. 

r 


If the body be imparted a velocity v in the vertically upward 
direction its kinetic energy will be gWiv**. If tliis energy exceeds the 
above potential energy, the body will escape from the earth. So that 
limiting velocity of escape, is obtained by equating this kinetic energy 
with the potential energy above. This escape velocity is also known as 
the second cosmic velocity. 


or, 

r r* 





GM\ 

i^y 


Hence the velocity of escape is given by */%r. Since the 
radius of the earth, /*= 6*4X10® cm. and fl'sa'OSO cm./sec.®, 
-Oe* n/ 2 X 980 X 6*4 x 10® = 1’12 X10® cm/sec. =»7 miles/see. nearly*^ 
25000 m.p.h. (approxs). So if a missile is projected with a velocity 
exceeding 26000 m.p.h. it will never return to the earth. 

Further mathematical calculations regarding the Velocity of 
projectiles moving in a field of force where inverse square law is true, 
reveal the following important facts which are of primary importance 
for the launchit^ of artificial planets and satellites^. 
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(n) If the velocity, d of the projected body be such that 

/ !?£_ or, v< 4"9 miles per sec., the trajectory will be an ellipse 

• 2 

' passing partly through the earth with one of its foci at the centre 
of the earth. So bodies projected with such velocities will describe 

an elliptical path as shown in 
Fig. H3 (I) and ultimately 
come back to the earth, {b) If 

„*bb^, i.e. if v=4*9 miles per 
2 

sec. = 18000 m.p.h. nearly the 
trajectory will be a circle, with 
its centre at ‘ the earth’s centre 
as shown in Fig. 143 (II). (c) If 

> 2 

but if V li®s 

2 

between 18000 m.p.h. and 25000 
m.p.h , the path will be an ellipse 
with the centre of the earth as 
a focus. The perigeal distance 
F<g 143 (the minimum distance in the 

orbit) of the body moving in this orbit is always greater than 
the radius of the earth. The orbit in this case will be as shown in 
Fig. 143 (f//). The above limits of velocity of projection are always 
adhered to while setting an artificial satellite in its orbit, {d) When 
= 25000 m.p.h., the path of the projectile will be a parabola as 
shown in Fig. 143 (IV] and the projectile will just escape from the 
earth. («) Ifi)>u,.,the 
trajectory will be hyper¬ 
bolic in nature and the in 

boAy will never return 
to the earth. Fig. J43 ’ 

(V) shows such an 

orbit. For placing an - 

artificial planet in its f \f 

orbit, the velocity of 
projection must be al¬ 
ways sufficiently above 
the escape velocity (t.e. 

25000 m.p.h.). 

From the above discussions it is clear that essential condition for 
the launching of an artificial satellite is that it should be impaired a 
speed in between 18000 m.p.h. and 25000 m p.h. and that for an 
artificial planet the speed must fairly exceed the upper limit given 
aboye, f,**. it should be much more than 25000 m.p.h. Thus the main 
probleH^ ;.|pr the space flight is the attainment of these abnormally high 
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speeds, which have been ultimately reached by means of multiple-stago 
rockets. Such rockets have been used for launching the artificial moons 
and planets. 

In the first Bussian satellite (Sputnik I), a three-stage carrier- 
rocket was used. The satellite was placed in the nose of the carrier- 
rocket and sealed behind a protective cone. Becjuisite fuel and control 
instruments were placed in the rocket The lowermost component 
rocket launched the whole missile to a previouslj' calculated height. 
Though the rocket was launched vertically, its axis gradually curved 
away from the vertical course with the help of a special mechanical 
device. The first rocket imparted to the missile about Hh of re¬ 
quisite speed. The component pait of the first rocket fell to the ground 
describing an elliptic path [Fig. 144 (l)] at the end of its upward 
journey. Then the engine of the second rocket began to operate and 
made the satellite reach the next higher stage. This rocket imparted 
about grd of the required speed to the missile. The component paits 
of this rockets also "fell to the ground at the enel of its uinvard journey 
[Fig. 144 (2)]. The engine of the third stage rocket then begun to woik 
and ultimately gave the requisite orbital speed to the satellite. When 
the speed was attained the engine stopped and the protective cone as 
well as the engine itself separated from the satellite. The satellite then 
went on revolving round the earth with a gradually changing orbit. 

In the case of artificial planets, a mnltijde-stage (iarriei'-rocket is 
needed so that the final speed imparted to the jdanet may be sufficient ly 
above 25000 miles per hour. In 1961 Russia was reported to have 
successfully launched an interplanetary missile towards” Venus. Russia 
as well as the United States of America have launched quite a large 
uumber of lunar and interplanetary rockets in order to gather more 
and more precise informations regarding the space flight. In September, 
1968 the Soviet lunar space-craft Zond-5 successfully circled the moon, 
took photographs of the moon’s surface from various positions and 
safely returned to the earth. Since then the American space-ships 
have already carried human explorers to the moon and the Rilssian 
rockets have placed exidoiing machines on the moon’s surface whicli 
have supplied us with varieties of scientific informations legarding the 
moon. Space-ships equipped with scientific laboratories have also been 
successfully launched towards Mars and Venus which have also sent 
a lot of informations about these planets. The success of such attempts 
is bringing the days of interplanetary flights with living passengers 
nearer and nearer. 

Note. —The raritp of hydrogen in the earth's atmosphere may be 
accounted for from th^ standpoint of the escape velocity calculated 
above. This velocity is nearly 7 miles x>er sec. From the Kinetic Theory 
of Gases, it is found that the R.M.S. velocity of hydrogen a N. T. P. 
is about 1 mile per sec. But there was a time in the past when the 
surface temperature of the earth was much higher. At that temj>erature 
the R.M.S. velocity of hydrogen might have reached a value of about 
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2 to 3 miles per second. So it is most likely that quite a good fraction 
of the total number of hydrogen molecules in the atmosphere at that 
time possessed a velocity equal to or greater than the escape velocity 
(cf. Maxwell's law of velocity distribution) and ultimately escaped from 
the earth’s atmosphere. So by a gradual process of slow escape, 
hydrogen and helium became rarer in the atmosphere while the earth 
was still hot. The absence of any gaseous atmosphere about the moon 
or about any of the satellite of the planets belonging to the solar system 
is a fact corroborated by scientific observations. This is due to the small 
values of 'a on those satellites and hence small values of the escape 
velocity. The high speeds of the gas molecules automatically exceeded 
these comparatively small escape velocities and got out of the satellite 


136. (a) Mass of the Earth :—Let M be the mass of the earth 
and its radius be H. By the law of gravitation, the force of attraction 

the earth’s surface ~ ^the weight of the 


on a mass m on 


R* 


'g— ... (l). Taking B = 4000 miles,. 


mass = wg, whence Jlf* 

^ 6*65 X 10“** c.g s. units and f/ = 981 cms./sec.*, M = 6’1X10*''gms. 

approximately. Thus knowing the radius of the earth and the value 
of G, and determining the value of g experimentally, the mass of the 
earth can be obtained. 


(b) Deasity of the Earth. —Let p be the mean density of the 

earth. Then = _^=^- 3?^* = 

volume of earth 4a’JS* G‘x4irB* 3wG,B. 

from equation (l) above. Taking (7 = 981 cms./sec.*, G‘**=6'65 X10"** 
c g.s. unit, and B*4000 miles, P=»5’46 gms./c.c. 

Thus, from the knowledge of g and R, the mean p of the earth 
can be calculated. Henry Cavendish determined it (1797-98) and 
his result for the mean density of the earth, namely 5*5 gms./c.c., has 
been confirmed by later experiments carried out in different ways. Since 
the nftean density of most substances on the surface of the earth is much 
smaller than this, it means that heavy substances, particularly metak 
ores are contained within the earth. 


Examples 

(Ji If the mean value of acceleration due to gravity on earth's surface be 
981 cms {sec**, O-6’6X10c.g.s. units and the radius of the earth be 6x 10^ cms. 
calculate the mass of the earth and its mean density. 

(cf. 0. U. 1941; cf. Pat. U. 1952) 


Ans. : Wa know or, itf— 


Mms of the earth*' 


98lx{6>«ie«)* 98lx36x10** 


6*0X10**^ 


<p«d«nslty) 

jr. • lL' _ 8X6*43X10»» 

, P"■' —■ 

, 


6*5 

5*43 X10*’^ gms. 


.3X5*43X10». 


**’T4*B* 4X»X2l5xlQ’^^ 4xrX4l6 


• 6*0 gm».le.c. 
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(2) A shell is projected horieontally from a rocket when it is at a height of 
€00 kms, above the surface of the earth. Calculate the velocity of projection 
necessary for the shell to circle round the earth as a satellite, (C.U.H. 19G0) 

((?—6’66X10‘®0,G.S., gma. and jB»6400 kma.) 

Ans. : The height of the rocket— i2-fh»(6400 + 600)=>»7000 kms. ■■7x10^ oms. 
As the shell reTOlves In a oircalai orbit, the force on it due to gravity must be 

equal to the centrifugal force i.e. G >—— =—— 

(r+fc)’* R + h - 

.*. V=»^^Af/(U+h)= ^ ^ ^ aaT’gfifi kma./aec. 

(^) Calculate the mass of the sun, given that the distance between the sun and 
the earth %s 149x20^^ ctns., and O = 6‘66xl0~^ cg.s. units. Take the year to 
consist of 365 days. (p, U, 1949) 

Ans. : The force of gravitational attraction between the sun and the earth la 
- yT " (where Afemass of the snn and m^maas of earth and r=lntervening 


distance). 

This must be equal to the centripetal force acting on the earth which is given 
by »nu*r»»i 

Equating the two forces, M=^4r*r^lT*G. 

Here Ts366 X 86400 secs.t G«»6*66xi0"® c.g.a. units and r"»l*49xl0'® cms. 
4v*x(l'49X10'»)» 


Here 2lf= 


(865 X 86400)* x b’bOX lO"** 


* 1*972XlOaa gms. 


137. Kepler's Laws and Newton’s Law of Gravitation i—Kepler 
enunciated his laws of planetary motion during the first two decades of 
the 17th century (1600-1619). The three laws due to Kepler may be 
stated as follows :— 


(1) The path of a planet is an elliptic orbit, the sun being at one 
of the foci of the ellipse. 

(2) The radius vector from the sun to the jdanet describes equal 
areas in equal times or the areal velocity of the planet is constant. 

(3) The square of the time period of revolution of the planet is 

proportional to the cube of the major axis of its orbit. 

• 

Kepler, however, could not account for these laws and it was 
left for Newton to give a mathematical as well as a theoretical inter¬ 
pretation of these laws from the theory of gravitation. 

For simplification if we suppose that a planet is moving in a circular 
orbit of radius with the sun at its centre, the second and third laws 
can be readily deduced. As a circle is merely a degenerate case of an 
ellipse our supposition is not at variance with the first law. 

If ilf and m be the masses of the sun and the p^net, the gravitational 
attraction is <35^, This attractive force supplies '' the centripetal 
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force necessary to maintain the dynamical equilibrium. The centripetal 
force is evidently (where to and T refer to the 

angular velocity and the time period). 


or. 


G 

yJ 


mM 


22*^^ ya 

~CrM ’ 


Thus the third law is deduced. 

Again since T is constant as evident from the above expression, 
(ti is also constant. 

_ 

So, in unit time, angle described •JGM!tt* . -^.s the 

area wB® of a circle corresponds to an angle 2* at the centre, the angle 
u> corresponds to ad area 

— constant. 

2ir 2 

Area swept out in unit time (/.«. the areal velocity) is also 
constant. Thus the second law is also deduced. 

(As the rigorous deductions are beyond the scope of this book, 
they have been intentionally avoided.) 

138 Qualities and Limitations of gravitation —Newton’s law 
of gravitation is commonly regarded as universally true. Kepler s laws 
of planetary motion—deduced empirically from the astronomical 
observations of Tycho Brahe and others are satisfactorily explained 
from Newton’s gravitational law without the help of any subsidiary 
hypotheses. This shows its applicability to interplanetary distances. 
Its applicability to terrestrial distances of the order of inches, 
yards or miles is proved beyond doubt by the general agreement of, 
values of G obtained from various methods of its determination on the 
surface of the earth. * 

In recent years, however, observations on the motion of the 
iwrihelion of Mercury and the bending of rays of light passing close 
to the Sun—facts which Newtonian dynamics failed to explain—led 
Prof. Einstein to point out two inherent diflSculties in Newton's enun¬ 
ciation the law of gravitation First, the mass of a body is not 
ajsQJIjStint but changes with its velocity, ^eondly, the distance between 
. is only apparent and varies according to th« system of 

, co*ozdinates chosen. These new postulates—^s embodied in 
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SSinstein’s theory of Eelativity—cannot be dismissed of, for without 
them one cannot account for the shift in the spectral lines in the solar 
spectrum relative to their positions in the spectrum of a terrestrial 
source—which was successfully demonstrated in 1925 by W. S. Adams 
of Mt. Wilson Observatory. Thus for exactness and philosophical 
satisfaction, Einstein's theory of relativity is perhaps essential, but for all 
except the smallest(inter-atomie or smaller)distancesand the distances of 
interstellar magnitudes as well as a few other outstanding phenomena, 
the applicability of Newton's gravitational law cannot be questioned. 

The physical nature of the intervening medium between two 
bodies jdays an important role in electricity and magnetism. But 
Austin and Thwing found no change in the value of .G by interposition 
slabs of various materials between the attracting masses in a modibed 
Boys’ experiment carried out by them and, moreover, there is a 
general agreement between results of pendulum experiments in which 
different materials, used for the base, were interposed between the bob 
and the earth. These facts go to prove that gravitation is free from 
perno^abihty. 

Again the results of torsion balance experiments i^erformed for 
determining (i withdifferent interacting'materials as also Bessel’s hollow 
bob experiment indicate that gravitation is independent of the nature 
of the attracting material or, in other "words, has no B 0 lective propeity. 
Crystals have, in general, directive properties towards heat, light snd 
electricity. It is. therefore, necessary to know if the gravitational field 
between two bodies depends on the relative orientations of their crys¬ 
tallographic axes. Experiments carried out by Mackenzie, Poynting, 
Gray and others failed to prove any such directivity^ at least for distances 
large compared to molecular dimensions. 

Again for moderate range of temperatures, the gravitational force 
between two interacting masses has been found by Poynting and Philips, 
Landbolt and others to remain unaltered. 

Thus the action in a gravitational field is a function of the magni¬ 
tudes of the interacting masses and their separating distance only—a 
conception masterly represented by Newton’s Law of Gravitation. 


Gravitational Field and Potential 

1S9. Gravitational Field :—The gravitational field is the space 
surrounding a mass or a system of masses over which it can exert its 
attractive force on other bodies. Theoretically the field extends upto 
infinity around the mass but for all practical purposes it is limited upto 
a small distance, beyond which *the force is neither appreciable nor 
measurable.. 
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Field Streogth or Intensity of Field. —The intensity or the 
strength of the gravitational field at a point in. that field is defined as 
the force that would be experienced by a unit mass placed at that point 
in the field. So if the attracting body be of mass Af, and if r be the 
distance of the i)oint from M, then the intensity of the field at the point 
is given by. 


F^Q^. 

r* 


140< Gravitational Potential :—The gravitational potential of 
a point in gravitational field is measured by the amount of work done 
in bringing a unit mass from infinity upto that point. 

In bringing a body from infinity towards another massive body 
no work is required to be done by any external agency. It is the 
gravitational force of attraction that does the work. It is thus a 
negative work. It is analogous to the electric potential at a point due 
to a negative charge or the magnetic potential at a point due to a south 
pole. 

The difference of potential between two points in a gravitational 
field is defined in a like manner as the amount of work done in 
transferring a unit mass from one point to the other. 


If in a gravitational field acting in the direction of the arrow 

mark, two points A and B be 


V 




F— 

-f mean 


considered at an infinitesimally 
small distance dr apart and 
if their respective potentials 
be F and F+dF, then the 
work done in transferring a 
Pig-1^6 unit mass from A to B^F,dr 

where F is the average intensity of the field between B and A, The 
potential difference between A and 5 is Va^ V —dF, which also .is 
the work done on unit mass. 


or, F=^ 


dV 

dr* 


Hence the intensity of the gravitational field at a point is equal to 
the negative potential gradient or the negative space-rate of variation of 
gravitational potential. Here because the force is attractive in nature, 
the gradient of potential, which is essentially negative may be equated 
to the xMi^tive force F and for convenience of calculation may he 




dF 
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141. Gravitational Lines and Tubes of Force :—A line of foreo 
in a gravitational field is a curve, the tangent at any point of which gives 
the direction of the intensity of the field there. Theoretically we can 
imagine an infinite number of lines of force in the space surrounding 
a gravitating body and as such mathematically they cannot be properly 
dealt with. So the idea of tubes of force has been introduced and these 
tubes have been arbitrarily defined in such a manner that they may Vie 
used as a mathematical tool to solve many problems of field of h^rce. 

A tube of force coneiets of a bundle of lines of force packed to such a 
density that the number of such tubes per unit area surrounding a point 
in the field gives the intensity of the field at that point. This packing 
of the lines should be such that the tubes ma^^ touch each other laterally 
and fill the whole space in the field.- The tubes, by their directions, 
indicate the direction of the intensity at different jiositions of the field 
and by the closeness with which they are packed, the strength of the 
field. These tubes tend to shrink in a lengthwise direction and at the- 
same time possess a tendency of lateral expansion. Again no two tubes 
of force can intersect. This is so because the tangent at any point of a 
tube represents the resultant direction of the intensity. Now if two 
tubes intersect at a point, two tangents can be drawn at that point 
touching the two tubes and as such the resultant intensity there will 
have two separate directions at the same position. This is impossible- 
and so two tubes cannot intersect. These tubes are however not the 
same as the Faraday tubes in electrostatics. They may be considered 
almost analogous to Maxwellian tubes excepting for the fact that the 
■ influence of medium is practically nil in the ease of gravitational field 
whereas the medium plays a very important role in the other kinds of 
field (electrostatic or magnetic). 


142. Equipotential surface :—An equipotential surface is such 
a surface at every point of which the potential is the same. Now if 
we choose an equipotential sur¬ 
face CD and if A and B be any 
two points on it, then from the 
property of the surface under 
consideration Va'~Vb^0 [Fig. 

146]. Consider a tube of force 
intersecting CD at an angle $ 
at the point A so that the inten¬ 
sity of the field acts along the 
tangent AF to this tube. So the 
component of intensity along the surface is F cos 6% which is the force* 
per unit mass slong AB. .*« The potential difference between A and 
i.e. the work ^one in transferring unit mass from A to B, is |iven by 
Fa — cos ^ X .4B. 
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But from above Fa'^Fs™0. 

JF’cos 6»XilS«0. 

But and AB^O ; so, cos 6 must reduce to zero, 

6 » = 90 “. 

' ‘''O the tubes must intersect an egtnpotential surface norm%lly. 

Again no two equipotential surfaces can intersect because if that 
were possible, at the i)oint of intersection We could draw two sejjarate 
normals to the two surfaces, giving the two resultant directions of 
intensity at the same point, which is impossible. 

If we consider a body in the form of a uniform sphere, the mass 

of the sphere, may be supposed 
to be concentrated at its centre 
O [Pig. 147]. So if concentric 
spherical surfaces are drawn 
surrounding the original sphere 
the potential at every i)oint of 
such a surface will have the 
same value. The sections of 
these spherical surfaces are 
shown by the dotted circles in 
the figure. These represent 
the equipotential surfaces due 
to the uniform sphere in the 
plane of the figure. Hence the 
lines of force which will be 
Fig 147 normal to these surfaces should 

be represented by the radial 
■straight lines as shown in the figure. Now as the force is attractive 
in nature, the lines of force in the gravitational field will be directed 
liowards the centre of the gravitating sphere. • 

[N.B. For a detailed discussion of tubes of force. Gauss’. theorem 
and other relevant propositions relating to a field of force, the students 
.should'read the corresponding chapter under Electrostatics (vol. II).] 

143. Calculation of gravitational Potential and intensity :— 

(1) Gravitational Potential due to a point mass. - Let a point 
mass M be situated at P P 

'(Pig. 148). Now suppose- %— -y*-—* 

we are to find out the JL ' BA 

potential of the gravitational 

field at *the point P at a Fig. 14S 

distance r from P. 

The intensity F of the gravitational field at B, i.e. the force on 

‘'*‘1 ' M 

t&asB at acting along BP. Now if we consider another 

r** 
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point A at an infinitely small distance dr from the mean intensity 
between B and A may be taken to be identical with that at B. Hence 

Tif 

the work done in moving unit mass from to J5 is G-^.(+dr), because 

r* 

the displacement dr is in the direction of the intensity. This is evidently 
the potential difi’erence {dV) between B and A. + 


Hence from the fundamental definition of potential at a point, 


V~ + Gm\ 


GM 

r 


The negative sign here indicates the intrinsic negative nature of the 
gravitational potential. 


(ii) Potential and attraction (intensity) due to a 
uniform circular disc at a point on its axis.— 


thin 


Let O (Fig. 149) be the centre of the uniform circular disc of 
radius a and m be its mass so that the mass per unit area of the 
disc=W*u*- On the axis of 
the disc, a point P is considered 
at a distance x from O. 

In order to calculate the 
potential and intensity of the 
gravitational field at P, let us 
consider an arbitrary elementary 
ring of radius y and of thickness 
dy in the disc. The mass of this 
"Ving is, 

WO* o 

Hach pohat of this elemen tary 
ring is at a distance, 
from P. So the gravitational 
potential at P due to this 
Mass 



ring is — X 


distance 


-, i.e. equal to- 


—^ydvX—j=% 




So the potential at P due to the whole disc is, 

^ ^ '^a/*+y* ft L j 

G.P. 14~<V0 Ij. I) 
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Since Yp is a function of only one variable! i.e. the space co-ordinate 
0 , the intensity F at P, which is the gradient of Vp, is directed along 

the »xiB of the disc towards PO because of the attracting nature of the 
field. The magnitude of P is given by, 

2m©r, _ g ■ 1 
dx a* L Vo'+a*] 

(l — cos 0) where 6 is the angle subtended 
a 

by a radius of the disc at the point P on the axis. 

If p be the surface density of the disc, f»=3*Pa®. Hence F 
*=27rGp(l —cos $). 

When $"*90^, cos ^ = 0. Hence, F^9xGp. 

Thus the intensity at a point on the axis of a uniform plate of 
infinite extent is 277 Gp. 


Corollary.— 


The Intensity at a point on the axis of a homogeneous solid 
rod of circular cross-section.— 

Let P, a and. I be the density, radius and length of the rod respec- 
- tively and let d be the 

distance of the point P on 
the axis where intensity is 
to be found, from the near 
end AK (Fig. 160). 

At a distance x from P 
consider an elementary 
strip or disc CD of the rod 
of thickness dx. The mass 
of this circular disc = 
3ta^.dx.P. 


I 

Za 

I 

+ 


B 

C 

J 

L 








£ 




-X- 


Fig. 16D 


Hence from the last article the intensity at P due to the elementary 
circular disc is. 


2npGdx 


due to 


The 


intensity 
rf + l 


the whole cylindrical rod 


=2»t>(?[J- ^/(^+d)*+o*+-./a'+d*! 
■2ir(>G[f-PB+P.4]. 
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(Hi) Potential and intensity due to a thin spherical shell 
(i.e. thin hollow sphere). 


Let O (Fig. 16l) be the centre of a thin shell of mass M. of radius 


a and of uniform surface density 
the centre of the shell. Consi¬ 
der a circular ring JJ of width 
ad9, haying its centre at L on 
OP, where B is the semi-angle 
subtended by JJ at O, dB is the 
angle subtended by the width of 
the ring at O. Evidently the 
radius of the nng = JL = a sin B. 


. P is a point at a distance r from 



Hence the surface area of the 
ring=*2n’fi sin B x ndB, 


The mass of the ring"27ra® sin B dB 


P. 


Fig. 151 


So neglecting the influence of other bodies the potential at /'duo 
to the ring JJ— where x = distance JP. 


X 

From Fig. 151, a;® +r*— 2ar cos B. 

Differentiating, 2a; dx~2ar sin B d$ ; 

or, sin B — . 

ar 

Hence the potential at P due to the ring 
< 

- -O- 


.rdr. 


r 


X ar 

This expression on integration over the whole shell will give th& 
potential at P due to the shell. 

(a) When P ia outside the thin shell .— 


m<‘r- 


(0 Potential at P= F,= - J -^-^^^r+a-(r-a) j 

... ( 1 > 


* - r—a 

a. 




-gM. 


Due to a point mass M at 0, the potential at P is also - G 


M 


Hence for an external point, a spherical shell is equivalent to (a 
point mass concentrated at the centre. 

(ii) Intensity at 

dr r* 
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So for an external point the intensity is such that the whole mass 
may be supposed to be concentrated at the centre. 

(b) When P is within th$ shell. 

(s) In this case the distance r of P is less than the radius a of 
ihe shell. ■ Hence the upper and lower limits of integration will be 
<a+r) and (a - r) respectively. 

-(3f^r(o+r)-(a-r) ] 

—r 

... ( 2 ) 

r a a 


TThis expression is independent of r which proves that the potential 
inside a hollow sphere is constant everywhere. 


Again when P is just on the surface of the shell, since r —o, 

rnm^a 


r J r r a 

*-o 



Thus the potential on the surface of the shell, is the same as that 
inside the shell. Again when P is on the surface of the shell, the whole 
mass may still be supposed to be concentrated at the centre of the shell. 


(«) Intensity at P.— 

(a) When P is on the shell — 

Intensity at P is + ^ 

dr dr 




r } 


.2 ■ 


Here also the whole mass may be taken to be concentrated at 0. 


(b) When P is inside the shell — 

Intensity at since G, M and a are con¬ 

stant. So the intensity at any point inside the shell is zero. 

(iy) Gravitatioiial Potential and intensity (or attraction 
peti; unit mass) due to a tliiek-walled hollow spherical shell (also 
•of a solid sphere).— 

(a) At a point outside the sphere.—Let Pig. 152 represent 
a hollow sphere of internal radius, a and of external radius b. 
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Let P be an external point at a distance r from the centre 0 of the 
sphere. 



Fig. 153 


Consider an elementary thin concentric spherical shell with O as 
the centre. Let x and dx he the radius and thickness of this shell 
respectively. The volume of this shell = 47r.r®da;. 

Hence its masss®4/ra;®dajXp, where p^density of the material of the 
shell. 

Potential at P due to this thin elementary shell®* — G. 

distance 

■■ —(since the whole mass is supposed to be 

r 

concentrated at 0) 

_ _ ^nOpx^dr 




Hence due to the thick shell the potential at P is given by. 

43rr/P * 


Intensity 


^ ... ( 1 ) 

J r 3 r 

a 

t 

(where ilf*»mass of the whole shell) 

atP :—Pp^-l =-. 


dT\ 


) 


3r» 


For a Solid Sphere : 

For a homogeneous solid sphere of radius h and of density p. we 
get by the same method, the potential at an external point, Vp^ 
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_ 4ir<?p^ 4.n h^Oo ^_OM 


Here also the sphere behaves as if its whole mass is concentrated 
at the centre. 

The intensity at P is evidently, Fp=^ 

dr r* 3r* 

(b) At a point inside the cavity of the hollow thick 
sphere. —Let Pj be a point at a distance r from the centre O of the 
thick shell of radii a and h. Let P be the density of the material. Since 
the potential inside a thin shell is the same as on its surface the poten¬ 
tial at Pi due to an elementary thin shell of thickness at a distance 

, ^ u u ^^PGr^dx 

X from 0 IS given, as above, by —-, 

X 

h 

Pot. at Pi (inside)= T, = - J ^^PGxdx^ - 2JtpG(b* - a^) 


.Pp - 


h-\-a 


5(6*-o') 


'b‘-a‘ 




( 2 ) 


Intensity at Pi = P<=^^= f [ —2irP(?(6* — a®)]=0, 

dr dr 

since ail the quantities within the bracket are constant. 

(c) When P is within the material of the thick shell.- 



Let P be at a distance r from 
the centre of the spherical shell 
and lie within the material of the 
shell of internal and external radii 
a and b respectively. 

With r as radius and 0 as the 
centre (Fig. 153) a sphere is drawn, 
on the surface of which lies P. 

Now as P is just inside a 
spherical shell of internal and ex¬ 
ternal radii r and bi the potential 
at P due to this shell is from rela¬ 
tion (2), 

F,«-2 irpGf(A*-r*). 

Again since P lies on the surface 
of a spherical shell of radii a and r. 


, at P due to this shell is^ according to relation (!)« 
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„ 4nPG(r^ -n^)_ GMi / , „ 

Ka®* “■- 3 ---- I (where M\ =*mass of the inner shell). 

TO T 

Eemembering that the mass of the shell is — a*)p, we 

can write the total potential at P as, 

r=F,+r2=-2»(> 

= -?|^[3A»r-r’-2t»] 

= — 47r (b^ — a*)p<T r36®r - r* — 2a* "| 

-«“) J 


6r L (fc»-o“) 

Jlfr3?)2r-r*-2an 
rL 2(6*-a«) J 

Intensity at P (attraction per unit mass) 


= _G^ ro._2a*1_GJK(r>-»») 

2(6»-a»)L"‘’^ r*J r* (6*-a»)' 


Sinoa the Intensity due to the ontei shell at Ps=0, {Bof. case (6) above]* 

the intensity at P ie simply P—** = QM. - —( - — 1- m 

■ dr ' drV r i r* r* 

^OM r.. w * /.^i «. 1 


For a Solid Sphere (at an internal point) 

The potential at an internal point of a homogeneous solid sphere 
of radius, 6, can be similarly calculated by dividing the sphere into 
two parts. If r be the distance of the point P, from the centre of the 
sphere, one part will be a shell external to P of inner and outer radii r 
and I and the other part will be a solid sphere of radius r, on the 
surface of which P lies. 

The potential at P is potential due to the outer shells 
potential due to the solid sphere of radius r 

= - [ 2»»>(J(4*-r»)4-^5^{0J. 

•= - 2ik>G[ 6» - r’ + |r* ] = - (35* -r*). 


Intensity at P is Fp 
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^%nb^PQ.rlb^^G^ r. 


Examples 

(i) Show that the acceleration dtte to gravity at the bottom of a mine of 

depth S miles is of ite value at the surface assuming the earth to be of uniform 

800 

density throughout and the radius of the earth 4000 miles. (G. U. 19H) 

Ans,: Aooeleration (g) due to gravity on the sntface is given by 

Aooeleration (g^) at a depth of 6 miles is given by, 




(4000 - 5)**. p_ 


(4000-6)* 


= S. G. *r (4000 - 6) p^*.G.ir. 3995 P. 


. <?,„|G. ir8996p „8995_799 

g G. *■. 4'OOJ p 4000 800* 

is) The potentials of two homogeneous spherical shells of the same surface 
density at their respective centres are in the ratio 3:4. If the two shells coalesce 
into a single one the surface density remaining unchanged, what is the potential 
at an internal point of this shell f tC. 0.1913) 


Ans.: Let the radii of the two shells and the combined shell be respectively 
r,, r« and r. Suppose that the common surface density for all of them be p. Let 
the potentials of the shells at their centres be given by V^, F, and V. 

Then, dvr,*. p-f-4»rj*. p=4ir r* P or, t,*+r,**r*. 

NowFi“-G ^ «-G 4 irrtP 


ri 

and F, » 
, or. 


i!!lal^=-G4vr,p. 

»■« ’'t 

ri» 9 


rj* : rj* : (r,*+r,*)=s9 : 18 : 26 ; 


F, r, 4 r,* 16 

r,* : r,* : r*s»9 : 16 : 25 ; i.c. r, : r, : r»-3 : 4 : B. 

But F, : F, : F—(-G.4wr, p) : (—G.Avr, p) : (-G.4»rr. p)—r, ; r, :rai3 : 4 : 5. 
(Complete evaluation of F is not posstbie from the given data.) 

(d) The potentials of two homogeneous spherical shells at internal points are 
in the ratio of 3 : 4. Find the ratio of their radii. (C.U, 1914) 


Ans. : F,»-G. —rjlP«i-G.4 ir r,. p. 

*•1 

and F, - -G. -G.4jr.r, p. 

F. ; Fa-!:!. Again F, : F.-8.4. r, : ra-8 ; 4. 
ri 

(4) If the earth were a solid sphere of iron of radius 6 37 million 
deA«Mt 7 96 gmsfo c., what would be the value of g at its ***^/‘*^;,*^*^,”. 
e.g.s. unUs 7 
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Ans. : irM.p 




= 6‘668 X 10-« X V 3*14 X (3-37 X lO**) X 7 86 
= 1896 oms./soo. * 

(4) Assuming the earth to be a sphere of uniform density 5'5 gms./c.G. and of 
radius 6‘4 'kIO'^ cms., calculate the value of g onits surface, given G^6?xiO~^ 
c g.s. units. 


An,. : y-G.K =G.|i.»^.(5. iTR.f 

= f6 7xlO'")x *; X3‘ )4 X (6*4 xlO*t X5'5 
=987*7 omfi./Bec.*. 

(fi) If the moon’s distance from the earfh is 240 ooo miles, the earth’s radius 
is 400Q mile?, g at the surface of the earth is 32’2 ftfsec.'^ find the time taken by 
the moon to complete one turn in its orbit round the earth, [log * = 0’4072) 

Ans. i Let ikf = m%BS of the earth, 

IJ =RadlDB of ,, ,, =4000x1760x1 ffc. 

„ of ,, moon’s orbit240,000 X 1760x^3 ft. 
g =»acoeIeration duo to gravity=32*2 ft./soc.* 00 the earth’s antface. 
gri=ao(3eleration at the moon, and 
V = linear velocity of the moon in its orbit. 

M 

Now OL OM*=gTt*. 

JK' 


4 . V* „ M . G.M. „ gll^.R, ^ 

Bat r*.. / . wberd 2^^ti[ao poiiod of toUtton of the m,oa 


_47r«B,» 

_4nMZ,' 

(«.) *-4... 



V 

gHi * 

g ‘ 

\ li ) 

=> 9 > 

’1Z»\* 

sq. 

days —748*9 

eq. 

dayB, 


of V, iZi, iZ and g. 


r«27*36 days. 


(7) The-radius of the moon’s orbit is 2i0,000 miles and the period of revo- 
lution 27 days, the diameter of the earth is, 8,000 miles, and the value of gravity on 
its surface is SSfLlstc.*. Verify the inverse square law from it. 

Ann.; If G=Gravitational Constant and 4f—mass of the earth. iZ ^radios of 
the earth, iZ^^radinsof the moon's orbit round the earth, v*velocity of the 
moon in ft./sea., and T, its time period, 

V® GM 

normal aeoeleration of the moon « 

Aooeleratlon, dne to gravity* on the surface of the eerth* g, is given by 

/2*’IZ,Vn 

Gaf_ t>«ii. _ V~!r">l * _ 4ir»jz^ ^ /^y 

^ B* B* ^ Pif 

Pat iB<<-4000x 1760x3 ft, iZ|«240,00Ox 1760-3it.. T=37x8tx60x60 bcob. 
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On, oalonlation, g is found to be 32 ft /seo.* approx,; this proves the inverse 
eq. law, as the oaloalation is done on the assumption of the same. 

(8) How many times faster than the present speed would the earth have to rotcde 
■on its aasis in order that the apparent weight of bodies at the equator should be eero ? 
iHadius of the earth’^4000 miles.) 

Ans. : If m, a, v, B are rospeotivaly the mass, the angular velocity of rotation, 
linear velocity and radius of the earth and if the earth has to move n times faster 
than as at present such that the apparent wt. mg of a body of mass m at the 
■equator should be zero. 

minv)* wilnwK)® „ .j a » 
wig=s- —- L =---smn-* B. 


or, 


y u'*B VB « V'400jxm0x3^ awia^XhOXBO) 
s=sl7 approximately. 


(9) A straight tunnel is bored from the surface to the centre of a solid sphere 
of radius r and density p. Bind the amount of works done in carrying a small 
mass mfrom the centre to the surface. 


Ans, : If the mass m Is situated at a distance x frpm the centre at an instant 
of time, the foroe on it, is given by, G ^ The work done (dIT) In carry- 


*• 


ing it through an Infinitesimal distance dx is given by, dW—0, ^ ■ - *— ^^HUldx. 

3 a* 

.*. The total work done in carrying it from the centre to the surface. W, 

r r 

is given by, TT® 

■■g.G.w.TO p.r*. 


(Id) A straight frictionless tunnel is bored through the earth from one point 
of ifs surface to another. Show that an object will travel along the tunnel with 
simple harmonic motion. Hence Und the pertod of the motion if the value of g at 
the surface is 98l cfn./sec.* and r-=6'38xj0^ metres. {of. B.H.U. 1939 ; cf. PatU., 


1955 \ O U. 1946) 



Ans.; Let the earth be a sphere 
of radius B and let O be its centre 
(Fig. 154). Suppose AB represents a 
straight friotionless tunnel connecting 
two points, A and B, on the surface of 
the earth. 00 ^ is the perp. drawn from 
O on to the tunnel. Supposing a body 
of mass fU to be moving in the direction 
AB along the tunnel, let us consider 
the state of motion of tn at a point P 
at a distance a (b-O^P) from the 
centre of the tunnel. Let OP be equal 
to r. 

The foroe acting on t» due to its 

inertia of motlonam^^ (along OiB) 

at* 

(oonsiderlng Oj as the mean position 
of rest). Again due to gravitational 
attraction, the fmoe on mwlU 
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be solely due to the inner sphere of radius, r, the shell exterior to It having no 
attractive influence at P. 

This force is equal to g ■ ^ ^ ^Pnir 

-ni'*’ pmr_O.Mfn 


r acting along PO, ^slnce g^Cf —). 


The component of this force acting along the tunnel is r cos OPO, 

B 

mm r. ® af (acting along PPi). 

Jti T H 

This component is evidently proportional to the displacement x and acts as 
the restoring force. 

Hence the equation of motion of the body is 

d*x mg d*x n , 

dF- p*- 

This is an equation of S.H.M. Bo the motion of the body in the tunnel is 
simple harmonic. 

Here w“=^; or, &i = f ; or, T-^ln f 

B \ B T \ g 

Hence period of motion, ^ as84'4 min. (approx.) 

Note :-If the tunnel be bored through the centre of the earth, the problem 
is still simpler. Here at a distance r from the centre, the equation of motion of 
the body will be 

(i*r ma 

’"rc'-i’’’ 

Q 

y R 
9 

fll) Oalculait the period of revolution of a email satellite close to the surface 
of the earth. 

Ans.: Supposing the orbit of the latellite to be circular and almost of the 
radios equal to the radius of the earth P, the centrifugal force necessary for Its 

JlfvtA 

oiroular motion in mu’B. This is supplied by the gravitational force G where 

xS* 

IfaBmass of the earth and m amass of the sateiyite, 

or. 

3qI q M. the acoeleration due to gravity. 


or, T-3r 

Vr/ H (7 
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WitH the standard values of H and {7 M given in example (10), 2*^84*4 min. 
(approx.). 


(12) The radius of the earth is 6’S7XI0^ ems., its mean density S'5 gtns,/e.e. 
and the gravitational constant 6*66X10"* 0.0.S. units. Calculate the earth’s 
surface fotential, [Agra U. 19M) 


Ans. : We know, G~r 

r 3 r 

— ft X 6’6 X 10“* X 3'14 X (6 8 7) 
“62*37x10*® ergs per gm. 



I- Grr* 

8 

Xl0*«x6*6 


(13) A uniform solid sphere of 
mass M and radius R m cut in two 
by a diametrical plane. Show that 
the resultant attraction between the 
two havles is 3GM^lJ6R*. 

Ans. : Let us oonsider a strip 
of thickness dx at a distance x from 
the centre O of the sphere. The 
area of the strip™** (J?*—»*). If 
p be the density, the mass of the 
strip is If [R* — *®) dx.p. 

At a point P, r oms. from O, the 

force per unit mass Is G ^ 

“G. %irr^ P/r*™ft G«* rp=sP (say). 


Its component along OX is 


F cos 0*=^ Orpr.~ 

3 r 3 


Q pvx. 


The sine components will cancel out by taking corresponding elements above 
and below OX. Similar la the case with all point masses on the strip.^ 


.*. The attraotioQ on the strip along OX™%Qrpx x v[R^ -x^)dxp. 

R 

Total attraction between the hemispheres—ftGw’p* [B®a!“a!*]<ia5 

o 


-ftG . V* 




M* 
JB» * 


Qaestions ( Chapter VII ) 

1. Describe the principle of a compound pendulum and explain how the value 
of <7 can be found out with its help. [Utk.CT. 1970 8 ; Luck. U. 1961} 

3. Distinguish between a simple and a compound pendulum. Fora given 
pendulum, show that the centres of oscillation and suspension are Interchangeable. 

flow is the value of determined with the help of a compound pendulum ? 

lAg. U. 1948 ; cf. Mad. U. 1951} 

3. Enunciate an4 verify the laws of a simple pendulum. Find out an 
expression for Its time period. 

Wh»fi do you mean by a seconds pendulum r Oaloulate Its lengtih In ome. 
at a;|dWM whi^ p—981 ems./sec.^.-ring w—0*4973) ' [Ane. 99*88 oms.} 
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4. Folly disooBs and explain the oaoses of variation of *g' (or the weight of 
a body) on the sorlaoe of the earth. 

Does g vary with the altitode of a place 7 If so, explain how. 

5. How can yon relate the value of ^ at a place with the distance of that 
place from the centre of the earth f Graphically represent this relation and explain 
the graph. 

6 . Describe various methods of determining *< 7 ' In short. 

7. A clock pendulum swings with a period of 1 sec. where p^38‘96 ft./seo.'* 
How many seconds will it lose in 94 hrs., if it Is taken to a high mountain where 
fif-.32*10 ft./seo.* T 

[ Arts. : 214 secs.] (Gau. U. 1958) 

8 . (a) Show that in a compound pendulum there are four points collinear with 
the centre of gravity having the periodic time about them equal. 

[B.H.U. 1948; Mad. U. 1948) 

(b) Give the general theory of compound pendulum and apply it to the 
determination of the value of ‘g' by Kater’s peudalum. 

Discuss its merits and demerits. (C. U. 1968) 

9. How by means of a bar pendulum you would determine the intensity of 
gravity 7 Give oetails of your determination. 

10. Give the theory of Kater's pendulum and find an expression for the 

acceleration due to gravity in terms of two nearly equal poiiods of oscillation 
about, the two parallel knife-edges. Indicate the sources of error In an experi¬ 
mental determination of g. (Bom. U. 1940, *41: Pun. U. 1948) 

11. A compound pendulum Is formed by suspending a heavy ring of radius 

490*5 oms. from of a string. Find its period. (Bej. U. 1950) 

[Ans. : 6*283 secs.} 

12 . IA heavy spherical bob of diameter 10 oma. is suspended by a very fine wire. 

If the distance from the point of suspension to the centre of the bob be 1 metre, 
calculate the length of the equivalent simple pendulum. (Mad. XJ* 1947) 

[Ana. : 100*1 oms,] 

13. A uniform rod of length 100 ems, can rotate about a horizontal axis 

thiongh one end. Find the angular velocity which will enable the rod just to 
make complete revolutions. (Mad. D. 1947) 

lAna. : 3*53 radians per see.] 

14. Define centre of suspension and centre of oscillation. Show that in a 
compound pendulum they are interohangeable. 

What is the distance between the centre of suspension and the centre of 
oBOiliation of a uniform cylindrical metal bar used as a seconds pendulum 7 
(Diameter of the bar»l om,. its density =»8 gms./c.o. and p»97B cm 8 ./Beo.*) 

CAns. : 99*19 oms.] (All. D. 1949) 

16. Show that if the earth were not rotating about its own axis, the value of 
g at the equator would exceed its present value by 3'86 oms./seo.* [Radius of the 
earth =;6*87 x 10^ erne, and angular velocity of earth •■■7*27 x 10 *** tads /see.] 

[Hsnfs : See Art. lI7(o) «».] (Agra U. 1959) 

16 . Show that when a rigid body la allowed to swing about a fixed horizontal 
axis, the motion Is the same as that of a simple pendulum of a suitable length. 

A uniform square lamina of side 2a is hung up by one corner and swings 
in Its plana, whioh is vertical. Find the length of the equivalent simple 
pendulum. 

Uns. t 4is/2a/3] 
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17.'A thin uniform bar of length 120 oms. la made to oscillate about an axis 
through Its end. Find the period of oscillation and other points about which It 
can oscillate with same period. (Punj. U. 1953) 

lAns .: 1*8 secs. ; other end and 80 cm. from each end] 

16. Describe one of the moat accurate experiments for determining the mean 
density of the £atth. 

19. Outline a method for determining the mass of the earth. 

Assuming that a sphere of mass 40 kilos is attracted to a second sphere of ma ss 
80 kilos when their centres are 30 cms. apart, with a force equal to the weig ht 
of i mgm., calculate the constant of gravitation, {g >:98I oms./seo.*) 

[Ana. : 6*898x 10-» C.G.8. units] 

so. Find an expression for the gravitational potential at a point on the axis 
of a uniform disc of radius a cm. and of surface density p gms./om.* and hence find 
the gravitational field along the axis. 

21. State Kepler’s laws of planetary motion and deduce the third law from the 
law of gravitation assuming the planetary orbits to be nearly circular. 

32. Define the Newtonian constant of gravitation. Assuming the earth to 
be a sphere of uniform density, explain how the intensity of gravity varies in 
passing from the snrfaoe of the earth to the centre. 

Describe one laboratory method by which the constant of gravitetion has been 
accurately measured. [Lend. B, So.] 

28. Give an account of any experiment for finding the value of gravitational 
constant O and show bow from this and other known quantities, the mean density 
of the earth can bo found out. (c/. Utk. XJ. 1970. S ; C.D. 1948) 

24. Give statement of Newton’s law of gravitation and define Newtonian 

gravitational constant. Show that the gravitational intensity dae to a uniform 
spherical shell of matter at a point inside is zero and write down a simple 
expression for the intensity at a point outside. [Lond. B. So.] 

25. (a) What Is gravitational constant 7 Describe an experiment to find the 

mass of the earth. [Utk. U. 1951; Pat. U. 1949] 

Describe an accurate experiment for determining the Newtonian constant 
of gravitation. (O.U.H. 1968) 

26. What are meant by the intensity of gravity and gravitational potential ? 

Deduce an expression for the gravitational potential at a point (i Inside a homo* 
geneouB solid sphere [Pat. U. 1948]. (ti) outside the sphere. [C.U. 1942] 

27. Assuming the earth to be a homogeneous sphere of radius 6*87X10” metres 

and the acceleration due to gravity at Its surface 981 cms./Beo.*, calculate the mass 
of the earth. Ourd. U. 1963) 

[AfW.: 59*67 x 10“ • gma.] 

28. Given GsbC'TX 10*^, the radius of the earth»6*4 X10^ cms. and its mean 
density is 5 5 gms.yo.o., calculate the acceleration of gravity at the earth's sdxlaoe. 

[Atm. : 988*8 omB./8eo*”] (Pat.U. 1947} 

29. Define gravitational potential. Oalonlate the value of potential due to a 
closed spherical shell at a point, («) outside, (•«) inside the shell. 

[Luok. n. 1951: c/. C.U. 1947] 

80. Mention different methods for determining the oonstant universal 
gravitaatioBu and describe one which yon oemsider to be the most accurate. 

[Punj. U. 1940, *44] 

81. Explain how Cavendish determined idie value of the gravitational oonstant, 

Indtoate how from the knosl'ledge of the gravitational oonstant it is possible to 
0||}m>la4a 4he mass of the earth. (Bang U. 1948} 

. Give Ihe theory of Oave^dish's experiment explaining how ihe density of 
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the eaith ia determined. Explain ^hy and how Boya modified the Cavendiah’s 
method. [Madtaa U. 19&0] 

33. What ia meant by the grsvitatioual conetant ? What are ita dimenatona ? 
Give an acoount of the experiments of Cavendi<^h and Boys to determine this 
constant. | B.H.U. 1945] 


34. A small eatellite revolves round a planet of mean density 10 gmB./o.c., iho^ 
radius^ot its orbit being slighiily greater than that of the planet. C alculate the timC' 
of levdlntion of the satellite. (G—G'CBXlO'^^C G.S. units) (Bombay U. 1940) 

[Ans. : S76l seca.] 


Hints : 


Hero Q 


Mm 

r» 


mu^r ; 


, OM 4 
or, c.;" s= O'. ^ 


wr*p 

Ir* 


36 Find the gravitational force of attraction exerted between two spheres 
of mass 1 kg. placed with their centres 20 cms. apart. (^=980 oma./feo,*, maaa ot* 
earth=4x 10*'^ gms., radius of earthsfi x lO’^oras.) (C.U.H. 1955) 

[Ans.: 1*47 x 10"* dynes] 

36. Assuming the gravitational constant to be 6'6x )n"‘*e.g.B,, the radins 

of the earth to be 6*37 x 10** oms. and g to be 981 cms,/sec.’*, calculate (a) tbe mean, 
density of the earth, (b) the time of revolution of a satellite describing a circular 
orbit, close to the earth's surface. [Hurd. U. (modified) 1963] 

[Ans.: (a) 5‘57 gms./o.o.; (6) 6064/soos.] {cf. O.T^. 1963] 

37 . A sputnik revolves round the earth in a circular orbit of radius 4900 miles 
under the attraction of the earth alone. Find its speed in miles per hour. 

(Radius of earth=4000 miles, 32 ft /sec.".) (Pat. 17.1969) 

[Ans. ; 1*602x10* m.p.h.] 

38. Calculate the gravitational potential due to a solid sphere of uniform 
density both at an Internal and at an external point, (cf. Ctk. U. '62 ; O.U.H. 1^67^ 

39. What should be the velocity in Kms, per hour of an earth satellite 
revolving round the earth at an altitude of 1600 Kms. above the earth along a 
circular trajectory with the centre of the circle coinciding with the centre ot the 
earth, which may bo assumed spherical ? 

(Given radins of earth—6403 kms.; mass of earth^Gx 10*’gms. and 
G=6’7 X10"* c.g.B. units) 

[Ann. : 2*6 x 10* kms./hr,] 



CHAPTER VIII 


ELASTICITY 

144. Introduction :—The bodies we see around us may be 
divided into two broad categories namely solids and fluids. All solid 
bodies are not similar in their external physical behaviours. Some of 
them are called rigid only within a limited sense of the term, because 
the physical definition of a rigid body is never satisfied by any substance 
in existence. “A rigid body is an extended piece of matter which can 
move as a whole with reference to the surrounding objects but whose 
•component particles are incapable of any displacement relative to one 
another.” As a matter of fact, nobody is rigid according to the above 
definition, but substances such as steel, glass etc. are nearly so as long 
as small forces act on them. 

Liquids and gases are included under the general classification of 
fluids. A perfect fluid is defined as a deformable body which possesses 
no definite shape, so that alterations in form unaccompanied by any 
changes in volume require no work. Thus such a body can stand no 
tangential stress and, for it, the pressure is also independent of direction. 

A perfectly rigid body and a perfect fluid have only theoretical 
existence and can never be realised in practice. According to definition 
the former should not yield to any deforming force and the latter should 
be deformed by the slightest tangential force. 

As perfectly rigid bodies are never realised in practice, the various 
material bodies we see around us are always deformed under the action 
of external forces. This is because the constituent particles undergo a 
kind of relative displacement with respect to one another and as a result 
of this relative displacement a kind of deformation sets in, altering the 
very shape or the size or sometimes the both of the body subjected to 
this deforming force. According to their behaviour both when this 
deforming force acts as well as when it is removed, the various bodies 
may be divided into two groups : (i) A body is said to be perfectly 
elastic if it completely recovers its original shape and size when the 
forces causing the alterations are withdrawn. Botiies perfectly elastic 
within a certain limiting value of the deforming force, are not so when 
subjected to larger deformations and as such the meaning of the term 
‘perfectly elastic' is not absolute. Thus every material body is elastic 
but never perfectly so. When bo^es are described as perfectly elastic, 
they are meant to be so within a particular limit only, called the elastic 
limit of tlie material for the particular nature of the deforming force 
used, (ii) A perfectly plastic body is one which can wholly retain 
its altered.shape and size even when the forces producing the alterations 

removed. No material body is found to be perfectly plastic. 
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145. Strain and Stress 

Strain. —When a force or a system of forces acting upon a body 
produces a relative displacement between its parts, a change in size 
or shape or in both may take place. The body is then said to be under 
strain. The strain produced in a body is measured in terms of the 
change in some measure of the body, such as its length, or volume and 
so on, divided by the total measure. Strain is thus the ratio of two like 
quantities, and is a pure number without dimensions and has no unit 
for it. 

Stress. —When a body is strained, internal forces of reaction are 
automatically set up within the body, which act in the opposite direc¬ 
tion, due to which the body tends to return to its original size and 
shape on withdrawal of the deforming forces. This restoring force is 
called the stress. It is numerically equal to the deforming force, accor¬ 
ding to Newton’s law of reaction, so long as the strain produced is within 
the elastic limit. 

The stress or a component of it, which acts normally to any 
section of a body, is called normal stress to that section and that stress 
or a component which acts parallel to any section of the body, is called 
a tangential stress on that section. 

The stress intensity or simply the stress ts measufed by the 
force per unit area of a section and, when uniform, is obtained by 
dividing the total force by the total area over which it acts. 

p 

Hence stress - where P is the total force acting on a surface of 

total area <. The stress is expressed in dynes per cm.* in c.g.s. units. 
Its dimensional'formula is 

146. Different Kinds of Strain :— 

(i) Longitudinal (or Tensile) Strain. —When a body is acted 
on by a stretching (or compressive) force, the fractional increase (or 
decrease) in the length in the direction of the force is called longitudinal 
or tensile strain. The corresponding stress is called longitudinal or 
tensile stress. Thus, if due to stretching or compression, Z^sthe change 
in length of a body of length L, 

the longitudinal (or tensile) strain 

L 

It being a ratio of two lengths is a pure number having no unit for 
its measurement. Only solids can have such strains. 

Pfdsson's Ratio.—When a body is acted on by' a stretching force, 
the extension in the direction of the applied force is always accompanied 
by a lateral&contraction in all directions at right angles to the direction 

Q.V. 16—(vOL. l) 
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of applied force. It is found that this lateral strain is proportional 
to the direct strain, 

i,e. , —aa cr, a constant, called the Poisson’s Katio, 

longitudinal strain 

whose value depends only on the nature of the material in question and 
not at all on the stress applied jirovided it is within the elastic limit. 
Poisson’s Batio for a stretching force is the same as that* for a com¬ 
pressive force in which case there is lateral expantion. 

(ii) Volame (or Bulk) Strain .—In such strains there is a 
change in volume only without any change in shape. This takes, 
place when a body is subject to a uniform jnessure acting normally at 
every point on its ■ surface. The corresponding fractional change 
in volume is called the volume strain. If V be the original volume 
of a body and v, the change produced in the volume, then, 

volume strain = ~. 

It is a pure number and has no unit for its measurement. Volume 
strain, even for very large deforming forces, is small for solids and 
liquids, while in the case of gases even a very small force produces a 
very large volume strain. 

(iii) Shearing Strain (or Shear) .—When the strain produced 
in a body is such that there is only change in shape or form of it but no 
change in volume, it is said to be a shearing strain or simply a shear. 
It is a spicial property of solids only because they only have a definite 
shape of their own. 



A a' B B' ^ 

-7-1-—r 


0 / 


•/ 

rr 




F ig. 155 


Suppose of rectangular block ABCDEFOH [Fig. 155 left], of a solid 
has its bottom face ODEH fixed to a horizontal platform. If a force 
P be now applied' so as to act uniformly and tangentially over the face 
tarea<**t)in the direction shown, this face (section AB) will be displaced, 
to the position represented by the section A'B' in Fig. 155. 
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right, relative to the face CDEH represented by the section CD, the 
block assuming a rhombic form. The material of the block suffers a 
change in shape only without any change in volume. The strain produ¬ 
ced in this case is a case of shear and is measured by the angle ADA* 
(^tf = the angle BCB*), which is called the angle of shear. Let AA* b© 
* and AD^b% then (’,* B is small,i. 


shearing strain 


9 — tan 

b 


^ relative d isplacemen t of tw o planes of the body 
distance of separation of the two planes 

“relative displacement for planes at unit distance apart 
=displacement gradient. 

The corresponding stress, which is tangential to the surface is 
called the shearing stress and is given by P/<. 

In addition to the above three general types of strain, a body may 
Buffer changes of shape due to 

(a) Flexure —(or bending) as is found in a rod clamped 
horizontally at one end and loaded at the other ; 

(b) Torsion or twist —as is found in a rod or wire rigidly fixed at 
one end and twisted at the other. 


Note: As a variation of temperature causes a change in dimen¬ 
sion of a body, the body may very well be supposed to be under a 
temperature strain and a temperature stress is also developed. So 
for a true knowledge of the elasticity the temperature effect is to be 
taken into account. 


147. Hooke's Law :—This is the basic law of elasticity. It 
was established in 1678 by Bobert Hooke of England. 

In the original language the law was stated as tensw ato vts\ 
which means that the stretching is proportional to the force producing 
it. The law is true for all cases of elastic deformations, provided the 
deformations are small. Some elastic deformations of different kinds 
in the case of solids, such as stretching, compressing, bending, twisting, 
etc. are illustrated below. 

In stretching, two cases of extension, (i) of a straight wire 
(Fig. 166, left), and (*») of a spring (Fig. 166, right) have been 
depicted under a load m. where for the stretching force, a length 
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L has been shown to be extended through I, According to Hooke’s law, 

i^F. 




Stretching 


Fig. 156 

In bending, a straight bar (Fig. 167, left) fixed at an end has been 
shown to be deflected downwards at the other end through a vertical 
distance o. from its original horizontal position due to vertical load 
exerting a force, F. The fibres of the bar along the top surface are 
extended while those at the bottom surface are compressed. Some¬ 
where in the bar there is a layer along which there is neither any 
extension nor compression of the fibres. This layer is usually called 
the neutral layer ; in the unstrained position, the neutral layer * is 
horizontal. According to Hookers law cL** F. 

In twisting or torsion, a horizontal rod (Fig. 157, right), clamped 
at one end and a force applied tangentially at the other producing an 
angular displacement (».«. twist), $, has been depicted. According to 
Hooke’s law, the twist &, is proportional to the torque, 



Bending 



Fig.lB7 

;. . or, (FXr), where F(^mg) is a vertical downward force acting 
^itji^entially at a distance r from the axis of the rod. Since r is a 
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Thomas Young modified the statement of the Hooke's law and it 
is his definition which is accepted at present as Hooke's law, the 
meaning of the law remaining the same. 

Young’s Definition of Hooke’s Law. —Within tJie elastic limiU 
stress is proportional to strain. 

That is, within the elastic limit, constant =^3 (say). 

strain 

This elastic constant, E, is called the Modulus (or coefficient) of 
elasticity of the material of a body. As strain is a ]Hire number, the 
coefficient of elasticity is measured in the same unit as tliat of stress and 
is expressed in dynes/cm‘^. or lbs. or tons per sq. inch. The dimensional 
formula for the modulus of elasticity is given bv . 

The law, as was pointed out before, holds good for all cases of 
strain, such as tensile, volume, twisting, bending, etc. But for different 
cases of strain the modulus has a ditferent value and is differently 
named. Thus, 

(,) Young's = = 

tensile strain l/L <l 

(..) Bulk modulus = 

volume strain v/V v 

(Hi) Bigidifcy modulus = = = 

shearing strain w <9 

(iv) Axial modulus or the modulus of simple longitudinal 
extension is defined exactly in the same way as Young's modulus with 
the proviso that no lateral change can occur to the sides of the 
specimen. 

Here P, <, I, L, p, v, F, and 0 indicate the quantities explained in 
Arts. 145 and 146. The first three elastic constants are generally 
designated by the letters Y, K and *I respectively and the axial 
modulus by x> 

148. Elastic limit: —A body behaves as a perfectly elastic one 
only as long as the deforming force acting on it does not exceed a certain 
maximum value depending on the nature of the substance and the 
nature of the stress. This limiting value of the stress is called the elastic 
limit of the material of the body for that type of stress.* A high elastic 
limit is possessed by steel and a low one by lead. 

149. ^ General Elastic Behaviour of a solid : Load-Exten¬ 
sion grai^h :—^The elastic behaviour of a solid, particularly that of 
a metal, such as mild steel, when subjected to deforming forces ranging 
from low values to high values exceeding the elastic limit is well 

* Vatioas theories have been enggested as to whm the elastio limit Is ceaohel 
by a body. li it when the stteis developed attains a Umitfng value or the strain 
a definite valM for the snbitanoe, etc. T 
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illustrated by what is known as a load-extension graph as shown in 
Fig. 158. In obtaining the experimental values for such a graph, a 
wire of the material may be taken and elongated by hanging weights 
(called the lo id) from it. 



Fig 158 

On commencing to load the specimen and noting for each 
increment of load the extension (change in length from the original) 
produced, it is found that a straight line is obtained when the loads 
and extensions are plotted. This straight line continues up to a point 
« [Fig. 158 left], but beyond a the graph becomes slightly curved. Up 
to the point n, the load is proportional to the extension. The next point 
6 marks the elastic limit* for the material, and is so called because if 
we do not exceed f>, the material shrinks back to its original length if the 
load is taken off and the material has not lost its elastic properties even 
in the least. The points a and h may, for all practical purposes, be 
regarde 1 as one and the same point, as indeed they sometimes are, unless 
very accurate tests are intended. Very soon after the point h, the elastic 
limit is exceeded and a considerable amount of extension of the material 
takes place even though the increase of the load on the specimen 
is quite small. This extension is of a permanent nature and the body 
at this state is said to acquire a permanent set because even after the 
removal of the deforming stress the body does not regain its original 
condition. This point e which marks the limit of this stage of the 
specimen is termed the yield point. It is often named the rommercial 
elastio limit in commercial testing of materials. After passing the point 
o, the material seems to regain its strength somewhat, as it is found that 
further additions of load are required for further extensions to be 
inroduced. The maximum or ultimate load, from which the uUimaie 

* N.B. When a bo^y is strained by an external fo«M ecm/«nuo»sI|^/or a 
4fUervai of time It Is found that - on removal of the external foxoe, the body doee 
no/S readily regain its original condition even though the applied etrese may be 
! Within the daetlo limit. Bafflolent time is reqnlred by the body to return to Its 
originallitteita. This .lagging ptopeiHiy In etaatla bodies is known as the elosftc 
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stress is * calculated, is reached at the point d, and beyond this the 
specimen relieves itself of load by rapid stretching, whereby a *waist' 
(right diagram. Fig. 153) or local contraction develops at some part of 
the material where finally the fracture occurs. The position of the 
material where it will occur, is however, unpredictable. The waist is 
Quite pronounced in ductile materials, and small for brittle ones. 

The part of the extension up to the elastic limit b is termed elastic 
deformation, and the remaining part from b to c is termed non-elastic 
or plastic deformation. 

150. Factor of Safety :—Materials with which machines and 
structures are made are often subjected to stresses, otlior than normal 
stresses, which cannot be always predetermined. To avoid failure of 
Structure, designers therefore choose, as a measure of safety, a working 
strass for the material, which is much below the ultimate stress for the 

material, for design purposes. The ratio stress 

worktng stress 

the factor of safety. The working stress so taken must also be less 
than the elastic limit stress so that no permanent deformation may take 
place in any part of the material. 

15t. Relations between Elastic constants :—The various elastic 
constants namely Young s modulus (F), bulk modulus (ff), the 
modulus of rigidity (*?) and the Poisson’s ratio (<r) are actually inter¬ 
related with one another. Hence it is possible to find out expressions 
connecting these different constants of elasticity. But before proceed¬ 
ing on to deduce those relations, we should first prove an important 
theorem on shear which will be helpful in subsequent deductions. 

fa^ A shear is equivalent to a compression and an extension 
at right angles to each other.— 

Consider a cube A BCD (Pig. 159) whose face VG is fixed to 
a plane. Let a force / be 
applied along the face AB. 

ABCD is then distorted into 
the form A'B'GD. The angle 
through which the face AD 
or BG has been displaced is 
evidently the shearing strain. 

In this displaced position the 
diagonals AG and BD take their 
new .positions A*0 and b‘D. 

BM \9 drawn perpendicular to 
B‘D. 

The fractional exten¬ 
sion along DB is given by 



Fig. 15^ 
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(approximately) because DB^DM. 

. MB ' cos 

• ‘ DM BC/cos DBG -s/2 

(• .• L DBG 45 '«« / BB'M) 

“Ml “2 » = |C.'<’issmaU). 

Similarly, the fractional contraction of the other diagonal if C? is 


AN 

NC 


“B/2. Both these extension and contraction are at 45 to A B or CD 
and hence they are mutually at right angles. 

So the shear $ may be considered to be a combination of an 
extension 612 and a contraction 6/2 perpendicular to the extension. 

The converse statement is also equally true. 

(b) Relation between K, AT, *7 and <r.— 


Let a force P, acting normally outwards, l>e applied to each face 
of a unit cube (Fig. 160). If the force P acting along the JC-axis be con¬ 
sidered and if e be the extension produced along that direction, then as 
a unit cube is taken, P and e respectively indicate the stress and the 
strain-along that axis. Hence if Y be the Young’s modulus 



; or. 0 


P 

r 


Again if or be the Poisson's ratio, then contractions 


in the other two directions along y and a*axes are which 

trP 

can be taken to be equivalent to an extension - —. 


P 



to 

P 

r 


Thus the force P acting parallel 
rr-axis produces extensions 


Y 


(contraction) 


and 


-gp 

Y 


(also contraction) 


along or. 


y and «-axes respectively. Simi¬ 
larly, the force P acting parallel 
to Oy produces along the 
above respective axes extensions 


— aP p — <yjp 

■■ ■ — , ~ and - and the force 

.X <x 


parallel to Os, extensions, 


-aP 
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Thus the total extension along each 


of the axes**; 


Y~ 


^ w 

~ (l — 20 -) when the unit cube is simultaneously acted on by tensile 


force on all its faces. All these forces acting together produce a volume 

P 

stress of magnitude P which produces a volume strain “ — , where 

Ji 

K is the bulk modulus. Now this volume strain is evidently equal 
three times the longitudinal strain along each direction. 


j 

■^=’3Xlongitudinal strain**3Xextension along each of the 

zL 


axes ** ^ (1 - 2o'), 

r=-3fi:(l-2o) 


( 1 > 


Now if it is supposed that a tensile stress P acts along the ^-axis 
i.«. on faces ethy and orgz, and that a compressing stress I* (along 
aj-axis) acts on faces fgxh and ezoy, the net extension along x-, p~ 
and 2 -axes will be resi>ectively, 


( 


- «rP 

r y‘ 




The net result of applying such tensile and compressional forces 
together is a contraction j | along x-axis and an elonga¬ 
tion j/-axis. 


This elongation and contraction together may be looked upon as 
equivalent to a shear $ in the a;y-planq. The magnitude of this shear 
is equal to. 



Hence 


or, 


^^P_ P Y^ 

e 2 P(H-<rVF 2(1+ ff) 


Now combining (1) & (3), 


9 ^3 , J 
Y nK 


or,r- 


9'?Z 




• and 


ZK - 2*J 


6A"+2*? 


f2> 

( 3 > 


V 
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Note : 

Since 2»? (l 4 cr) = 35” (l - 2 <t) 
1+a _2iK 


1 - 2a 2»? 
i + o 
1- 2a 


= is a+ve quantity since both K and ti are positive, 
is always positive. 


1 •f‘0' » 

Butwhena<—1,-becomes — ve and also when a> 2 , 

1 - 2a 

■ is negative. But these negative values are not acceptable as 
shown above. Hence a must lie between4-* and —1. 


152. Work done in Strain :—When a body is under a strain, 
the stress developed in the body produces a kind of displacement. So 
work is done in the process of straining. It is fully recoverable in the 
ease of a perfectly elastic body when the corresponding stress is 
removed. But if strained beyond the elastic limit, the energy cannot 
be fully recovered—a part of it being lost in the form of thermal 
energy. 

The work done in different types of strains are calculated as 
follows :— 


(a) Tensile Strain {i.e. stretching).— 

Since in a wire undergoing a tensile strain Z/Zc, the Young’s 

pu 

modulus, Y = , where P and *<- are the force and the cross-sectional 

l/Li 

area respectively, the stretching force, P=y<.^. The stretch I 

increases from 0 to the final value I by infinitesimally small steps of 
displacement dl due to applied force. 

Work done in the process is 




TT* f * 

Jo /y J 0 - 

. .Bqn. fl) can be put as 1^*?^ g 


( 1 ) 


^2 2 

y/bere Y" stress (P/<). strain and li^Wplume of the' wire, 

^ 
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stressX strainXvolume. 

Hence work done per unit volume "(■y stress X strain) ergs iier c.c. 

(b) Volume Strain.— 

If the volume F of a substance be subjected to an external pressure 
p and the corresponding volume change be o. the bulk modulus 
is given by, 



Due to the application of this pressure the volume change v takes 
place by steps of f'v. 

The work done in each such step 

= dW^p. do ; 

The total work done for the change in volume by v is 

W- — ^ ... (2) 

F"»v stressXstrainXvolume. 

Work done jjer unit volume = stress X strain) ergs/c.c. 


(c) Shearing Strain.— 

In case a body undergoes a shearing strain, the modulus of 

P/< 

rigidity, *J * —, where P”the tangential force applied, <*the cross- 
B 

sectional area (i.e.Pj<=the stress, developed) and <^®=the angle of 
shear. 


Hence P = -nB<. 

This shear may be supposed to have occurred by steps of 
so that the total amount of work done in the process can be represented 

as TF*« P.bdB, where linear displacement corresponding to 

the elementary shear d$^ b being the linear dimension of the body 
perpendicular to the applied force. 

Hence, TF=*?<6 J Vdtf = 

» i stress X strain X volume. 

Work done per unit volume“(J stress Xstrain) ergs/c.Q. 
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153. Determination of Young’s Modulus of a Wire 




D 


i 




W 



(i) Vernier Method. —The extension of s 
wire, when stretched by a load, being very small, 
a straight vernier may, with advantage, be used 
as follows, to measure it in determining the 
Young’s modulus. 

The equal lengths (Fig. 161) are cut from the 
same sample of the given wire and are suspended 
close to each other from the same rigid support 
C. One of them. A, called the auxiliary wire, 
carrying a .fixed scale S has got a heavy load 
W attached to it to keep it straight and free 
from kinks. The second wire, B (the expri- 
mental wire), carries a hanger on which any 
desired weight F may be placed. A vernier, 
F, attached to the wire B can slide along the 
scale S. 


First calculate theoretically the bnaking 
wnght of the wire. This is obtained by multi¬ 
plying the area of cross-section of the wire with 
the breaking stress for the metal of which the 
Fig. 161 jg In practice, care must be taken 

never to place on the hanger more than half the ‘breaking weight*. 
This is the maximum permissible weight and stands for the elastic 
limit. 


Now place on the hanger this maximum- permissible weight and 
for a few minutes allow the wire to remain stretched with it. Then 
remove the greater part of the weight leaving only just enough to 
keep the wire taut and free from kinks. This may be called the initial 
load. Take the scale and the vernier readings at this load. This is 
the initial reading. 


Then increase the load by I kgm. and again note the reading. Go 
on increasing the load by steps of 4 kgm., and note the reading for 
each load up to the ipaximum permissible load. This is the point beyond 
which Hooke’s law does not hold. Now reduce the load by equal 
amounts («.e. by ^ kgm.) till the initial load is reached, noting the 
reading in each case. Take the mean of the readings for increasing 
and decreasing load for each load. This mean gives the probable real 
reading corresponding to that load. The two sets of readings should 
cloB(^ agiiee, but if they differ appreciably, it is possible that the wire 
h|^ b^n stretched beyond the elastic limit, in which case the experiment 
repeated with a new wire, • 
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Measure the diameter of the wire* very accurately with a micro¬ 
meter screw gauge at several places along the length of the wire ( from 
the point of support to the zero 
of the vernier) and in doing so 
reading should be taken twice in 
right-angled directions at each 
place. Find out the mean radius 
> from the above. 

Tabulate the readings against 
the corresponding loads and find 
out the elongations for the 
various loads by subtracting the 
reading corresponding to each 
load from the initial reading. 

Then plot a curve with loads as 
abscissae and the corresponding 
elongations as ordinates (Fig. 

162). The graph should be a 
straight line passing through the 
elongation is zero for zero load, 
is a straight line. 



Fig. 162 

origin, meaning thereby that the 
Hooke’s law is verified, if the graph 


From the graph find out the elongation I corresponding to any 
suitable load, say, m grams. Measure the length L of the unstretched 
experimental wire from^ the point of suspension up to the point where 
the vernier is attached. Then. 

Young's Modnlttssa——dynes/em*. 

Note. —(o) As the wires hang from the same support, any yield 
of the support will affect both the wires similarly and so there will 
be no relative motion of V over 8 due to this cause. 

(h) As the two wires are made of the same material, any variation 
of temperature will affect both the wires by equal amounts and so the 
readings will not be affected. 

(li) Searle*8 Method. —This method and the Vernier Method 
are exactly identical except in the process of measurement of the 
extension in length. A straight vernier is used in the Vernier 
Method to measure the extension of the wire when stretched, while 
in Searle’s apparatus a micrometer it adapted for the same purpose. 
The accuracy reached in this latter method is greater since a micro¬ 
meter screw gauge is more accurate than a straight yemier. 
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In Searle s apparatus (Fig. 163) each of the two wires, the 
oompaTtson wits A and the ^xpB^ivntntal y}iT0 JBt carries a brass 



Fig. 168—The Searle’s Apparatus. 


rectangle from the lower ends 
of which weights can be hung. A 
spirit level /- is put across from 
one rectangle to the other. It 
turns freely round a hinge G at 
one end and the other end rests 
on the point of an accurately cut 
vertical screw C of small pitch, 
working in the same vertical line 
as the experimental wire H. The 
screw carries at its lower end a 
cylindrical head H whose cir¬ 
cular edge is uniformly divided 
and forms a circular scale. The 
pitch of the screw is usually 1 mw 
and the circular scale is divided 
into 100 divisions. As the head 
of the screw is turned, the cir¬ 
cular scale moves across a short 
vertical scale S. Thus, if the 
head is turned through 1 circular 
scale division, the point of the 
screw moves upwards or down¬ 
wards through O'01 mm. 

The method of use of the 


api«.ratU6 is as follows. Initially some dead loads are to be bung 
from both the rectangles so as to keep the .wires tout and free 
from kinks. The air bubble in the spirit level is brought to 
the middle of it by turning the cylindrical head and a reading is 
taken by the help of the linear and the circular scales. Now, when 
a given weight is hung from the experimental wire If, it extends down¬ 
wards and the setting of the spirit level will be disturbed. Slowly and 
carefully the screw is turned to raise its point till finally the bubble is 
brought to the middle again. The number of cirdhlar scale divisions 
through which the head of the screw is turned, is used to calculate the 
extension of the wire under a given load. 


Examples 

(I) 1/ ih 0 Young*» modulus of steel he Six 10** dynesjcm,*,, what lead is 

required to elongate a wire 10 metres long by S 6 cms., the dec meter r/ the wire 
being » mms. 7 

PItt* 

J»e. : Young’s modulni, 

r-2lxl0“ aynes/om*.; P 7; r=*3/2wi cm.; Z-a'h cms. and 
Z,asl0 matcea»1000 oms. 

Vi ^Henoe l‘648x 10* dynesi“l68kg,-wt. 
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(2) Calculate the work done *n fraducing an extension 2 tnms. in a steel wire 
ojlength 3 metres and diameter 1 mm. YJor steel-2X10^'^ dynesicm.'*], 

^ns. : Work donoi 

Li 

Here F=>2XI0** dynes/om’* ; o( = x i‘06)* sq. om.; Z= 2 cm. and I.»300 
cms. 


p,l 2xl0»*x3-1 4X( 05)« jQa 

2xadb 


ergf 


(3) A metal rod'having coefficient of linear ex^pnnsion^ 1 2x 10'* per "C 
has its tetnferature raised by 10° C. Calculate the linear compressive strtss required 
to prevent expansion of the rod assuming Y=2'0xl0^* dynesjcm.^ (C.U. 195o> 

Ans. : Let 2 be the original length of the rod. 

Increase in I due to rise in temperataro is dl^lKt = lX l'2x 10~* x 10, 

JJ 

Longitudinal strain developed^--—I SX ]0~*. 

¥ 


angle about 


Since Y — , the compressive btress required to prevent the 

longitudinal strain 

above expaDsion«=F x 6ttaln*=2'0 x 10^“ x 1 2x 10“**=2'4X 10** dynes/cm.* 

154. Torsion ol a Cylinder (or a wire) -When one end of a 
metallic cylinder (or wire of circular cross-section) is fixed and tlie 
other end is twigted through 
cylinder undergoes a torsional 
strain. 

Consider a metallic wire of 
cylindrical shape (Fig. 164! fixed 
at the upper end O and twisted 
by means of a couple (shown by 
the arrow G) whose axis coin¬ 
cides with the axis of the wire. 

Due to the shearing strain 
produced in the wire, shearing 
stresses will be set up within it 
and these will give rise to a res¬ 
toring couple, whose axis also 
coincides with the axis of the 
cylhadel:. 

To calculate the moment of 
this restoring couple, consider an 
annular ring at 0, distant I from O 
and having a radius x and width 
dx. If now due to the twist, an 
clement on this ring at P is dis¬ 
place to P| through an angle 

the linear diaplacementis PP i« xp. Pig. 164 
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. *. Shearing strain =0 = tan $ * . ( ',' ^ is very small). 

« I 

Q 

The shearing stress developed where *7=modulus of rigidity. 

If 

So the shearing force for the whole annular ring 

" * 7 “Xarea of the riug — V--, x_dx 

If t I 

The moment of this shearing force about the axis 00 1 
Hr^dx 

« -X./:»the moment of the restoring couple about OOi 

If 

At 0\, 

.*. The moment of the restoring couple for the cylinder of 

I 21 


length I and radius ^ ~ 


This is a case of pure shearing strain and as such the angular 
•displacement < at the distance L from 0 is given by <lL^^ll where 
< and L refer to the lowest end of the wire. 

At the lowest point of the wire, the moment of the restoring 
couple about OR at the point B is given by, where < is in 

2£r 

radians. 


155. Determination of the Modulus of Rigidity of a wire :— 

(a) Statical Method.—(By Barton's Apparatus).— 

Barton determined the modulus of rigidity of a wire by applying 
a, known couple at the lower end of a vertical wire. In this apparatus 
■(Fig. 166) the wire under test is fixed to a rigid support O at the top 
and carries a massive metallic cylinder M. at the bottom. This heavy 
cylinder acts as a flywheel and keeps the wire taut. Two strings hb 
attached to a pin r on the cylinder are wound on M in the same direction 
and are then made to pass over two pulleys PP fixed on the frame at 
■diametrically opposite points with respect to AT. Two scale pans are 
attached to the free ends bb such that when equal weights (each equal 
to are placed on both, the strings would unwind and rotate the 
cylinder in the same sense. The external tBtminal couple applied by 
this device * mg X d where d == the diameter of t)ie cylinder. Due to this 
couple the wire will be twisted, the amount of this twist < at a distance 
Lt from the top being measured accurately by a pointer T and scale O 
Atj ^ti 0 Ament at the point R of the wire. 
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Since in the equilibrium position, the moment of the restoring 
couple at 2 <“the moment of the applied couple, the working formula 
can be easily derived by equating these two couples. 


2L 


mgd, (where < is in radians). 


Hence, if < be in degrees, 
_ _ 360 gdL(m\ 

In actual measurements d 
and r are measured respec¬ 
tively by a slide callipers and 
a screw gauge, weights (mg) 
are evidently the standard 
weights put on the pan, and 
L is measured by a beam 
compass. 

In practice different value 
of <■ are plotted along ?/-axis 
against the corresponding 
values of m and from the 
straight line graph so obtain¬ 
ed, any arbitrary value of 
(ml<) is chosen for the 
computation of 17 . 

I^ote.—When the metallic 
cylinder Is not of the form of a 
wire bnt ie a stout cylindrical rod, 
a horizontal type of the torsion 
apparatus should be used. The 
apparatus is, In principle, similar 
to the vertiOBl type described 
above. Hera the rod is fitted in 
a horizontal plane with one of 
Its ends firmly secured in a 



Fig. 166 


metal block and the other attached to a massive fly-wheel. A string (or better 


a metal ribbon) is wound round this fly-wheel and to the free end of the string 
la attached the scale pan and the weights. Thus a terminal twisting couple can 
be applied. The twist at any position of the rod (t.e. at any distance from the 
fixed end) can be read out by a pointer and a vertical oironlar scale fitted at that 
position. The working formula will be similar to that deduced excepting that 
here the arm of couple will be equal to the radius of the fly-wheel and not Its 
diameter. 


(b) Dynamieal method (Torsional Pendalnm).— 

The wire under test Is attached at the top to a rigid supppift O 
166) and is attached th a massiye metallic cylinder M jat the 

O.F. 16—(vOL. l) ■ 
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bottom. The cylinder keeps the wire taut. Giving a 
slight rotation to M the system is made to oscillate 
about the wire as the axis. 

If «( be the angle of twist imparted to the wire, 
then the restoring couple set up within the wire 

=*, where L is the length of the wire, r= radius 

ia Lt 

of the wire and —modulus of rigidity. 

The angular acceleration of the oscillating 
d‘‘‘< 

system = ~JT%' Now if I be the moment of inertia 
dt 

of the cylinder M about the wire, the deflecting 


couple = 

dt 


Hence 


, JlT*. f. 7<i*< , „ 


‘ 0 . 


where /*=’>-*)• 


It is an equation of a simple harmonic iru ticii whose time period 
is given by, 

or,/*= 


2 L 


47 J*//T® ; or, 17 “ 


_8wL/ 




In actual determination of v by this method, 2’ is determined with 
the help of a stop watch in the usual way. -The diameter of the wire is 
rerp earefully determined by a screw gauge at different positions, 4ihe 
measurements being taken at each place twice at right angled directions. 
From the mean value of the diameter, r is obtained. I is determined 
from the mass and dimensions of the cylinder M. L is measured by a 
beam compass or a metre scale. Thus all quantities in the expression 
of *7 being known, its value can be caloulutcd. 

N.B. As r occurs in the expression of as r"*, a slight error in 
its measurement will cause a comi»aratively larger error in the final 
result. So measurement of r should be very earefully done. 


Examples 

forUcuiar experimrU vnth Bottom'» apparatus mtf<jilowing data ^ 
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(i) Length of the iaire^2&‘i cme.; (•«} radius of the feire'^0'Jtf4 cm, 
(Hi) angleoftwiatsiP'^; (iv) diameter of the cplinder'^ti’SS cms,; (v) mass of 
each pan^SOO gms. 

Calculate the modulus of rigidity {g’=^980 cms-lsec*.) (Pat.lJ, 1953) 

Ans.: From Art. 165 <a) 17 9^^. f JH. ^ 

=. 3fiOX * J80X 4-38 X 25-4 ^ 

V« X ( J’lA*)* " ’ 9 

=“2‘06xl0'^ dynes/cme.* 


2. A circular disc of 10 cms. radius and mass 1 hgm. is suspended in a hori¬ 
zontal plane by a vertical wire attached to %ts centre. If the diameter of the wire 
is 1 mm.t its length 1'5 metres and the period of torsional vibration of the disc 
is 6 sees-, find tliB rigidity modulus of the material of the wire, \Bomhay V. 2931)^ 

Ana. i The time period of tort>lonal vlbratiou is, 

'‘"•’’si" 


Hencei Here the moment of inertia, I, of the disc about th» 

axis of suspension (about an axis passing through the centre and perp. to the 
plane of the disc) is giyen by where Af — its mass and /ts^its radius. 


Thus ^ 


ULMR* . 


Here JD**1*5 metre8«l50 oms , Afwl kgm.=100P gms., 1?*=10 cms 1 T^5 secs, 
and ra>‘06 cm. 


So, 1 ) 


4x8-Uxi60xt0*xl0*_ 

b»xiOb)* 


1*206 X 10 ‘•dynoB/om.*. 


% 

166. Bending of beams :—The bending of beam under loads is 
of immense importance in engineering. Moreover, a careful obaervation 
of the sag or depression produced in a beam under a known load 
provides an accurate laboratory method for determining some of the 
elastic constants of material of the beam. 

When a beam (preferably thin) of solid material is bent by an 
applied couple Q% tbe convex surface A B is stretched while the •^ncavo 
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'-'kj, 


surface CD will suffer a compression (Fig. 167). In this strained 

2^0 condition of the beam, internal 

^—— -P reaction of the material sets up 

forces which tend to straighten 

__-Cjy upper filaments of 

, H 7 k''■^N Ir* beam are lengthened and 

N"** ^—*• ^ lower ones shortened as shown 

I j in Fig. 167 there must exist 

I / D some intermediate filament 

^ • / NNi which would retain its 

p / original length. This unstrain- 

• g^/ ed filament or layer is known 

{ ~Y as the neutral layer or axis. 

I / If P be the radius of curvature 

1 / of this neutral layer, then 

^ f BO'^P. Let EF be another 

Q filament at a distance of g 

from the neutral axis. Then 
Fig. 167 radius of this filament is 

B0»(P4-s). If an elementary strip HK of the neutral layer subtends 
an angle 8$ at tiie ceutre of curvature and if E and F in the upper layer 
Tae the corresponding iwints of H and then HK^P 80 and EF 
“(p+«) 8 d. So the extension of the upper filament is EF—BK^g. 8$, 
Since the initial length of EF in the unstrained state was also equal to 
HK^fioO the tensile strain produced is evidently zipJP^B^glp, 


If Y be the Young’s modulus of the material of the beam, 

then r* —Stress on EF^Y-^ 
tensile strain z/P 


Stress on EF^Y- 


Now consider a cross-section of the beam perpendicular to the 
neutral axis as shown in 


Fig. 168, »n| represents the 
line of intersection of the 
neutral layer and the section. 

If an elementary area 
d< be considered on the 
layer ef (Fig 168) at a dis¬ 
tance g from the neutral 
taxis, the force acting on 
.this element » stress X <{<. 

Y^d<. Such forces acting 




•on the different elements of i®® 

tie seciyoa try to restore the 

^p^al Bts|te of beam isnd they combine to form a eouple whieh.ii^' 
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th? equilibrium state balances the applied couple. The magnitude of 
the internal couple (or internal bending moment) is found by summing 

up the moments of the elements of forces like Y ^d< about the axis 

fini of the section. Due to the force acting on the 

couple. 

P P 

So the total couple or iaternal beading moment exerted by the 
stresses developed in all the filaments of the beam is 

... ... ... ( 1 ) 

This M, as referred to above, is equal to the apidied torque O in 
equilibrium position. 


In the expression (l), the integral j is analogous to 

moment of inertia, dm in the expression of the latter being here 
replaced by an element of area d<. It is generally known as the 
geometrical moment of inertia of the cross-section of the beam. As 
the M.T. of a body is expressed as MK*, M and K being the mass and 
the radius of gyration respectively, so is the geometrical moment of 
inertia written as AIT* where A athe total cross-sectional area. 

Hence we can write ... (2) 

P 

In the above treatment it has been supposed that the beam is bent 
into an arc of a circle of radius p ; but the theory can be equally applied 
to general typejs of bending provided p is considered to be the radius 
of curvature of the neutral -layer at the position of the section across 
which the stress is considered. 

157. Cantilever :—A cantilever is a horizontal beam one end of 
which is rigidly fixed. Suppose A 0 is a beam whose end A is rigidly 
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fixed or clamped (Fig. 169). Ife 
forms a cantilever. For simplicity 
of calculations let the weight 
of the beam itself he neg¬ 
lected iu comx»arison with 
the load, TF, applied at the 
fiee end and that the thick¬ 
ness of the beam is also very 
small compared to the radius 
of ciirvatuio of the bent 
beam. 

W TJio beam is actually 

Pig. 109 depressed for two causes. 

By the shearing strain a 
part of the depression be accounted for , secondly, due to the 
tensile strain the bending occurs which causes a further deiiression. 
But as the beam is supposed to be of small thickness, the depression 
due to the shear is negligibly small (see “Note" below). So the whole 
depression here is supposed to be due to bending. 



To calculate this depression, let us consider the undeflected position 
of 40 to be along X-axis, the point 0 as the origin and the direction 
of application of the load, W, to be along F-axis. If P be any point 
in the bent beam, its co-ordinates may be-taken as x and y. Prom a 
well-known theorem in differential calculus, we know that the i-adius 
of curvature at P is given by. 



Since in a' bent metallic beam the slope, at 'P is naturally very 

small, its square can be neglected. 


Hence, 


P 



The section PO’ of the bent beam is in equilibrium under the action 
the applied couple, Q^W^r, and the internal beading moment 

M ^YAK^,~^ acting over the section at P. 

^nce, 

/ etc* 

Ititfitgrating (l) we get. ‘ 


( 1 ) 
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( 2 ) 


( 2 ) 

2 («) 


YAK^^=lWx- + Ci . 

at 

where Ci is the constant of integration. 

At where X'=^U ^^ — 0, (*,* the beam is clamped there). 

cL 1 / 

YAK’^^^-iWieO-l*) 
at 

At the loaded end j:==0 ; so ^JJ? r ' ri 

dx 27/1 A* 

Integrating (2) we get, 

YAK'‘y^^^V.r^~^ Wl*x+C2> 

Again from the condition of the problem, at A where x^ly |/ = 0, 

Ca =^4m» - -iTFi* = iTTi*, 

YAK^y^lWr*-\Wl'^x-^lWl^ .. (3) 

w in the expression (3) gives the value of the depression due to 
bending at any point of the beam. 

When the depression ya at the end is required, since a;=0at 0^ 
we can write, 

YAK’va = lWl^ ; 




'YAK* 

In a rectangular beam, the area 4 hd (h »breadth andd’S'thick- 

.i* 


ness) and = 


12 ’ 


Hence, ?/o =* 


4 17/^ 
Ybd^ 


( 6 ) 


In the above treatment the weight of the beam has been 
neglected. If, however, the weight of the beam is taken into 
consideration, an additional couple is applied due to this weight. 
It can he shown that if Wi be the weight of the beam, then 

r./x»y.= ^ (TT+Sir,). 

a 

Notes.— -^1) Effect of Shear: —^If there were no tensile straih 
and hence no bending and the depression Vs were solely due to shear 
(in which case the beam in the displacai position would also have been 
straight), the shearing strain would be y«/l. The stress is evidently 
WfA. Hence the modulus of ri gidity. 
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„„Wiy,_Wl 


m 

An' 


Thus the ratio of the depression (yi) due to shear and that (y«) 
due to bending would be, 

y-'VO J,- 

For thin beams F* is small and the ratio becomes so small that 

I 


Vs may be easily neglected in comparison with y© fo** such beams. 

(2) Interchangeability of the positions of load and 
depression.— 


d' 


L__ J. _ ^ 

^ -- -- 

1 

p_fc 


I^SH 


p' 






w 

Fig. ie9(a) 


It can be shown that the position of 

the load and« depression at an arbitrary 

point in a cantilever are interchangeable, 

that is to say that if the load is applied 

at the end and the depression observed 

at an arbitrary point P at a distance x 

from the end, then this depression will 

be identical with the depression at the 

end when the cantilever is loaded at P. 

When the load is applied at the end, the depression at P at a 
distance x from the free end is given, from (3), as. 

Again when the load is applied at P, the portion P'O' of the beam does 
not undergo any bending which continues only upto P'. Since the 
length AP the depression at P due to the load applied at that 

point is given from relation (4) as, 

[iO-»)*]. 


At P the inclmation of the beam is - 

dx 2YAK* ’ 

from 1 * 6^^011 SCa), the negative sign being neglected as it simply gives 
the sense of inclination. Due to this inclination the free end further 
sags through a distance QO'^pu ss shown in fig. 169(a). where, 

*,# The total depression at the free end due to the load at P is 
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Hence y^ — Vps that is, the depression at P when the beam ia 
loaded at 0 is identical with the depression at 0 when it is loaded at P. 


158. Vibration of a loaded Cantilever :—If a cantilever be 
loaded with a mass A/, then W =»Mg and if under this load the beam^ 
undergoes a displacement y\% then. 


Ybd^ ■ 


__Ybd* 

or, Jlfg= yx 


(1> 


Thus the force on the beam is proi)ortional to the displacement yi. 

If now the beam be slightly displaced through dy\ from the 
equilibrium position, the above force Mg will try to restore it to its 
initial equilibrium position. 

Hence the motion will be simple harmonic in nature and the 
equation of motion will be. 


or. 


dt* ‘ 


41- 


or, 


. Thd^ 
dt* 4flfi* 


yi = 0 ; 


r* 



4Jff» 

rw» 



Thus from a knowledge of the period of vibration of a cantilever 
under a known load. Young's modulus of the material of the beam 
can be determined. 


• 159. Theory of the determioatioa of Y by the method of 
Flexure :— 

[Beam supported at two endt and loaded in the middle.] 


When a beam is supported on two knife-edges at the ends and 
a load, W% is applied in the middle (as shown in Fig 170) each half 

It 

of the beam may be looked upon as a cantilever of length where 

A 


Xr«Blen^h of the beam between the knife-edges. This assumption 
is justified' because the middle portion of the beam is horizontal. 
Taking thiii middle point as the rigidly clamped end of the cantUever* 
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«ach half may easily be considered as an inverted cantilever. Since 


the load W is applied in the middle, the reaction at each end 



the effective load of each cantilever is 


W 


Thus putting and replacing W by in the exiuession of 

2 

deju'ession of » cantilever, we get the depression y in the present ease as, 


_1 W />» 1 _ 

3’ 2* 8* YAK^ A&YAK^' 


If the beam be rectangular. 


AK* 


hd^ 

' 12 * 


Hence, 


y 


WL^ 

■ 


This expression for depres¬ 
sion provides us with an easy 
and accurate method for deter¬ 
mining the Young’s modulus 
of a material available in the 
form of a beam. If the beam be 
of rectangular cross-section the 
above relation can be directly 
used. In the cases of beams of 
circular or elliptical cross- 
sections the value of AK^ should 
he fehanged accordingly. 

The knife-edges mounted 
on separate stands are set 
exactly in the same horizontal 
plane. They are separated by a known distance L. Now the beam 
is placed on the knife-edges and the horizontality of the beam is 
ensured by a spirit level and, if necessary, adjusted by the levelling 
screws at the bases of the knife-edge stands. NOw another inverted 
knife-edge provided with a scale i)an hanger is placed in the middle 
. of the beam. A pointer P is rigidly fitted on to the inverted knife- 
edge piece. The position of the tip of P is now read out by means 
of a travelling microscope or a cathetometer. Now weights are put 
on the scale pan by instalments and the corresponding readings of 
the pointer tip are recorded from the microscope or the cathetometer 
scale. From these readings the depressions corresponding to different 
loads are evaluated. Now a load-depression curve is drawn. From^ 
tjiis curve any arbitrary value of load and its corresponding depression 
cho^p as W and y for evaluatloii of Y. The values b and d 
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are obtained by direct measurements with a metre scale, a slide callipers 
or a screw gauge as the case may be. 

The above experiment may be made even more sensitive by means 
of a lamp and scale arrangement, 

160. Poisson's Ratio in the case of a bent beam :—If 

symmetrical couple acting on a 
beam of rectangular cross- 
section bends the same in a 
curvature of radius P in the 
plane of the pa|)er, there is 
simultaneously developed an 
anticlastic eu^'ontvre of radius 
p' in a peri)endicular plane. Due 
to the lengthwise extension of 
the upper filamenls, a lateral 
contraction will occur to them. 

The filaments below the neutral 
axis on the other liand laterally 
expand because of their longi¬ 
tudinal contraction. So- the 
anticlastic curvature will be 
concave above as shown in Fig. 

171. The longitudinal strain 

in the bent beam=- (elongation) as has been shown above. In a 

p 

similar manner it may be shown that the lateral strain - f (contract- 

P 

ion). Hence Poisson’s ratio, cr* —/--—“■-.(by definition). Thus knowing 

P / p P 

the two radii of curvatures, spnclastic (p) and antielastio (p'), by 
actual measurements, o- can be determined. 

Example 

When a rubber cord ia atrietehedt the change in volume due to change in HnMr 
dimeneiom ts negligible, Obtaan value of Poisaon*$ ratio for rubber, 

(Bihar V, 1969) 

Ane ,: Ltet {^lesgUi of rabbet ootd and ra«lts radius. 

Bo its Tolnme ^nrH* 

Let < and JB be the longitudinal and lateral strains after sttetc^ing. The 
lnoreaBtdlengtii«Bf-f'‘(2’*2(l-4'<), and the changed radius 

/, Nt# ▼qlttma=vr*a-/3)*xf(l+<)i=srr*Z(l-d)» (l+<). 
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Bat by the condition of the problem, »a the volame does not appreciably change* 

(l-d)® (l+<). 

As fi Is very small, l + *t««l+2/J; 
or, 2j8-ac. 

Hence Poisson’s ratio, 

I 


Determination of the Poisson’s ratio of a material.— 

If the material is available in the form of a rectangular bar, its 
Poisson’s ratio is determined by finding out the radii of curvature, p and 
P' (clastic and anticlastic) in the two mutually perpendicular 
directions when the rod is supported at the ends on two knife- 
edges and loaded in the middle. The radius of the clastic curva¬ 
ture is determined by observing the sag of the mid-point with 

a microscope If y be this sag or 
depression in the middle and I 
the length of the bar between .the 
knife-edges, then from the property 
of the circle, 

(2p-i/)i/ = (iy ; 

or, 

4 

Hence knowing I and y, P can be 
determined. 

In order to determine the anti- 
Fig. 17a clastic curvature two needles (about 

40 cms. long) are rigidly mounted on 
two clamxm soldered to the edges of the bar at their mid-points. One 
of these needles carries a mm. scale parallel to the breadth of the bar 
at its free end and the free end of the second needle just rests against 
this scale. If the length of the needle above the neutral axis of the bar 
be a and x be the shift of the second needle against the scale when 
the bar is loaded, the angle of sideways defiection of the bar is 
Now if b be the breadth of the bar and P' the radius of the anticlastic 

curvature, then 

a 

p’ Thus knowing p 4nd p\ <* can.be calculated. 
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161. Determination of Elastic constants by Searle's method :— 


The material whose elastic 
in the form of a wire of short 
length 1. This wire is rigidly 
fixed to the centres of two 
identical bars at the two ends. 
The system is suspended 
by two vertical strings as 
shown in Fig. 173(*). In 
this position the bars would 
vibrate due to the bending 
of the wire. When the wire is 
bent into an arc of a circle of 
radius r, it exerts a torque on 


each rod 

Yna*' 

4r 


equal to 


j. 




In the case of 


constants are to be evaluated is taken 



Pig. 173 


wire, = and Z® 



, where a™ radius of the wire) 


When the experimental wire is straight, the rods were parallel. 
So, if a be the rotation of each rod during the oscillation, then 

2 # - L or, r-i. 

The couple This shows that the 

couple is proportional to the angular displacement. 

So the couple per unit angle of rotation«r, (say). The 
time i)eriod of this rotational vibration is 

= = ( 1 ) 


Again, if one of the rods be fixed horizontally and the other set 
to rotational vibration as arranged in Fig. 173(ti}, the time period of 
vibration is 


ra«2» 




( 2 ) 


Thus from relatione (l) and (2), the values of Y and can be 
calculated because I, /, T and a are all measurable quantities. 

Moreover, knowing F and % other elastic constants can also be 
computed from the following relations : 




(S) 
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^ 1-9 3 
“'J k’y'v 


... (4) 


The elastic constants of glass have been also determined by Cornu 
by studying the interference fringes formed between a plane cover- 
glass and a rectangular plate of glass loaded in the middle. 

*162. The Extension of a Flat Spiral Spring ;—^When the coils 
of a spring are almost horizontal, t.e. when the pitch of the spring 
is small compared to its radius, it is known as a flat spiral sprtng. 
If such a spring be stretched by means of a small weight so that 
the horizontality of the coils is not appreciably disturbed, an 
expression for the extension of the spring can be easily found in 
terms of the above weight (*.e. stretching force). If the wire of the 
spring be bent inwards at the top and at the bottom the weight 
7 ng extending it may be applied along the axis of the sprial (Fig. 174). 
Considering the equilibrium of the section of the wire at any 
oint If, the moment of the force is given by mgXr where 

r is the radius of the spiral 
and this is balanced by the couple 
due to twist in the wire at if, 
when the section at 22 is vertical, 
t.e. when the spiral is almost flat. 
From Art. 154 we know that 
the torsional couple is given by 
nVHa* 


P' 




where B is the twist 


Kbi 


Fig. 174 


unit length, a — radius of the wire 
and modulus of rigidity. 

For equilibrium of the 

section, 

nti9a* 
mgr^—— • 

Due to this twist B per unit 


length every portion of the wire below the section will extend down¬ 
wards by the amount Xr, So considering the twist of the whole length 
of the wire constituting the spring, the total downward extension of the 
spring is r X X 2, where 2"length of the wire. Let this total extension 
be denote by e. Then, 




2mgr ^ 2mglr ^ 
irna* tiiga* 


... (1) 


Thus by measuring « for different weights, *7 may be experimentally 
iound out. 

Again if the above spring be set to vertical oscillation, it vndl 
S.BUM. and according to Art, llQfc) its- period of 
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oscillation is given by s/m/fcfvee per unit extension 

= 2xj'm7® = 2» (1)]. 

^ /e ^ nriar 

Hence noting this time period also, ^ can be evaluated. 

163. (a) Determination of the bulk modulus of a solid 


In order to determine the Imlk modulus of a body—generally 
taken in the form of a bar—it is to be imnunsed in a liquid subjected 


to a measured hydrostatic 
pressure. The pressure is 
usually applied by menus of 
a piston acting in a cylinder 
which is to be connected to the 
vessel V, in which the liquid 
is contained [Fig. 175]. 

In the figure the specimen 
is represented by Si>i. A 
part of S6'i is enclosed in a 
steel ‘ vessel V containing tin* 



liquid. V is connected to the ja-essure applying device at J. The 
aiqilied pressure is directly measured from such loads i»laced on the 
piston of anothei; vertical cylinder also connected to as may 
maintain equilibrium with the applied pressure. Tlie contraction of 
the rod SS% relative to the steel ves':el V is measured by the shift 


of a fairly loose-fitting ring from Bi to Bn. Correction for the 
increase in length cf V should also be introduced. The linear 




Fig. lid 


contraction Gi due to the hydrostatic pressure 
is thus determined. Hence the volume strain is 
3C* approximately. 

If P=applied pressure, the bulk modu- 


-- P 


where Fo is the volume 


J.U0f JJL --“TZ -t r ^ AO 

30j/Ko 

of the specimen subjected to hydrostatic- 
pressure. 

(b) Bulk modulus of a liquid :— 

We know that the liquids are highly incom¬ 
pressible. But Canton in 1762 demonstrated 
with the help of an apparatus, known as 
piezometer [Pig. 176] that under high pressures 
the liquids decrease in volume. So they must 
possess volume elasticity. The bulk modulus, 
of liquids has been successfully determined by 
a piezometer. Here the experimental liquid is 
contained in the bulb a, which extends above- 


into a graduated capillary tube 0, which again may be ^tached to 
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« compression pump and a manometer. The pressure applied to the 
liquid in a may also be commynicated to the liquid in the vessel V 
in which a is immersed. This is done along the route fe. 

Let decrease in volume when both inside and outside of a 
are subjected to a pressure, P, i.e. the effect of contraction of vessel 
•due to pressure cancel out. 

If V be the volume of the liquid taken in n, then bulk modulus 

Idv 

K™Phy. All the terms on the right-hand side of the expression for 
K being measurable, K can be determined. 


164. Elasticity and temperature :—The elastic constants generally 

decrease with rise in temperature. For small temperature ranges, 
the variation is approximately linear. Schaefer showed that for temper¬ 
atures from 15^C to that of liquid air, the order of ascending tempera¬ 
ture coefficients for Young's modulus is of the order of increasing 
thermal expansion and decreasing melting point. Shave and Lee, and 
Andrews showed that at temperatures within of melting 

points of the materials, the relation between T and Y was of the form, 

r=r, 

where 5] is a constant whose value is different for different temperature 
ranges. Y for quartz changes only slightly over the range of tempera¬ 
ture 0“0 to 800“6’. 

Kohlrausch and Loomis showed that the rigidity modulus 
•changes according to following relation over the range 15°0 to 100“C, 

Horton showed that for pure copper and steel, the relation was 
linear and for silver it was also nearly so. He showed that v depends 
•on the previous heat treatment of the specimen. 

Bridgeman showed that the bulk modulus of liquids in general 
increases with temperatures according to relation, 

AT-iH-BT-CT* 

which has a maximum value at T™ BjC (nearly for water). 

165. Boyle’s Law :—Bobert Boyle (1627-1691) first established 
the exact relationship between the pressure of a confined mass of gas 
and its volume when they are varied at a constant temperature and the 
law named after him may be stated as follows— 

Temperature remaitiiog constant, the volume of a given mass 
•of gas^varies inversely as the pressure. 

Thus, if P be the pressure and V the volume of a gas. we have, 

f“;-« 5 *or, P^jK^.!^, where K is a constant whose value depends* 
mass of the gas taken shd its temperatiure. 
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Thus, PV^K, 

If the^ pressure P be changed to Pi at constant temperature, and 
the corresponding volume becomes Fi, we have, PiFi=»ir. But 
PV^K. 


PiFi = PF. 

Thus, if a given mass of a gas at Cvmstaut temperature has 
volumes Fi, F^, Fa, etc. underpressures Pi, Pa, Ps, etc. respectively 

then by Boyle’s Law, we have, Pi Fi ~ P,Fa “PaFa .. 

^a constant. 


Pressure and density. —Boyle’s Law may also be expressed in 
terms of the pressure and density of a gas. Thus, let a given mass 
of a gas at a given temperature have a volume Fi and density P\ under 
a pressure Pi, and a volume Fa and density under a pressure P% ; 
then, since the mass m of the gas remains the same, we liave, 

?»'>PiFj=Pa » * : or, Pi/p 2 = Fa/Fi ... ... (l) 


Thus, the density of a given mass of a gas invers ly proportional 
to its volume. But by Boyle’s Law PiFi —PaF* ; 


or. 


Fi P 


^ = ^ .. from (1). 
P2 Pe 


That is, the density of a gas at constant 
temperature is directly proportional to its 
pressure. 

P/P, i.e. the ratio of pressure to density 
of a gas is constant at a constant temperature. 

Verification of Boyle’s Law.— 

Boyle’s Law can be verified by a Boyle & Law 
tube apparatus (Fig. 177), which consists of a 
glass tube AB of uniform bore, connected by 
means of flexible rubber tubing P to one end 
of a sliding glass tube T of somewhat wider bore 
and open at the top. The closed tube is partly 
filled with dry air, and the rubber tubing with 
some portion of both the glass tubes is filled 
with clean mercury. The volume of the air in 
>4B is increased or decreased by sliding the tube 
T downwards or upwards, The tubes are mount¬ 
ed on a vertical adjustable wooden board provided 
with a graduated scale fixed between the two 
tubes for the reading of the heights of the 
mercury levels in the two tubes. 

UsuaUy the tube AB is graduated from the top 
downwards to give the volume of the enclosed air 

GJf. 17—(vOL. l) 



Fig. 177 
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directly. Some tubes again are not graduated. In their case, the 
Volume of the air enclosed is given by the length of the air columh 
above the mercury level multiplied by the cross-section of the tube 
which is uniform. That is, volume is proportional to the length of 
the enclosed air column. This length is determined by means of the 
attached vertical scale from the diHerence of the readings corresponding 
to the top of the tube and to the level of the mercury in the tube. 

When the mercury levels in both the tubes are the same, the 
pressure of the enclosed air is atmospheric. If the level of mercury 
in the wider tube is higher than that in the other tube, the pressure 
of the enclosed air is atmospheric pressure plua the difference of the 
two levels of mercury ; and if it is lower, then the pressure is atmos- 
pheric pressure minus the difference of the two levels. The atmospheric 
pressure during the experiment is directly read from a barometer. 

In an experiment for the verification of the law, the volume of the 
enclosed air and the corresponding pressure are determined for different 
heights of the mercury column in the tube T. 

To verify the law /or pressure greater than the atmospheric 
pressure, all the readings for pressure are taken keeping the level of 

mercury iu the wider tube higher 
than that in the other tube ; and 
for pressures lower than the at¬ 
mospheric pressure, the level of 
mercury in the wider tube should 
always ho lower than that in the 
other. 

Plot the results on a squared 
where the abscissui repre¬ 
sent the pressures, and the 
ordinates the corresponding 
volumes. The curve will be a rect¬ 
angular hyperbola [Fig. 178]. 

But as P is proportional to 
1/ F, a straight line is obtained if 
P is plotted against .1/F. 

Precattttons,—-For the success of the experiment with a Boyle’s 
Law tube apparatus, the following precautions should be taken— 

(a) The air enclosed in the tube AB must be peifectly dry. 

* {b) The scale by which the mercury levels are read must be 

accurately vertical. 

ip) The |p|^|txne of the enclosed gas must be changed slowly so 
tW^|»rature of the gas may remain constant during com- 
expansion. 



Fig. 178 
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[d) In view of the variation in the atmospheric pressure during 
the experiment, the barometer should be read at the beginning and 
also at the end of an experiment, and the mean of the two readings 
should be taken. 

Verification by Graph.—If a straight line results oA plotting 
P against 1/ F, this is a verification of the law. It should be known 
that straight line graph is a far more conclusive evidence than a 
curved line graph for the verification of some law. 


The law can be verified graphically even without the knowledge of 
the atmospheric i>ressure. 

To do this, plot the excess 
of pressure, i.e. pressure 
above the atmospheric 
pressure, against IjV 
when again, a straight 
line will be obtained [Fig. 

179]. As we have PV= 
constant, ( [1+ A') 
or n^X=ElV^ 

( 1 ) 

H represents the 
pressure, X. 


K, a 

KY 
where 
atmospheric 
for 1/F. 





Atmos.Pressurf 
^--H--H 


/Excesftovtr 1 

\ atfnoapneswm? 


the excess 


Fig. 1T9 
pressure, and 


Y stands 


This is an equation of a straight line. So if the graph of .V, the 
excess of pressure, and F, i,e. 1/F, gives a straight line, the law is 
verified. 


166. Bulk modal as of gases (Perfeot) Gases, as we know, 
are highly compressible and as such they will suffer a change in volume 
with the application of pressure. So they must possess volume elasti¬ 
city. Extensive experiments have been carried out by Andrews, 
Amagat, Despretz, Begnault and others in order to study the elasticity 
of gases (see Heat, Vol. II). 


Though all gases must have volume elasticity, its magnitude will 
be solely dependent on the external physical conditions under which 
the strain is developed. This is because in gases along with the pressure 
and volume, another factor, i.e. temperature, plays an equally important 
part in controlling the behaviour of the gases. So if the strain is 
developed in a gas under an isothermal condition, the corresponding 
isothermal bulk modulus will evidently differ from the bulk modulus 
of the gas under an adiabatic condition. 
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(i) Coefficient of Isothermal Volume Elasticity.— 

At constant temperature, a perfect gas obeys Boyle's law. Hence 
if P and v represent the pressure and volume of a perfect gas, then 

Pv constant ... ... ... (l) 

Dififerentiating (l) with respect to v, we get, 

i(P«) = 0; . 

p. dP^f. 

or, P+o—«»0; 
av 


or. 


if. 

V 


-P. 


But as due to increase in pressure, dP, the volume u diminishes 
by dv<, the volume strain is negative and is -given by - —. 

Hence the coetl'. of volume elasticity of the gas under the isothermal 

state (*.«. when temp, t is constant) is given by Et P* 

wo 

V 

Thus the isothermal bulk modulus of a perfect gas is equal to the 
pressure of the gas. 


(ii) Adiabatic Bulk Modulus of a Perfect Gas.— 

Under the adiabatic conditions, a perfect gas obeys the equation, 
pfp a*constant, where P=pressure, -u —volume, and 7 is the ratio of 
the ap. heat at constant pressure and thab at constant volume of the 

SAB. 

f(PvV=0. 

do 


or. 


do 


,4i, 

dv 


dP 

dofo 


Bividizig both sides by we get yP= — 

I 

But if is the bulk modulus of elasticity under adiabatic 
ao 


(ConditioiUSt which is represented .by J 7 /. 
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— yp. 

dv 


V 


Thus the adiabatic* bulk modulus of a perfect gas is V times the 
pressure of the gas. 


Examples 

(I) A square metal bar of 2'5l cms. sides, 37'9S e.ms. long and weighing 
826 gms. is suspended by a 37-95 cms, Iona wire of radius 0 0601 cm. It makes 
So complete oscillations in 335'7 secs. Calculate the modulus of rigidity of the 
wire. 


Ans .: Time period of osoillation, f •-2r 



2Jr 



n I 

jfwr*^ 


Here, 17 =? ; r= 0 ' 0 ^ 0 l c*n. ; l='\7’95 oms.j 


3,-96 )*+(,-5l )*] 

=99540 gms -cm.*. 


Benoe, 


6*714 « 2x3'14 



2x -^7 9ft y 99S4n 
’JXS l + XrU 01)* 


Henoe, i 7 = 3 ’ 34 xlO'* dynetf/cru.* neatly. 

(2) A metal bar 1 cm. square in cross-section is supported on two knife-edges 
100 cms. apart. A load of 1 kgm. applied at the centre of the bar depresses the 
point of application by 2 5l mms Calculate the Young's modulus of the material 
of the bar. 

Wl* 

Ans,: The depresBion, - 

4«FAK» 

Here IF«m^=1000x 981 dynes ; 2 = 100 oms.; F-? ; 


(V 6 -d-l cm.), l^='251 om. 

12 12 

Henoe F— - _98 1 X 10 ^ x 10 * v 1 2 ^ ayDee/om.*. 

A8AK*y 4tix‘26i 

( 3 ) Aiwtical steel roi of circular section of radius 1 cm. m rigidly ftteed 
in earth. Its upper end is 3 metres from the earth. A thick string whACh mn 
stand a maximum tension of 2 kgms. is tied to the upper end of the rod aM , pmtea 
horisontally Find how much the top will be deflected before 
(F—J^XiO** c.g.e. unils and g~1000 c.g.s, units.) (Bang. u. lw^«> 

Ans .; It is the case of a Tettioal osntilever whose lower end is fixed. 2 kgnos; 
force is horiaontally applied at its npper end. Henoe the deflection is 

8»W1^13YAK* 

Here force applied ■■2000 X1000 dynes. 

2 "a 8 metresa^SOO oas. , 

F=SxlO** dynel/ein*. 
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- ?rr • X 

4 4 

8xaxl0‘*x?r/4 

(4 1 A circular bar of length 40 cms. M horieonially supported on two knife- 
edges at the ende. When a load of 10 kg. is afplied at the ceMre, the sag at the 
central point is found to be 4’68 mms. Calculate the Young's modulus of the bar, 
(Radius of the circular bar =4 mms.) 

1 ^ Ans.: Since load at the centre is 10 kg , 

its reaction at the knife-edge is 5 kg. 

Halt the bar, «.0. EB [Fig. 179(a)] 
may be snppoEed to be an inverted oanti- 
Ifcver with a terminai load of 5 kg. 

* Hence the external bending moment 

I ■“Glai —X 6x10^x981 dyne-om. 

; ^ 

/ *=981X10® dyne-om. 

/ YAK* 

' * Internal bending moment:- 




/ R 

« 

/ 1 


1 1 

C 

\ 1 


*'% A I 

o 


where AE* > 


yrr* 3*14 X (*4)^ 


R 


As is evident from! F|g, 179(a), OB* 


•JDO . OE. 


Here OB*iO oms. and DO^I)E^OE—2R— St 
onrvatnre of the beam and d, its depression. 

/. S0*aa(21i>-d)8>->SBd, neglecting 8* which is very small. 

400 


where It Is the radius of 


B- 

From relation, (?» 


2 X *488 
YAK* 


R 
&XR 


981x10® X 400x4 


iljr* ,(ix-4»»8x 3*14 x(*4)* 

1 9—— -20 04X10** dynes/om*. 


2x4 88x314x16 

(S) Compare (he density of wator at the surface and the bottom of a lake 100 
metres deep given\(hat the compressibility of water is nicxs 
that Oi$ dentUy of mermry 4« J 3*8 gm3.le.e. 


wins,: Oompreesibility O**: 


1 


I t>l / 


p. 


bulk modulus 

ahem P^pteu. in atmoe, at the bottom of the lake and and ©* aw tt»e sp, 
volumes of water at the snrfaqe and at the bottom mspeotively, 

/. (7xP-il~^«l>ll when and d, are the densitieB of water at the 
etudljM and bottom msj^otivelp* 
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(6) Tou ate given 200 ex, of air at a pressure of 760 mm. of mereury. On 
increasing the pressure by 1 mm. of mercury, without change of temperature, the 
volume decreates by 0 £63 c.c. Find the coefficient of volume elasticity of the gas. 

iC.U.2962) 

Ans. : The ooefficieut of volnme elastloity at oonetant temperataro is given 

by . 

_dv 

V 


Here dPasO*! X 13'6 x 980 dynes/om.* ; —<2v«0‘263 o.o.: vaB200 o.o. 


lx 13*6 x 980 x 200 
0*263 


1*0146X10* dynes/cm*. 


Table of Elastic Constants 


Substance 

Young’s 

Modulus 

(dynes/om.*) 

Higidlty 

Modulus 

(dynes/om.*) 

Bulk 

Modulus 

(dynes/om.*) 

Copper 

12*5 X 10" 

4x10" 

14*3x10" 

Iron (wrought) 

19 5x10" 

8x10" 

14*6X10" 

Steel 

20x10" 

8*5X10" 

18*1X10" 

Glass (flint) 

6*6x10" 

2*3X10" 

8*7X10" 

Water 

• * • 


0*206 X10* * 

Mercury 

• • t 

• • e 

2*6X10** 


Questions (Chapter VllI) 

1. Explain what are meant by elastic limit, Hooke's law, yield point, modulus of 
elastieity, and Toung'e modulus. 

Pesorlbe how yon would determine Young's modulus for a material In the 
form of a uniform wire. 

2. What are meant by strain and elaetlo after-effect 7 ^ 

A steel wire 2 mms. In diameter Is just stretohed between two fixed points 
at a temperature of 20^0. Determine the tension on it whan the temperature 
falls to lO^C. (Ooef. of linear exp. of steel->0’OOOOU and Young's modulus for 
eteel'»»2*lXlO** dynes/am.*]. (log rr-*0*4972) 

[Ans.: 7*267 X10* dynes] 

3. Show that for a homogeneous Isotropic substance, 

r/i?»3((r+l) 

rdiere Y Is Young’s modulus, y the simple rigidity and <r. Poisson's ratio. 

4. Find the energy stored in a stretched wire of area of oross-seoUon 2 mm*, 
and initial length 60 oms. if it be loaded with a mass of 1000 gms., and Young's 
nmdulus of the tnaterial of the wire is U** dynes/om*. 

[Ant.; 120targs} 
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5. How is the balk modulas of a solid determined 7 Oalcnlale tb« bulk 
modulus for a specimen of steel• given that the Young’s modulus and the 
rigidity modulus for the specimen are 31x10*' and 8x10" dynes/cm.*r 
respectively. 

[Aiu.i 187X10" dynes/om*.) 

6. Show that for an Isotropic material Poisson's ratio must lie between 

+t and-1. (Bihar U. 1966 ; c/. O.U. 1947, ’62) 

7. Obtain an expression for tho internal bending moment acting on a 
uniform thin rod of neglible weight when it is bent into the form an arc of a 
circle of radius p, in terms of its geometrical moment of inertia and Young's 
modulus. 

6. A sphere of mass 800 gms. and radius 3 cms. is suspended from a wire 
of length lOO cms. and radius 0*5 mm. If the period of torsional vibratiou ia 
1*23 secs., calculate the rigidity of the material of the wire. 

[Bom. U. 1936} 

[Atu. : 7*66X10" dynes/cm.*] 

9. Define Young's modulus, bulk modulus and modulus of rigidity. If 
JS, K and n represent these moduli respectively, prove the relation 

[c/. O.U. 1966 (SP.); Utk.U. 1962 ; All.U. 1943} 

10. Ddfine Young's modulus. Show that the shear is equivalent to a com¬ 
pression and extension. 

Find an expression of the work done in stretohing a wire and hence 
deduce an expression for the energy per unit volume of tha wire. 

(C.U. 1966; Madr. 1947) 

11. (a) Define mdfiulus of rigidity. Explain clearly the dynamical method 
of determining this constant for a metal wire. Derive the necessary for- 

(Punj. U. 1918) 

(b) If a solid cylinder is twisted keeping one end fixed, calculato the 
restoring couple developed in it. (Utk. U. 1970.8) 

15. Derive formula for the torsional oscillations of a heavy cylinder 

attached to the lower end of a wire suspended from a rigid support, and 
describe an experiment for determining the modulus of rigidity of the wire 
material by this method. (C.U. 1968)' 

18. A gold wire 0*32 mm. in diameter elongates bf 1 mm. when stretohed 
by a force of 830 gms. weight and twists through one radian when equal and 
opposite torques of 146 dyues-cm. are applied at its ends. Find the value of 
the Piosson's ratio for gold : (7—981 cms./sec.* (Bihar U. 1954 ; Nag. U. 1953> 

[Am,: 0*429} 

14. Find the work done in stretching a wire. 

A wire 50 cms. long and 1 sq. mm. in cross-section has Young's modnlnsi 
1*34x10'* dynes/sq. cm. How much work is done in stretching it through 1 
mm. 7 (Alig. U. 1947> 

[Ana.: 0*134Joole] 

16. In an experiment the diameter of the rod wai 1*36 oms. and the 

dietanoe between the knife-edges 70 cms. Oa putting a load of 900 gms. at 
the middle point the depression was 0*036 cm. Os.lculaie the Young'a 
modulus of the substance, (v—8*14) (Agra U. 1948) 

(ilu*.: S0'89x 10'* dynes/cm.*] 

« 16* Compare the loads required to produce equal depression lor two 
of the same maleml and having the same length and weight 
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with the only diflereuoe that while one hes a olronlar orosB-seotion* the oross-seotion 
of the other is a square. (San. U. 1950) 

lAn$. : PTi : : »] 

17. Find the force necessary to stretq)> by 1 mm. a rod of iron 1 metre long 

and 2 mm. in diameter. Also calculate the energy stored In the stretched rod. 
(F«2xl0” o.g.s. units) (P»t. 0.1949) 

[Ans. ; («)0tkg..wt. (ii) 8‘14X10* ergs.] 

18. A disc of mass 1 kg. and of radius 10 oms. is suspended horizontally by 
a yertioal wire of length 60 cms. and radius 0*5 mm. If the period of torsional 
oBOlllation is 4 secs., calculate the modulus of rigidity of the wire. (Pat. U. 1957) 

[Ana,: 7'6l9xl0" dynes/om*.]' 

1*3. Poisson’s ratio of a material is 0'S79, its rigidity is 2*87x10“ dynes/om*. 
find YoungVmodalna. (Batoda, U. 1918) 

[Ana. : 7*916x10'* dynes/om*.) 

20. What are the various elastic constants and how they are related 9 

A weightless straight elastic beam of rectangular orosS'Sectlon is rigidly clamped 
horizontally at one end and loaded at the free end. Calculate the deflection at the 
free end, assuming the beading to be small By what factor the deflection of the 
free end changes, if the weight be moved to a distance ‘d' from the free end 7 

(CU.H. 1967) 

91. Briefly describe a method of comparing the mndnlus of rigidity and the 
Young’s modulus of a material in the form of a short wire and give the underlying 
theory. (C.U.1968) 



CHAPTER IX 
SURFACE TENSION 


167. Surface Tension and Molecular Theory :—^When a small 
quantity of mercury is dropped on a flat piece of wood it is found that 
it breaks up into a number of differently sized globules—all approaching 
a sphere in shape. Similarly, any liquid taken in a small quantity and 
not subjected to any outside disturbance is found to assume a shape 
which is also nearly spherical. We know that a sphere has the 
smallest surface area for a given volume. So it appears that a 

liquid drop tends to contract so as to 
occupy the smallest area. This 
contractile property of a liquid 
surface is known as its surface 
tension. The tension existing along 
the surface of a liquid can also be 
demonstrated by taking a wire ring 
to which are tied two slack threads 
A A and BB (Fig. 180). If this ring 
be dipped in a soap solution a conti¬ 
nuous film will form on the ring 
and the slack threads will not inter 
fere with the formation. They will 
still remain loose because of equal 
tension experienced on both sides 
of them. But if the space between 
the ring and BB be pierced by a 
straw, BB takes up the form of an arc of a circle due to the existence 
of the tension on the right side of thread that on the other side being 
absent due to the disappearance of the film in that region. This clearly 
shows that in the liquid film there is a contractile tendency. This 
tendency can be explained by the help of molecular theory in the 
following way : 

Because of the closeness of the molecules in a liquid, they exert 
an attraction on each other. This attraction is somewhat analogous to 
the gravitational attraction but is actually electrical in nature, because 
gravitational forces are far too small to yield the experimentally observed 
effects. If it were possible to enunciate the exact law of force between 
the attracting mole^es of a liquid, the behaviour, of liquids could be 
mathematically calculated aud predicted. But we are rather too ill- 
informed about the Hquid state to have a definitely formulated law of 
attraction. Laplace, however, advanced a hypothesis based on the 
ooncept of a sphere of molecular attraction, Eaeh molecule, accordir^ 
to this vtSw, is supposed to attract other mcdeeules surrounding it when 
are within this sphere of attraction. At a ^stance greater thim the 



Fig. 180 
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radius of this sphere, the molecular attraction practically vanishes. 
This assumption helps us to explain at least qualitatively the cause of the 
tension that exists on the surface of a liquid. Let us suppose a 
molecule (l) to be situated at a distance greater than the radius erf 
the molecular attraction below the surface of a liquid [^ig. 181(a)]. 
This molecule will be equally attracted by the adjacent molecules 
in all directions and as such 
will have no resultant force 
on it. Again if we consider 
two other molecules (2) and (3) 
one at a distance less than the 
radius of molecular attrac¬ 
tion from the surface and 
the other on the surface of 
the liquid [Fig. 181 c)], in 

the case of molecule (2), the 
number of molecules attrac¬ 
ting it below will be greater 
than that above and in molecule (3) the whole attraction will be 
directed downwards. Evidently the attraction in molecule (3) is greater 
than that in (2) and is maximum since it is on the liquid surface. Here 
the hemisphere of force is completely unbalanced. Thus molecules 
like (2) and (3) will experience a downward force normal to the 
liquid surface tending to prevent them from escaping. This downward 
pull on the surface molecules will cause the surface to behave as a 
stretched membrane and is the ultimate cause of the phenomenon of 
surface tension. So we can say that the surface tension is a molecular 
phenomenon. 





Fig. 181 


Imagine a line drawn on the surface of a liquid. On account of 
the contractile tendency of the Surface, the liquid molecules on the 

two opposite sides of the line are 
pulled apart from each other at 
right angles to the line as shown 
in Fig. 182. Bupture is, however, 
prevented by the cohesive forces 
which exist between such mole* 
cules and bind them together. 

Such a force, which acts along 
the surface of a liquids tending to 
oontraet its area to a minimum 
measured per mmU length of any 
Uraiight line imagined to he 
Fig. ,182 drown on the eusfaoe of the tiguid* 

is oaUed the mnrfcuse tension of the liquid. It is generally deeigndted by 
T or 8. / . . 












268 


COLLEGE PHYSICS 


*1 

Its unit .is expressed in dynes per cm. and its dimensional 
equation is MT"*. 


168. Surface Eneri^y of liquid :—A stretched membrane, on 
account of its configuration* has potential energy ; the surface of a 
liquid behaves like a stretched membrane and as such it has potential 
energy too. It may be shown that the surface tension of a liquid 
is numerically almost equal to the potential energy of the surface per 
unit area. 

Consider a film of liquid i)roduced in a rectangular frame ABCD 
(Fig. 183) of which the cross i)iece BC of length, L, can be slided along 

the arms AB and DG, Since a 
liquid surface behaves like a 
stretched membrane and is con¬ 
tractile, the force F which tends 
to diminish the area of surface 
= 2 X (r L). where T — the sur¬ 
face tension of the liquid and the 
factor 2 comes since the film has 
two surfaces, upper and lower- 
If the area ABCD is extended by 
pulling BC through ;r as shown in 
the figure, the work required to 
be dione = F.x=2TL.x, and the 
increase in area=2LXa;, since 
the film has two surfaces. So the 
work required to be done in stretching the film through unit 
area, which is a measure of the potential energy per unit 
area«2Z’La:’/2Lx=» 7*, the surface tension of the liquid. 

This is only an approximate value for the energy per unit area ; 
for, if the film temperature is to remain constant, some more energy 
will be necessary to prevent the chilling of the film during the expansion. 
The surface tension of water at 0“C. is about 75 dynes/cm. ; for clean 
mercury* it is about 430 dynes/cm. 



169. Effects of Different Factors on the Surface Tendon 


of a liquid (1) The surface tension of a liquid depends on the 
nature of the media in contact with its surface. The effect is small 
if the contacting medium is a gas. (2) Substances like oil, grease, etc. 
reduce the surface tension of a liquid considerably. (3) It decreases 
with the increase of temperature, and probably vanishes at the critical 


temperature. The exact nature of the variation of S. T. with temperature 
can rei»resented by Eotvds-Bamsay-Shield's relation, namely. ’ 
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where T’** S. T. of the liquid 

M = Molecular weight of the liquid 
V = Specific volume 

aj“the degree of associatiou of the liquid 

__molecular wt. of liq uid 

mol. wt. of unassociated liquid 
constant 

Be ~ critical temperature 
B «»temperature of the liquid 
d = a constant very nearly equal to 7. 

( 4 ) Surface tension decreases when a liquid is electrified. This is so 
because due to electrification the liquid surface experiences a kind 
of outward normal pressure tending to increase the surface area. This 
tendency being opposite to the contractile tendency of S.T., the latter 
effectively diminishes with the electrification of the liquid. (5) It varies 
with concentration too. 

170. Experiments on Surface Tension :— 

(i) A Floating Needle.—Take a slightly greased sewing needle 
and carefully place it horizontally on the surface of water kept in a 
vessel. The needle rests in a small 
depression (Fig. 184) in the same 
way as a heavy body would do 
when placed on a sheet of stretched 
rubber. 

Neglecting adhesion between 
grease and water which is weak, 
the phenomenon may be explained 
as follows: For the needle to 
sink by breaking through the 


must bo pulled apart. This can¬ 
not take jdace ou account of the large cohesive forces which bind the 
molecules togetlier. What hapjTens then is that the surface becomes 
depressed until the resultant upward force W due to the surface 
tension T acting as shown in the figure is equal to the downward force 
\V due to the weight of the needle. 

The walking and running of insects on the surface of liquids are 
also possible due to similar reasons. 

(il) Sprcadlo^ of Oil on Water. —Take a little quantity of oil* 
preferably kerosene and drop it on water. It is pulled in all directions 


surface (iron being 7‘8 times 
heavier than water), the molecules 


_u; 



PiK 181 —A Floating 
Needle. 
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until it spreads over the entire surface. This is because the surface 
tension of oil is much less than that of water ; the greater tension of 
the water stretches the oil in all directions. 


Take some camphor shavings and simply put them on a water 
surface. They are smartly turned or moved hither and thither in 
different directions. The fact is that at each pointed end each flake 
readily goes into solution in the water and this reduces the surface 
tension at that end more than at any other, resulting in a motion of 
the flake. 


(iii) Soap bubble.—Force air into a soap bubble carefully , 
when it will expand. Bemove the mouth from the pipe end, the bubble 
will contract forcing the gas out. This happens because due to surface 
tension the surface of a liquid behaves as a stretched membrane having 
a tendency to contract. 


(iv) Camel Hair Brush Expt.—Dip a camel hair brush into a 
liquid. When the brush is taken out. the hairs are all found to be 
drawn together as if the hairs are now connected by a stretched 
membrane. 

171. Spherieal Shapes of Liquid Drops :—On account of 
siirface tension the skin of liquid tends to contract in area and to 
attain a shape in which the exposed area is minimum for a given volume 
i.e. it takes on a spherical shape because a sphere has the least surface 
area for a given volume. The effect of gravity on a liquid is to make 
the liquid flat, as under this condition the centre of gravity of the 
liquid will be at the lowest. - In small masses of liquids, usually the 
effect of the surface tension predominates over that of gravity, while 
in larger masses the effect is the reverse. The spherical 8hax>e of soap 
bubbles, rain drops, etc. illustrates the effects of surface tension in 
small masses of liquids, while in tanks and ponds the water assumes 
a flat surface illustrating the effect of gravity. Because of its large 
surface tension, mercury when spilt on a floor takes on the shape of 
small pellets in defiance of gravity. 


172. Part played by Cohesion and Adhesion ;—When the 
mutual attraction between the molecules of a liquid, ( cohttdon} con* 
tained in a vessel is less than their attraction to the sides (adh§8i(m)t 
the liquid wets the side of the vessel as in the case of water in a 
glass Vestel; but if the adhesion is less than that of cohesion, as for 
meixury in a glass vessel the liquid does not wet ^ass ; so mercury 
sprinkl^ on a glass surface separates out into spherical drops, whereas 
' wa^ bTj oil easily spreads over a glass surface. 
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17S. The Angle of Contact : -If a plate is plunged vertically 
in a liquid, the liquid is drawn 
a little up the wall when the 
liquid wets it, as in the case 
of water, alcohol, copper sul¬ 
phate solution, eAier, etc. 

(Fig. 185, left), while the liquid 
is depressed a little when it 
does not wet the wall as in 
the case of mercury (Fig. 185, 
right). The section of the 
liquid surface near the plate 
is a continuous curve and is 
known as the capillary curve. 

Consider a point 0 where the 
capillary curve meets the solid surface. The angle ABC in the liquid, 
which AC, the tangent to the capillary curve at C, makes with the solid 
surface BC, is called the angle of contact between the liquid and the 
solid. It is an acute angle when the liquid wets the solid and is ohtme 
when the liquid does not wet it. The angle of contact of water with 
glass in air is very small and can be taken as zero. 



The angle of contact between a liquid and a solid depends on 
(i) the nature of the liquid and the solid, (ii) the medium above the- 
free surface of the liquid and is independent of the angle of inclination 
of the solid to the surface ,of the liquid. 


It is actually found that the angle of contact between mercury 
and glass when air is above mercury is different from the correspon¬ 
ding angle of contact when a layer of water is spread over mercury. 


174. Neiimann’B Triangle :—^Whenever on the two sides 

of a surface the media 

are different, that is, 
whenever there is a 

discontinuity, the surface 

tension would show its 
existence and its value 

will depend on the medium 
in contact with the surface.. 
The S. T. of mercury- 
in contact with air is 

different from that in con¬ 
tact with water. Bo with 
three substances meeting 
along a line it may or may 
not be possible ta. obtain 



Vlg. 186 
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•equilibrium. Suppose 4, S, 2/ to be three different media of which 
A is air, <9 is a solid and L % liquid having a horizontal surface in 
contact with air (Fig. 186) The directions of surface tensions are 
obtained by drawing tangents at the lines of common contact. Let ITi, 
r* and 1*3 be these tensions. If the vector sum of these three tensions 
meeting at a point be zero, then they must be represented by a triangle 
{of tension) generally known as Neumann’s triangle, which determines 
, the angles of contact of the surface. If any two tensions are not together 
Ijreater than the third, this Neumaqn’s triangle cannot be drawn and 
the arrangement would not be in equilibrium. 



Fig. 187 

the liquid 


When a liquid is poured on 
a horizontal solid surface let 
Ti, Tit Tst respectively be the 
surface tensions for air-liquid, 
'liquid-solid and solid-air (Fig. 
187). If now Ts>’Ti •+ Tg, there 
cannot be any equilibrium and 
the liquid spreads over the solid, 
i.e. the liquid exhibits complete 
wetting. 


If, however, T.s — T* 7i cos (>t 
where angle of contact of 
with the solid, a state of equilibrium is reached. Here 


cos 6 


2*1 • 


When T$>T^t cos $ is positive and B is less than 90* as in the case 
of water. If T%>Tz* B lies between 90'’ and 180* and this is the case 
with mercury for which b is about 140*. 


175. Measurement of the Angle of Contact of Mercury and 

Olass :—The angle of contact of mercury and glass can be conveniently 
measured by fiUing an inverted spherical glass bulb with clear mercury 
till mercury rises to such a level that no curved portion appears at the 
position where mercury meets the glass. This is to be optically tested 
by observing an image of a bright spot of light reflected from the surface 
of. mercury. A bright band near the point of contact indicates a 
curvature at the position and a distinct image spot indicates the hori- 
nontslity of the surface. When an exact horizontal surface has been 
ensured [)p^ 188(a)], the angle of contact is evidently the angle between 
the tant^ht at the point of contact and the liquid surface as measured 
' wi^iu the liquid (».a. Z ABO in the figure). When the bulb is of thin 
the diameter and hence the radius of the circle at the position BO 
be directly measured by slide caUipers without appreciable error. 
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Let this be ri^EOi. Now the diameter of the bulb is again measuied 
by the same callipers and hence its radius r^BO is determined. 

Hence cos OJ5C——. So LOBO is found. The angle of contact 

r 

is evidently given by Z,ABC=^dO''+ Z OBC. 




A simpler method for / 

determining the angle of con- 

tact for mercury and glass is \ r 

to dip a slanting glass plate \ ^ 

AB jjartly into mercury th’ig- ' . .f- - - 4 ^ fl 

188(b)]. The inclination of j /a\^ 

AB is to be so adjusted that - //\ 

the mercury and glass meets .Z\y // i 

at P without any curvature. - - Fvu§_in 

The angle of contact for glass f 

and mercury is then given by 
Z BP4/ = (180-b) where jLB S'-—tu'W 

^ ^APQ. $ is measured by (o) (b) 

dropping a plumb line through „ 

A so as to meet the surface ® • 

of mercury at <3 and then measuring AQ and PQ. 

Evidently, tan ; or, ®=tan“'^^. Thus the angle of 

PQ PQ 

contact (180” —is determined. 

By a similar method Adam determined the angle of contact between 
glass and water also. 


188 . 


Evidently, tan ; or, ^ ®=tan“' ^ . Thus 


angle 


Surface Tensions at 20”C. and Angles of Contact 
(liquid—glass) 


Liquid 

B. T. (dynes 

Angle of contact 

Waler.^lc 

780 

8'^ to 9’ 

Soap Bolutiun-ait 

30 (approx.) 


Paraffin oll*ait 

26'4 

' 26“ 

Meeoury-ait 

46«*0 

130“ (approx.) 


176. Pressure and Curvature of a Liquid Surface. —If the 

pressure on both sides of a liquid surface is the same, the surface 
becomes plane. But if the pressure on one side exceeds that on 

Q.P. 18— (VOL. l) 
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the other, the surface on the high pressure side becomes concave. 
Let aO (Fig. 189) represent a plane section of the liquid surface and 



Fig. 189 Fig. 190 


let r be the radius of curvature of the surface in the plane of the 
section and 0 its centre of curvature. If u unit length of this 
surface be considered in a plane at right angles to the plane of the 
paper and if Pi be the excess pressure on the concave side over the 
other, then the force acting on a small strip of area, (rdl? X l) — rd^, 
is given by P\rdB acting normally on the surface. Its resolved part 
parallel to OS is P\rdB cos B. 

The total resolved force on ah acting parallel to OS is 

rPjr cos BdB^2P\r sin 9 
-9 

Again the surface tension, T. at the point a resolved parallel 
to OS is T sin B and that at b resolved in the same direction is also 
r sin ^ length is unity). 

Hence for equilibrium of ah, 

2Pir sin ^■*22’sin ; 



If the curvature of the surface at right angles to the plane considered 
above be i2« ; then due to this curvature the excess pressure P* is given 
by TIB% (Fig. 190). Now denoting the radius of curvature of at> 
by B|, the total excess pressure. 
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For a spherical surface, (say), and/^«2ir/ff. If a 

Spherical soap bubble is considered, as it has two surfaces, P~43VB. 

071 

For a cylindrical soap bubble, since B\^ «• and i?i = JS, p— . 

B 

177. Excess Pressure within a Spherical Soap Bubbif^ 

(Alternative proof):—Let a soip bubble (p"ig. 19l) be of radius it*. 
Imagine the bubble to be 
bisected by a horizontal plane 
BC. If P be the excess internal 
pressure, the plane horizontal 
section will be acted on by a 
force = PX *22* which may, 
because of sj'mmetry, be 
supposed to be acting at O 
along OA. Due to S.T. the 
boundary of the plane section 
will be subjected to a force 2P 
per cm. (since the film has 
two surfaces), acting normally 
to the bounding line and 
tangentially to the suarface as 
shown in the figure. Since the 



Fig. 191 


length of the boundary line«=2»jB, the total force due to S.T. on the 
boundary line produces a resultant force of 2I’X2irj8 which may be 
supposed to act at 0 opposite to OA. Hence for equilibrium of the 
section. 


PnR^==inRT or. P*2 


4r 


B' 


Note : Energy of the babble :—Neglecting the compression of 
the gas in the bubble, the total energy of the bubble 

^surface area of the bubbleX surface tension on both the surfaces 

taken together. 


This is, because the surface tension is numerically equal to the 
energy x>er unit area approximately. 

/. The total energy - 4*12* X 2r-8*B*r* 2» PR* 

(apiiroximately). 


•178. Cyltndrieal Film :—^When two identical wire rings are 
brought in contact with two opposite sides of a spherical soap babble, 
a cylindrical film of soap solution may be formed. The shape of the 
film may be different depending on the distance between the rings. 
For a particular distance of separation between the rings the surface 
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of the film between them 



will be cylindrical whereas the portions 
bulging out of the rings remain spherical 
(Fig. 192). 

For this separation the excess pressure 
inside the bubble is everywhere the same. 
Since there are two surfaces of the bubble, 
this excess pressure, considering the 

cylindrical surface, is p = - wheie r, is 

the radius of each ring or of the cylindrical 
bubble. Again consideiiug the equilibrium 
of the spherical portion of the bubble, the 
same pressure excess is given by. 


P 


4T 

— where r is the radius of the sphere. 

r 


iT^2T 

r T\ 


or, r»»2ri. 


So under the above conditions, the 
Epherical portions of the film must 
have a radius of curvature twice that 
of the cylindrical portion. . 

When the rings are further drawn 
apart, the value of p decreases and 
r increases and gradually the spherical 
caps are flattened. Due to this decrease 
in internal pressure the cylindrical 
surface will be drawn in and as such 
Ti will diminish. The decrease in ri 
normally indicates an increase in the 
internal pressure. But as shown in 
Fig. 193 the longitudinal curvature, r*, Fig. les 

of the film being directed outwards introduces a negative term in the 
expression of excess piessure, which may be written as. 

p=22(i._l\ 

'ri r*/ 

The negative term opposes the expected increase in p due to decrease 

infi. 

When the spherical caps become plane, the pressure inside is equal 
to the pressure outside, 

. fience the excess pressure p «0. r| 
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At this position even if the plane faces of the film be destroyed . 
the film between the rings remains as it is. If the rings are still further 
drawn apart without destroying the plane faces, the neck at N will be 
further drawn in due to fall in the excess pressure, and ultimately the 
film breaks at JS giving rise to tw^o separate bubbles on the two rings. 


*179. Stability of Cylindrical Filins : — It can be shown from 
theoretical considerations that if the length of the cylindrical film is 
less than half of its circumference an outward bulge iu the filni 


necessitates an increase in the 
of a neck or waist requires a 
decrease in the internal 

pressure. Again if the length 
of the cylindiical film be 
greater than half of its 

circumference, an increase 
in the internal pressure 
develops a waist whereas a 
decrease in the internal 

pressure causes an outward 
bulge. 


internal pressure while the formation 



These theoretical deduc¬ 
tions were verified by Prof. 

Boys by the following arrange¬ 
ment. 

A branched tube, provided 
with three stop-cocks S, S-i, 

S 9 for regulating the pressure 
within the bubble, is fitted 
with two identical cylindrical 
metal pngs ('»» c) at the ends 
of the two arms. These rings * 
are placed on two other 
exactly similar short pieces 
of metallic cylinder just dip¬ 
ped in soap solution. Now 
raising the branched tube two t j j 

cylindrical films may he formed on the two arrns as ao and ca 
[Pig. 194(a)]* By Adjusting the pressures in the bubbles with the 
help of the stop-cocks, an outward bulge is produced in aw and a 
neck in cd. If the lengths of ab and cd be both less than t^he semi- 
circumference of cylinder, the pressure in ab is greater than that 
in cd [Pig. I94f»)]. If S be kept closed and Si and S* opened, air 
from ao will rush on to od so as to equalise the internal pressure in 
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‘both. Thus both the cylindrical films will assume a more cylin'^rical 
apjiearance and will be in a stable state of equilibrium. When put 
in coininiinicHtioii, the two films may be supposed to form a single film 
in equilibrium. So a cylindrical film is in equilibrium when the total 
length of the film is less than the circumference of the film. 


Again if the lengths of each of ah and ad be made greater than 
the semi-circumfeience of the cylinder and if a bulge is produced in 
ah and a neck in nd by properly adjusting the pressure [Fig. 194(ii)], 
the internal pressure in cd will be greater than in ah. So wdien ah and 
cd are put in communication, air from cd will gradually pass on to 
ah and there will be a gradual narrowing of the neck where the film 
> will ultimately break. Thus the bubble becomes on the whole unstable. 
When connected together, ah and cd form a single cylindrical film of 
length greater than its circumference, which is thus found to be 
unstable.. 


So in the case of cylindrical film of length less than its circum¬ 
ference, the formation of a constriction or neck anywhere is attended 
with a decrease of pressure at that position and this decrease is com¬ 
pensated by the air blowing from the comparatively wider region of 
the bubble. Thus iqualitj^ of pressure is established everywhere 
throughout the bubble, which thus attains a state of stability. Again 
in the case of a cylindrical film of length greater than its circumference 
a neck at any position is attended with a relative inciease of pressure 
there and air from that position is gradually driven out on to the wider 
regions of tlie bubble until it breaks up at the iiosition of the neck 
thereby indicating the unstable nature of the film. 


*180. Stability of Liquid Cylinders: Liquid Jets :—As 

indicated in the case of cylindrical bubbles, liquid cylinders are in 
stable equilibrium only when their lengths do not exceed the corres¬ 
ponding circumferences. If a cylinder of greater length be formed, 
it will break up into a series of drops of different sizes. 


In the case of very viscous liquids, the viscosity itself may, how¬ 
ever overcome the instability of the long cylinders. Thus the very 
viscous liquids like molten glass or quartz and syrup, etc., on account 
of their high viscosity can be drawn into long cylindrical threads with¬ 
out rupture. 


a jet of comparatively less viscous liquid like water issues 
oat of a circular aperture, it forms a long liquid cylinder which 
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being unstable soon develops waists and 
bulges and ultimately breaks into drops. 

lien the larger drops break away, suiall 
droplets like *S in Fig. 195 are produced 
at the position of the waists which are 
drawn out. These small droplets are known 
as Plateau’s spherules. A jet gener¬ 
ally breaks up into droplets of irregular 
sizes due to the small accidental distur¬ 
bances imparted to the nozzle through which 
the liquid escapes. If it is possible to 
impart a regular seiiet of disturbances to 
the nozzle, the necks developed in the 
issuing liquid cylinders will be equispaced 
and a series of equidistant sfnd identical 
drops will follow 




Fig. 105 



Bubbles and liquid Drops. —It is a well-known proposition 
m Physics that a mechanical system in stable equilibrium itossesses 
the minimum potential energy. So it follows that a liquid drop when 
not acted ui)on by external forces must take up a S])herical shape 
because the sphere i)ossesse8 the minimum surfaces area for a given 
volume and hence minimum energy due to S. T. 

If some quantity of oil is placed in a mixtuio of water and alcohol 
of the same density, the potential energy due to gravity is not affected 
hy the change in shape of the oil. So \mder the circumstances the 
oil will take up a spherical shape, wherein the area of the surface 
as also the potential energy due to surface tension are minimum. 

When a liquid drop is ached on by external forces its shape is 
determined by the condition of minimum potential energy. So a 
sufficiently small drop of a liquid resting on a horizontal plate but not 
wetting the plate will be a[)iiroximately splierical in shape for the 
potential energy due to gravity in this case is negligibly small com¬ 
pared to that due to suiface tension. In a large drop, however, the 
potential energy due to gravity plays a predominant part and as such 
the drop takes the shape of a flat i>ool of liquid thereby lowering its 
centre of gravity. 

When a drop of liquid falls freely in a vacuum it will assume a 
spherical form because the gravity no longer exerts its effect on its 
shape. Raindrops falling through air are also approximately spherical 
since the viscosity of air is very small. 

182. Calmiiig^ of Waves by Oil:— A thin film of oil spread on 
the surface of sea is very effective in preventing the breakers which 
are generally caused by the wind. When oil is poured, the. film oi 
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oil is carried forward due to the wind and behind this film is left 
a comparatively clean sheet of water. In the forward direction 
where the oil gathers the surface tension is decreased. So against 
the wind the surface tension increases and the back imll is also 
sufficiently increased than the fbrward pull. So the movement of 
the waves in the forward direction is retarded due to this greater 
surface tension and the waves are calmed. 

188. Capillarity :—If a glass tube of small bore is dipped in a 
liquid, then, in cases where the liquid wets glass, as in the case with 

water, the internal level of the 
liquid will be higher than the 
level outside [Fig. 196(a)] but 
with mercury, which does not 
wet glass, the internal level will 
be helrm the outside level [Fig. 
196(fc)]. The surface in the case 
of water in glass is concave up¬ 
wards, but for mercury in glass, it 
is convex upwards 

These results are said to be due 
(6) to what is known as capillarity, 

(from Latin, cap>Uus-he.ir) which 
Pig. 196 is a consequence of surface tension 

of the liquid and smallness of the bore of the tube. The explanation 
of the rise or depression of a liquid in a capillary tube is based on the 
facts (») that between the adjacent molecules of a liquid there is a force 
of cohesion and between the molecules of a liquid and the solid molecules 
there exists a force of adhesion, and, (it) that the resultant force acting 
on the liquid surface is always directed at right angles to the surface, 

Considering a small volume of the liquid near the point P where 
the liquid is in contact with the wall in a capillary tube, the adhesive 
force Fi acts along PA [Fig. 197(a)] at right angles to the wall at P. 
The cohesive force acts along PC making an angle 45“ with the 
wall at P , This is so because the molecule at P is acted on by identical 
cohesive forces in the vertical and horizontal directions, *,«. along PQ 
and PB due to the attraction of the liquid molecules. So the resultant 
cohesive force JP** is inclined to the vertical at an angle of 45*. The 
resultant of ^’| and F% (i.e. B) evidently depends on the magnitudes 
-^'2* (®) When Pi cos 4i5^ ^ acts vertically 

out i^yards. So the liquid surface is horizontal as in Pig. 197(a), 
>>i F i’<p8/-s/2 as in Fig. 197(6), E lies inside the liquid normal 
\ irfaee at P and hence the liquid surface is convex, (c) Again 
^ ftS in Fig. 197(c), B lies outside the liquid and the 

bocomoB eoncave. In the case of water F^ >F%t 'v/2 and 
*3e of mejrotUcy Fi<iF§ i/2 and that is why wateir has a concave 
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meniscus while mercury has a convex meniscus. Once a liquid lias a 
concave meniscus in a capillary tube, its angle of contact is acute and 



as a consequence the unbalanced vertical component (»f the iorce of 
reaction on the tube due to surface tension causes the liquid to rise up 
the tube. Depression in the‘cases of some liquids may also, be similarly 
explained. The elevation or depression of the liquid in the tube is 
inversely proportional to the diameter of the tube ; so the capillary 
effect can be clearly shown only 
in the case of very narrow tubes, 
called capillary tubes. 

The rise of oil in wicks of 
lamps, the soaking up of ink by 
blotting paper, the retaining of 
water in a piece of sponge, the 
rapid absorption of liquid by a 
lump of sugar, the wetting of a 
towel when one end of it is 
allowed to stand in water, are 
all instances of capillarity. 

184. Height of a Liquid in 
a Capillary Tube (Capillary 
Rise of the Liquid) :—Let a 
capillary tube of radius r be 
dippe'd into the _ liquid and the liquid rises in the tube until it stands 
at a height (F%. 198). The surface of the column at the top assumes 
the shape of a spherical cup with its concavity turned upwanis. Let 
the height of the column be h measured from the level of the surface of 
the liquid outside the tube up to the lower meniscus of th«^ cup. Let 
the angle of contact ( f.ACB) between the liquid and the wall be <. A 
force T due to siiHace tension acts along the tangent to the liquid 
surface in the direction CA at each point of contact 0 of the liquid 
with the wall. According to Newton's third law, this force sets up an 
equal reaction in the opposite direction, as shown by the dotted line. 
The component of this reaction in the vertically upward direction is 





fT 


T 

'-T-j 

c 



y 



B 

-- — . 


■ mm mm mm m 




mmm mmm mm mm mm m 

mmm mmm mm ^mm mm 

- -- . 

-J 

mm mm 

m m 

zsJ 

" -- 


Fig. 198 













282 


COLLEGE PHYSICS 


T cos ^. Since the liquid surface in the tube makes a circle of contact 
■with the wall of the tube, the total vertical force upwards = 2*r 
X {T cos <). This force lifts up the liquid in the tube. The mass of the 


raised liquid in the position of equilibrium—(h+r)3fr 
where (* = density of the liquid. For equilibrium, 

23tr7’cos <= I (fe-f r)jrr® —P.<7., 
jicceleration due to gravity. 

r.P8.(fe+^) 




2 cos < 


\3fr' 


I"- 


where g -•* 


(i) 


For water, alcohol, chloroform, etc. <»0, approximately. Neglecting 
r/3 compared to h. 


approximately 


( 2 ) 


185. Jurln's Law :—The elevation or depression of a liquid in 
a capillary tube is inversely proportional to the radius of the tube 
at the place of contact. This is known as Jurin’s Law of capillarity. 
This at once follows from equation (l) above, for T, p and g are 
constants for a given liquid at a given place, i.e. according to Jurin’s 



Xr=constant for a given liquid at a given place. 


186. Determination of the 



.T. of a liqnid by the Capillary 
Ascent Method :—The method of 
capillary ascent may be utilised in 
determining the surface tension 
of a liquid which wets glass. 

Here a glass tube is first 
thoroughly cleaned by nitric acid 
and then washed first by caustic 
soda solution and then in a stream 
of tap water. It is then dried' in 
hot air blast. The tube is then 
cut into pieces out of which 
capillary tubes are drawn by 
heating them in a fish-tail burner. 
A number of such capillary tubes 
of different diameters are chosen. 
These tubes together with an index 
rod of pointed ends P are fixed 
parallelly on a glass frame F 


Fig. IW 







SURFACE TENSION 


283 


(Fig. 199) near their upper ends by means of wax. The lower tip of 
P should be above the lower ends of the tubes. Now the liquid is 
taken in a shallow eylindrical glass basin. F is vertically held by a 
clamp attached to a vertical stand &’ and the lower ends of the tubes 
are dipped in the liquid to a depth slightly greater than the desired 
depth in their fixed position. This ensures the proper wetting of the 
tubes. Now by means of a plumb line /, the tubes are adjusted in tlie 
vertical position and the depth is also fixed such tliat the lower tip of 
P just touches the liquid surface. 

With the help of a travelling microscope the reading corresponding 
to the upper tip of P and those of the horizontal parts of the concave 
meniscus of the liquid in different tubes are taken. The iiositions 
of the meniscus in the tubes are marked by ink or any other suitable 
means. P is now taken out and its length is measured from the 
horizontal traverse of the travelling microscope. The difference between 
a meniscus reading and the reading to the upper tip of P subtracted 
from the length of P, gives the height of the liquid meniscus. In 
this way the heights of ascent in different tubes are determined. The 
capillary tubes are now cut at the marked positions of their liquid 
meniscus and their diameters (hence radii) are measured by the said 
microscope in two mutuaUy perpendicular directions. The mean 
diameters (hence radii) are thus found out. A graph is then drawn 
relating the height of ascent, /t, with radius, r, of the tubes. It is a 
rectangular hyi>erbola From the graph a suitable value of h and its 
corresponding r are chosen for calculation of 8. T. from the relation, 


T-hpg( 


where P —density of the liquid at the room 


temperature. 


Precautions and Errors :— 

(1) In order tliat the bore may be uniform the capillary tubes 
should be drawn with uniform pressure. 

(2) In washing or in determining S. T. of water preferably 
electrically distilled water or tap water should be used as the ordinary 
distilled water may contain traces of grease. 

(3) As dirt and grease may alter the value of S. T,, the* tubes 
are to be previously freed from such contaminations. 

(4) The verticality of the tubes should be tested with a plumb line. 

(5) Density of the liquid should be noted at the ambient 
temperature. 

(6) The pointer should be of such a length that the upper tip lies 
'vdthin the vertical traverse of the microscope. 
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(7) The tubes once dipped in the liquid should not be taken out 
of it during the measurement of height as otherwise air bubbles may 
enter the tubes and vitiate the measurements. 

187. DetermiDation of the Surface Tension of a Soap 
Solution :—For determining the surface tension of soap solution* 
usually arrangements as shown in Pig. 200 are made. Here A is a 
metal box the two opposite faces of which are made of glass. 
The metal base is bored in the centre through which a metal stand 

carrying a holder K can be 
adjusted in any position. The 
experimental soap solution is 
kept in a flat vessel on this 
holder. A glass tube Cg of 
about 3 mm. diameter having 
a C7-shaped end is inserted 
inside A in the manner shown 
in tlie figure. This tube can be 
rotated about a horizontal axis. 
The free end of the tube outside 
A is provided with a side tube 
Pig. 200 and a stop-cock arrangement 

connected to a sensitive mano¬ 
meter. The horizontal portion is connected through a rubber tubing 
and a pinch cock (at C) to a low pressure air supply. To form the soap 
bubble the end g of Cg is made to point downwards and H is raised 
so as to dip the end g. H is then lowered when a film of soap solution 
is formed across the end g. By blowing air the bubble is now formed 
at g and Cg is then rotated through 180 to bring, the bubble in the 
position shown in the figure. The slight excess liquid draining from 
the bubble collects at the bend of the tube Cg. Opening the stop cock 
St the pressure excess inside the bubble cab be directly obtained from 
the manometer. If h be the difference in the two columns of liquid 
in the manometer, this excess pressure p g. 



But excess pressure in a soap bubble is given by 

. M Jj 

where B and D represent the radius and the diameter of the bubbie. 

• n rr ■ nr 

. . p g , oxt 1 —g—. 


Thus knowing all quantities on the right-hand side T can be 
detei*inin,ed. The diameter D of the bubble is found by illuminating 
it 1t>nd casting the image of thfe same on a screen at a known distance 
with the help of a convex lens of known focal length. 
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188. (a) Rise ©1 Liquid between two Parallel Plates •— 

Let d be the distance between 
the plates A\ immersed in a 
liquid [Fig. 201(a)] and h be the 
vertical ascent of the liquid 
whose density is P. Now suppose 
T and < be the surface tension 
and angle of contact of the 
liquid respectively. Consider the 
equilibrium of the liquid raised 
between the plates of breadth 
h. The weight of the liquid 
is h (db).P. g, approximately (neg¬ 
lecting the curvature of the 
meniscus). This weight is sup- ■ 
ported by the vertical compo¬ 
nents of the force T X 5 acting 
on each plate (arising due to Fig. 201(a) 

surface tension) i.t. by 22*5008 <. 

Hence for equilibrium, hdbpg = 2Tb cos < ; 

i._2rco8< 

or, n - . 

d P g 

The expression gives us the magnitude of the vertical ascent of 
a liquid between two x^^^&ll^l plates When the angle of contact is 
obtuse (as in the case of mercury), cos < becomes negative and hence 
h is also negative. So the liquid meniscus in between the plates will 
lie below the horizontal level of the liquid outside the plates. 

In the case of two glass plates partially dipped in water since the 
pressure in between the plates, in the region where the liquid rises, is 
less than the atmospheric pressure acting on the outer surfaces of the 
plates, they will be pushed together. 

This is also the reason why when two s tmII floating bodies wetted 
by the liquid are attracted when they are olcse to each other. 

In the case when two glass plates are partially dipped in mereury 
which does not wet the plates, the mercury level between the plates 
will be depressed. So the pressure at a point in between the plates 
above the depressed meniscus will be less than the pressure at points on 
the same horizontal level on the other sides of the plates because the 
former pressure equals the atmospheric pressure and the latter is the 
atmospheric. pressure plus the hydrostatic pressure due to a column of 
mercury equal to the depth of the point below the free surface of mercury. 
So here also the plates are drawn together. Similarly, (JAtractum ezists 
alto between tmall Abating bodies which are not wetted by the 
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When one of the floating bodies is wet and the other is not wet, it 
is found that these two bodies are repelled when close to each other. 
This can also be explained from the theory of surface tension as 
above. 


(b) Liquid drop between two plates.—When two plates of 
glass are put face to fare, no difficulty is experienced in separating 
them. But if there is a liquid drop in between and it is squeezed 

into a thin fllm, it re¬ 
quires a considerable 
force to pull them apart. 

If the liquid wets the 
glass plates, the fllm 
spreads over an almost 
circular area. If d be 
the thicknebs of the liquid film between the plates which is concave 
outwards [Fig. 201 (&)]. the radius of curvature of the concave edges 
of the film is nearly i//2. If r be the radius of the circular film of 
liquid, the excess pressure p inside the film over the outside pressure 
is given by, 



pa 



2r\ 

d)' 


where T is the surface tension of the liquid. 


As r is very large compared to d, we can write, p = “ 2r/i. 


The negative sign indicates that the pressure inside the'film is less 
than the atmospheric pressure. As d is very small p will be quite appre¬ 
ciable. So if A be the area of the plate wetted by the film, the total 

force pressing the plates together is given by . Hence to separate 

a 

these plates a force greater than this will be always necessary. As d 
becomes smaller, this force increases in magnitude. 


189. Other methods of determining S. T.:— 


(a) Jaeger 8 Method.— 

This method is based on 
the fact that the pressure inside 
spherical bubble exceeds that 
27* 

outside by P** 

Here a reservoir R (Fig. 
202) attached to a force pump 
is fitted with a vertical tube 
0DAM bent in the way shown 
in the figure. The tube is of 
fine bore and is fitted with a 
otlop eock 8 and a manometer 
JbT. «The lower end of AH dips 
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'T^ Let X be the depth of the Ikiuid column up to the end, /J, of the 
tube AB and T be the S.T. of the liquid. Suppose r is the radius of 
the orifice at B. 

If, air is slowly forced into the tulie by ojiening slightly the 
surface of the liquid in AB sinks lower and lower until finally a 
hemispherical bubble of the same radius r as the orifice at B is formed 
and breaks ofl* with sudden change in the indications of the manometer. 
Another bubble is gradually formed and breaks off as usual, and so 
on. The manometer indicates a pressure difference of h cms. of 
liquid which is maximum when the bubble is just about to break 
off. This h is measured by a vertical traverse of a travelling microscope, 
when the bubbles form slowly at the rate of one or two per second. The 
diameter (hence radius) of the orifice is also measured by a travelling 
microscope. 

The maximum internal pressure in tlie bubble = wlieio 

p“density of the manometric liquid and atmospheric pressure at 
the time of the experiment. 

Again pressure just outside the bubble where d —density 

of the experimental liquid. 

Excess internail iresBure—hpg — xdg 

= g(hp — xd) = 

r' 

(since the bubble here has only one surface). 

T^^(hP-xd). 

2 

All the terms on the ritht-hand side being known. T can be 
calculated. 

The method is suitable for determining the S.T. of any liquid 
at different temperatures because the temp, of the vessel can be easily 
controlled. It is also suitable for determining S.T. of a molten metal. 

(b) U-tube method .-—The surface tension of a liquid can con¬ 
veniently be determined at different temperatures by the 17-tube method 
which is -nothing but a modified capillary tube method. A (7-shaped 
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glass tube is taken one limb oi which 
is very narrow and the other broader. 
The tube is partly filled with the 
exiierimental liquid and placed inside 
a bath at a suitable temperature, 
measured by a thermometer inserted 
inside the bath. If, the angle df con¬ 
tact of the liquid and glass be acute, 
the liquid in the narrow limb will 
stand at a higher level. Let h be the 
difference of levels of the liquid 
meniscus in the two limbs. If F 
be the atmospheric pressure and ri 
and r* the radii of the narrower and 
the broader limbs, the pressure just 
below the meniscus in the two limbs 
are respectively. 

p,,.f7>-22L=08i!\ p,=(p_22:~8ey 

r\ J \ rjj y 

"T and h being the surface tension and the angle of contact. 

But Pi p 2 * h;^drostatic piessure due to the difference in levels 

ih)^hpg. 

/. 2Tco8«r-i-il-kPg. 

L^i r,J 

Thus knowing h, P, g, ri, r® and P, T can be determined. 

It is to be noted that surface tension of all liquids decreases with 
the rise of temperature with the two exceptions of molten copper and 
•cadmium. 

(c) Quincke^s method as modified by Edser (Drop method).— 

When a quantity of liquid is poured on a horizontal solid surface 
which it does not wet, liquid drop is formed whose shape is partly 
determined by gravity and partly by surface tension. So when mercury 
is poured on a wooden platform droplets will be formed. When these 
droplets are smaller in size surface tension effects are predominant and 
the gravitation plays a minor part. So these droplets are spherical in 
ehape-t But as the size of the drops increases the gravitation effect gets 
ithe upper hand and S.T. effect becomes small. So the drop is ffattened 



Fig. 208 
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Fig. 204 

had ultimately the upper surface becomes horizontal in the equilibrium 



The total horizontal hydrostatic thrust on JKFOH 


area X average hydrostatic pressure 
(6 X fc) X \hpo * ih^pgb. 

Where distance between the horiaontal surface of the drop 

and the point C, 

a. P. 19--<Vou. l) 
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The force of surface tension on EF 

For equilibrium h^pgb ; 

or, T^\h^Pg. 

This relation supplies ns with a method of determining S.T. of 
a liquid without measuring its angle of contact with the'solid plate. 

The actual experimental arrangement as was adopted by Edser is 
shown in Pig. 204. 

Light from an incandescent lamp & is focussed on the edge of the 
inercmy drop with the help of a Jens L and a glass plate G set at 45 
to tiie horijiontal. A travelling microscope M receives the light reflected 
from the edge as it passes straight through the glass jJate O. When 
the microscope is focussed, a shai^) horizontal line is found at 0. By 
raising or lowering the microscope this line is made to coincide with 
the horizontal cross-wire of the eyepiece. Now specks of lycoi)odium 
powder are sjn-inkJed on the upper horizontal surface of the drop and 
the microscope is raised and focussed on some of these specks. The 
vertical distance traversed by the microscoi^e during the operation 
gives h. 

Hence knowing h, T can be easily obtained from the above 
relation. 


(d) Ferguson’s method for a small quantity of liquid 
(Horizontal tube method).— 


This method is really a modification of the capillary tube method. 
Here a narrow capillary tube G is mounted horizontally and a pressure 

is applied by any suitable 
device connected at the end iC 
of the horizontal tube. The 
pressure excess pis measured by 
a manometer ilf connected to the 
tube. A small quantity of the 
liquid is introduced in the capi¬ 
llary tube and, by adjusting the 
excess pressure p inside, the 
surface of the liquid at the free 
end of the capillary is made plane- This is checked by the regular 
reflection taking place at the plane liquid surface, as shown in h’ig. 205. 
When the liquid wets glass, the angle of contact may -be supposed to 
be zero* if r be the radius of the capillary tube, 

ir ' 

2*rr»p ; 






or, 


I 
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where resurface tension, P=den8ity oi the miuoinetric liquid, r is 
actually measured by drawing in the capillary tube a mercury pellet, 
finding its lengths at different ixjsifcioiis and carefully determining its 
weight. 

This method, is suitable only for liquids wetli ig the glass and is 
applied particularly when a small quantity of it is available. 

(e) Searle’s balance method for determining surface tension 
of a liquid :— 

This is one of the simplest and quickest of methods for the deter¬ 
mination of surface tension of a liquid whose angle of contact is very 
nearly zero. 

The apparatus (Fig. 206) consists of a metal strip ,*1/i fixed to a 
fine steel wire, lo, whicli is horizontally stretched and rigidly attached 
to two supports and at the two ends. - The end A of the strip 
serves as a pointer moving against a scale S. A scale pan P provided 
with a hook at the bottom is suspended from A H conveniently at a point 
in between the pointed end and the wire. From the hook is susi)ended 
a thin glass plate above the liquid contained in a vessel V whose height 
can be adjusted by a suitable arrangement. The strip JP is then made 
horizontal by adjusting the position of the movable weight W, The 
vessel of liquid is now raised so 
that G is dipped a little in the 
liquid. Tiio vessel is then slowly 
lowered till a film of liquid just 
connects the lower edge of the 
glass plate with the liquid surface. 

In this position the glass plate is 
pulled down with a force due to 
surface tension acting along the 
perimeter of the lower edge of G. 

Due to this pull, the pointer A is 
also moved down. The reading 
of the pointer is noted. The 
vessel is now removed and G 
dried. When this dry glass plate 
is again suspended from P in air 
the horizontality of AB is 

regained. Now if by placiog a weight mgr on P the pointer agaia 
deflects downwards to the same extent, the force due to surface tension 
must be equal to mg. 

The imll due to S.T. is evidently given by 22* U 4*f) where Z» 
length of the plate and t^its thickness, the angle of conte^: being, aero,. 
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2r(Z4-t)s»w^ ; or, T* 


m g 

2U+e) • 


Thus knowing I, t and mg, T can be found. 


(f) Drop-weight method. —In this method, the liquid under test 
is taken in a burette to the nozzle of which is attached a piece of Tndia- 
1 libber tubing. Into the lower end of this tubing is inserted a vertical 
glass tube of circular cross-section (of 3 to 4 mm. bore). The flow 
of liquid through the glass tube is controlled by fitting a pincli-cock 
to the rubber tubing. The liquid is allowed to flow through the glass 
tube in such a way that the drops formed at the open end get detached 
at the rate of one per minute. The average mass of a falling drop is 
determined by collecting these drops in a previously weighed clean 
beaker, counting the number of drops so collected and weighing the 
beaker once again after collection. The radius of a drop is directly 
obtained from the radius of the bore which is measured by a travelling 
microscope. From these data the surface tension of the liquid can be 
roughly computed from ^the theoretical relation derived below. 


When a liquid drop is on the point of detachment, it becomes 
cylindrical and the vertical forces on the drop must balance in the 
stable state. These vertical forces are :—(a) mg, the weight of the 
drop acting downwards, where m is the mass of the drop ; (6) 27irT 
due to surface tension acting upwards where 2' is the surface tension 
and r, the radius of the cylindrical part which is supposed to be the 
same as that of the outer radius of the tube ; (a) pytr^ acting downwards 
•where p is the excess internal pressure in the drop. 

wg+p3»r* . ••• (1) 

« 

T 

But as the drop is cylindrical, p = -. 

r 

Substituting in (l), 2irrT«mg +wrT. 

4 

Bence, 1=^ ... ... ... ... (21 

flT 

Thus knowing m, r and g at the locality, T can be found out. Lord 
Bayleigh suggested a modified relation, T~~^'*0'26^, which is 


supposed to yield better results. Harkins and Brown showed that 

IT 

' .Bayleigh's relation is true only when the ratio —does not exceed 10, 

T 

whe^>F T^jfiets to the volume of the drop, ^he method u not e reliable 
<me '«]ii!d isiv9B ^y a rough value of the surface tension. 
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(g) Rayleigh’s Jet Method :— 

t 

Bayleigh devised a method of determining the surface tension of 
a liquid by using the principle of the breaking up of a liquid into, drops. 
When the drops first form, the various 
parts in them are in relative motion 
and their shape oscillates about the 
mean spherical form. This change 
can be observed just before the drops 
separate from each other. This is so 
because of the cyclic change in the 
lateral dimension of the jet in a 
particular direction. In Fig. 206('i), 
the jet is formed at the end of a glass 
tube attached to a funnel and the 
point A and U cover up the extent of 
one complete cyclic change of cross- jeig. aubiaj 

section of the jet. The time ijeriod of vibration of a liquid drop 
ts mean spherical form under the influence of surface tension is 
ifrom dimensional formula as, ^ 






about 

given 


t 




(See Art. 269, Ex. 1) 

where k is a constant, whose value from experimental results is found 
7T 

to be P = the liquid density, 7'= the surface tension and r-the 
radius of the drop. 

Hence t 


n 

^ 2T 


The horizontal velocity of the liquid jet if the delivery at the end 
of the glass tube is horizontal is given by, 

» %jh (vel. of efflux) (Vide, Art. 197) • 

% 

where h is the height of the liquid surface above the orifice. So the 
horizontal distance i between A and B is x^vt. 


r. 



pr* 

27 


or. 


m _ f>*R(lhr* 
£ « ~ • 


From this relation T can be determined by measuring x with ati-avelling ^ 
microscope and t&king r to be the same as the radius of the orifice, th^ 
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other quantities p, q. h in the expression being also directly or indirectly 
determinable quantities. 

(h) Ripple method.— 

It can be shown theoretically that the velocity V of ripples on the 
surface of a liquid is given by 

Ap 2n 

where S=the surface tension of the liquid, 

X = the wavelength of the ripples, 

(!i =*acceleration due to gravity 
and p^the density of the liquid. 

Lord Bayleigh utilised the above relation in determining the surface 
tension of meicury from the wavelength and frequency of the ripples 
formed on mercury Furface y = n^). The method has been 

subsequently modified by many workers. The method due to R. C. 
Brown, which is supposed to he one of the most accurate modifications 
is described, briefly below. 

Here the experimental liquid was water contained in a shallow brass 
tank. The ripples were produced by a dii)per D attached rigidly to 
a reed which was actuated by an alternating current passing through 



FI*. 207 

the loud Speaker unit 17|. The natural frequency of the reed was 
Adjusted in unison with that of the a.c. supply- To measure ^ of the 
a stroboscopic arrangement was made. Light from a pointolite 
“^***i*^ P was focussed on a horizontal slit £| by a lens. With the heh> 
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of a concave mirror the light from the slit was focussed at a iiolnt 
S* in the focal plane of a second lens. The parallel beam of light coming 
out of this lens was reflected on to the disturbed surfac.e of water by 
means of a plane reflector Rl. The concave mirror 1/ was fitted to 
another reed R also tuned to the a.c. supply and actuated by the 
current through another loud speaker unit C7» which was connected in 
series with U\. So for every ripple produced Wythe dipper, the light 
from M passed twice through <5* and the intermittent illumination of 
the liquid surface had twice the frequency of the dipper. With a 
telescope T the light reflected from the liquid surface was observed. 
A series of straight line images parallel to the edge of tJie dipper was 
visible in the field of view. The distance between the successive lines, 
which was equal to ^,'2, was measured. Hence knowing frecpiency of 
the reed, V was c»lcnlated from relation V -«A,. Then with the aid of 
the above relation 8 was computed . 


* Ripples formed on Liquid Surfaces.— 

During the propagation of waves on liquid surfaces the forces, 
that come into play, are gravity, surface tension and hydrostatic 
pressure, neglecting the damping effect due to viscosity. When the 
amplitude of the wave is moderate and the wavelengths long {'leep 
tO'iter waves or gravity waves), the gravitational forces are far more 
predominant and the effect of surface tension is only negligible. In cases 
of small waves with relatively sharp curvatures {capillary wate^ or 
skallow-water waves), surface tension becomes the dominant force But 
in the cases of ordinary ripples which come under neither of the above 
categories, all the three tyi)es of forces will act conjointly. In such 
cases the motion is neither entirely transverse nor longitudinal. Each 
particle describes an orbit in the upper part of which it moves in the 
direction of the wave propagation. If the motions are S.H. irt nature, 
these orbits are circular provided the depth of the liquid is large 
compared with the Vavelength. 

If the waves travel from left to right with velocity T’, imagine 
a velocity — V to be superposed on the whole system to bring the’ waves 
to rest. The liquid now 
streams with an average 
velocity V from right to 
left on which are super¬ 
posed the orbital motions 
of the individual particle 
(i.e. the vortex velocity). 

If the velocity of the 
particle be v, then the ^ 

relative velocity of the 8071a) 

liquid flow at B will be (F-v) and that at Q will ba (F+v). Tlii» 
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conclusion anfeomatically follows from the equation of continuity of 
flow wherein the product of the velocity of flow and the corresponding 
sectional area must he constant. As the sectional area at is smaller, 
velocity will be greater there. 

Supposing 00 \ to be the normal horizontal level, we can apply 
Bernoulli's theorem (Art. 196) at H and Q and get, 

or, (Pi-P%H(hi-hi)pg^lp(V 2 * - F,*) .(l) 


where Pi, hi, Fi are the pressures on the liquid surface (due to 
S.T.), the height above the horizontal level and velocity of the liquid 
at B and Pg, hg, Fg, the corresponding quantities at Q, P and g 
carrying their usual meaning. 

If the wave be sinusoidal in nature, we have. 


y^a Bin-^^ i 


where T 


is the period and a, the 


amplitude of the wave which is identical with the radius of the circular 
orbit described by the particles of the liquid medium. 

Hence hi^a and hg= —a in the present case. 

hi hg*2af. 


Again ^ a, (h = wavelength). 

J; A 

A 

Substituting in (1), we get, 

Pi-p,+aiw<=^5^- 


( 2 ) 


Now if r be the radius of curvature of the ripple at‘ R and *~r, 
that at Qt then. 




Since, approximately, we get from the wave equation 

, r ofl!* 

above* * 
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(*.* X-FT) 

^ 4»®a . 2*/ 

- t\ 

dy. 


y _ »'» » . ZJ*/ . 7;\ 


At ^ and Q, ^ * 0. Hence, cos i — — 'j = 0 ■ 
cf j" J \ V ' ' 

)- ± 1. 


^ . 2*/ . ® 
or. 


At jB and Q, ^- 
r a®* 


4»®a 
X* • 


P^-P2 


.2<? 8»*aiS 


r X* 
Hence eqn. (2) reduces to, 


(3) 


When deep water waves are considered, iS 

. 4»aPF®_„„ 

. . -:-= 2Pag ; 


or. 


r^. 

' 2* 


0 . 


This is the velooity of the gravity waxes. 


For capillary waves, the second term in eqn. (3) is unimportant 
and can be neglected. So for the capillary waves, 

8w*#tS_4aoPF* 

X» A ’ 


or, 

■V Ap 

This is the expression for the velocity of the capillary waves. 
For ordinary ripples, eqn. (3) holds good and we get, 

+2PtfaX — 

X* 4»op 4»ap 


2xs 

Ap 


2 iar 


(i) 


190. Moleenlar Monolayers (Mono-moteenlar layers) :-~>8ome 
substances like oils and fats are practically insoluble in water 
But by taking a known quantity of such a substance, dissolying it in 
bensene and pourii^ it oyer the surface of water, it is jjxjssible to get 
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a thin film of it formed on the surface. The solution spreads over a 
known area and as the benzene evaporates out, a film is formed whose 
thickness can he calculated from the area and the mass of the substance 
used. Jjangmuir produced, by this method, films or layers one molecule 
thick which are known as monolayers. These monolayers are found to 
obey certain laws similar to gas kinetic laws. 


191. Vapour Pressure on a Curved Liquid Surface The 

process of evaporation is nothing but the escape of molecules from 
the surface of a liquid. So molecules, evaporating from a liquid 
surface, shall have to overcome the attraction exerted by other 

neighbouring molecules. Sur- 



Fig. 208 


face tension, as we know, also 
arises out of this attraction, 
So a definite relation should be 
expected between surface ten- 
sion and the vaxVour pressure. 
Though the evaporation pro¬ 
cess is retarded by the mole¬ 
cular attraction, the process of 
condensation is not retarded. 
The number of vapour mole¬ 
cules striking a liquid surface 
is proi>ortional to the vapour 
pressure and as each of these 
striking molecules is captured 
by the liquid surface, they all 
condense the rate of this con¬ 
densation being, as a conse¬ 
quence, proportional to , the 
vapour pressure of the liquid. 
If in an enclosed space, the 


pressure of the vapour is such that as many molecules escape from the 
liquid surface as will be captured by it due to condensation, the space 
will be saturated with the vapour and the vapour pressure will attain 
the maximum (or saturation) value. 


In order to have a relation between the surface tension, T, of 
a liquid and its saturation vapour pressure let us consider a chamber 
AB which thermally'and otherwise isolates the arrangements inside it. 
Inside AB, a capillary tube CD (Fig. 208) is dipped in liquid contained 
in a basin such that the capillary rise h is given by hpgrl2 where 
density of the liquid and r is the radius of the capillary tube. If nr 
be the density of the vapour inside AB, the difference of vapour pressure 
hi^t'^en 0 andis given by hag ^ dp. Now if p be the maximum 
^fif^sure of vapour in contact with hotixontal liquid sunrface at the 
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pressure of vapour in contact with the curved meniscus at G will he 
ip "•hog) and this is also the maximum pressure of the vapour at 
that position. This is so because otheiwise an unbalanced movement 
of vapour continuously goes on inside AB without the relevant energy 
supply which goes against the fundamental physical principle of 
conservation of energy. 


Hence the saturation vapour piessure over a flat surface exceeds 
that over a concave surface by dp^hog. Now as 2T^hpgr or 

we can write dp = ha(j = ‘^^^ neglecting the slight correction 


Pr 


that may be introduced due to the pressure of the air column of 
length CD. 


If the vapour is supposed to obey gas laws, we get, py= BP, where 
P is the absolute temperature. Again as or, o^pfBf . 


^ B0pr 


( 1 ) 


This dp gives the lowering or the relative lowering of the 

vapour pressure over a concave liqrrid 6\irface. Similarly, it can be 
shown that in the case of a convex liquid surface the rise of saturation 
vapour pressure is also given by an exactly identical expression as (1). 


From above, we find that the saturation vapour pressure over 
a convex surface is greater than that over a plane liquid surface. So 
if a water drop be taken to a space saturated with water vapour, the 
corresponding vapour pressure is below the saturation vapour pressure 
over the surface of the drop and as a result the drop will evai)orate 
gradually. As the drop grows smaller in size its radius decreases and 
from relation (l) it follows that, dp incre'/ses or in other words, the 
apace over the drop is still more unsaturated. So the drop tends to 
diminish in size gradually and ultimately evaporates out. Thus 
saturation or even supersatiyration may not necessarily help formation 
of droplets in the space which is perfectly dust-free because the droplets 
even if they be formed shall have a two-fold tendency to contract—one 
due to continuous evaporation and the other due to the contractile 
tendency of a liquid surface arising from S.T. 

But if dust particles be present in the above space, they serve as 
the condensation nuclei and as such the droplets will be formed. If 
the size be sufficiently large then dp decreases thereby decreasing the 
tendency of evaporation. Again if charged ions are present they may 
also help formation of droplets by partly serving as condensation 
nuclei and ;)artly balancing the contractile property of S. T. by tbe 
ontward electric pressure acting normally on the surface of tbe charged 
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droplets. This principle is utilised in the working of Wilson’s cloud 
chamber. 

*192. Clouds and Emulsions:—^It has been found in Art. 191 that 
the vapour pressure in equilibrium with a carved liquid surface increases 
with the convexity of the surface. So the smaller the convexity of the 
surface or the greater the radius of curvature of the surface, the more 
readily will the condensation take place. It can be shown by actual 
calculation that the rise in saturation vapour pressure is almost 
negligible unless the liquid surface has an extremely small radius of 
curvature. 

To have an idea about the magnitude of the effect produced when 
the radius of curvature is of a different order, let us evaluate dp for 
water-drops of different sizes at For a water-drop of radius 1 mm., 
since T=76 dynes per cm. at 0'’C, p«land <r = 48XlO'^gms./c. c., 
from Art. 191, we have. 


dm s = 2X75X48 x]0~^ 

^ rp 1X1 


0*0072 dynes/cm.® (nearly). 


^ The^ saturated vapour pressure over a plane surface of water at 
0 C. being about 4'6 mm. of Hg which is nearly 6150 dynes/cm.®, th© 
above change dp is practically negligible. 

But when the radius of the drop is 100 mpt or 10“®cm., dp«72 
dynes/cm.’', which is only about 1% of the initial pressure. Again if 
the radius of the drop is 1 m»* or 10~^cm., dp —7200 dynes/cm.’. 

Hence in this case the pressure over the curved surface 

■■pressure over the plane surface+(2p 
“6160+■7200**13350 dynes/cm*. 

This is more than double the original saturation vapour pressure 

over a plane water surface at (fO. 

\ 

So it follows that minute drops of radius of the order of 10'^ cm. 
would readily evaporate even in a space normally saturated with 
aqueous vapour. Thus it is possible to cool water vapour sufficiently 
below its dew-point without any condensation occurring; for, in absence 
of any condensation nuclei the formation of very minute drop in the 
initial state of condensation is almost impossible because of ready 
evaporation. 


Aitken showed that the presence of dust particles is generally 
necessary for condensation to take place. These particles serve as the 
eondsrwUion nveUi round which initial deposition of water molecules 
may take jplace so that even at the very beginning the water-dn>p8' 
may have a considerable dimension which may not favour ready 
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Wilson in 1897 showed that the gaseous ions csln serve as the 
condensation nuclei at the dew-point even without the presence of dust 
particles. Condensation may, however, occur in absence of both the 
dust particles and the gaseous ions provided a high degree of super¬ 
saturation is attained. In Wilson's experiments with cloud chambers 
it has been found that a dense mist is formed when dust-free saturated 
air is suddenly allowed to expand to about 1*4 times its original 
volume. Here due to the adiabatic expansion the supersaturation is 
sufficient for the formation of drops of very minute size. 

The dense fog in industrial cities is mainly due to the presence 
of sufficiently big condensation nuclei in the atmosphere in the form 
of smoke and dust particles. At higher altitudes, wliere air is generally 
very clean, the formation of clouds is largely facilitated by the gaseous 
ions present in the air. When clouds arc formed the constituent water 
droplets fall in the air with a terminal velocity obeying Stokes’ law 
[Art. 207 (^)]. If an upward current of air is present, the cloud may 
rise relative to the earth. If the water particles in cloud fall through a 
warmer region of dry air, they evaporate and the cloud slowly disa))pears. 
If the particle falls through a hotter region saturated with water vapotir 
further condensation occurs on their surfaces and so they will grow in 
size and finally fall as rain drops. In thunder-storms the larger drops 
are due to the union of smaller droplets under the influence of the 
electrical action, the effect of which is to make the droplets attract one 
another so that when they come closer they may coalesce 

Just as the condensed droplets of a liquid in the atmosphere of 
its saturated vapour are stable when proper condensation nuclei are 
{present, so does the stability of many colloidal solutions or emulsions 
depend on the presence of small amounts of a third substance which 
keeps the x>srticles of the colloids dispersed. This third substance is 
known as the protector* Probably the protectors make the emulsion 
stable by forming a film over the colloid x)articies. Milk is an emulsion 
of butter droplets in water. Casein and calcium salts serve as the 
protectors or stabilisers in this case. Bubber latex or the emulsion of 
rubber globules are generally stabilised by an alkali as the protector. 


Examples 

J. A sphere of vmter of radius 1 mm. is sprayed into a million drops all of 
the same sim. Find the energy expended in so doing 8.T. of waier>"7g dyneslem* 

(Puej. U, 1954) 

Ane,: Radius ol the apbere*! inno.-=‘l cm. 

Area of the epherea*4v(*3)* t^q. cm. 
and Its volnme—S*' (*!)• cm.*, 

Iiet thA tadiue of each droplet.be r cm. 

|irr»XlO*-#irCD« t 
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j or, rx*i0*='l; or, r—*001 om. 

Hence the total surface area of the droplets formed 
=»4» ('OOD* X 10®=»4ff sq. cm, 

Dae to spraying the surface area-increases by 
4)r - 4» t'l)»- 4vr(l-‘01)=4ir X’QQ. 

So the energy expended*72x4TX'W=sy8 ergs. 

a. A U-tub9 is supported with limbs vertical and is partly filled with 
water. IJ the irdernal diameter of the limbs are I cm. and '01 cm, respectively, what 
will be the difierence in height of water at the two limbs/ S. T. of water = 70 
dynesicm. {Of. C. U. 1955 : Utkai U. 1961) 

dns.: We know, SP cos ~ ” ^ 

Here dynes/cm., cos (for water). 

fj«o‘005 cm. and r,*a‘6 cm., {^==980 cme./sec*. 

or, h»28*a8 cm. 


8. A small hollow sphere which ■ has a small hole in it is immersed in water 
to a depth of 40 cms before any water penetrates into it. If the surface tension of 
water is 73 dynesicm., find the radius of the hole. 


Ans.: When water jn^t enters the sphere through the hole an air bubble 
must escape whose radius is equal to that of the hole and pressure excess 
inside which is equal to the hydrostatic pressure at the depth. 

Excess pressure inside the babble (with single surface) is —mmhpg. 


a • 



Bx7 3 
(40 X 980) 


at'0087 cm. 


4. Oalouiate the radius of the largest drop of water that might evaporate at 
O^’O without heat being supplied to it. The surface energy of water at 0'*0= 
in ergsjom.* and the latent heat of evaporation of water at =606 cals.fgm. 
One oalorie equals 4'8 x 10^ ergs. (Bihar U. 1963 : C. U. ’49) 

Ans .: Let r be the radius of the largest drop so that its area is A=*Airr* 
and its volume is 

The condition of the problem demands that as the area A changes by dA, 
the corresponding release of surface potential energy supphes the latent 
heat necessary for evaporation of a vulnme dv oi the liquid. 

Here dA"‘8errdr and hence potential energy releaaed*s8wrdr x 117 ergs. 

Again do*4irr*dr. Its mas83a4irr*drXp«4^r*dr. (p beiug unity) 

Latent heat required for evaporation»4n'r*drX606 calories. 


*>4*9 X10^ X 4irr*dr X 606 ergs. 


Since this L, H. is equal to the surface energy supplied, we have, 
4*9 X 10^ X 4wr*.dr X 606i>*8»vdr x 117 


A 


• • 


2x 117 , 

"*4*9 X1U5 X6U6 


9*19 X10-* om. 


i. pressure of air in a svap-bubble of 0'7 om. diameter is 8 mms. of water 
m ^ atmoMheric preuure, Oaleulate thi eurfaoe teiwion of the sosm eolidion. 

(D.0.1944) 
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Ans. : The excess pressure inside the soap bubble ia 
4!P 

p=a-~ (2* surface tension ; r-»radiu8 of bubbit). 

Here, p<=6 mm. of waters=0’8 om. of water. 

In absolute units, p=0*8X1 X 981 dynes/om.* ; 
r=s0 7/9««0*86 om.: 

.*. =68*67 dvne-/.^ra, 

4 4 • 


6. Two glass plates are separated by water. If the area of each plate wetted 
be 8 sq. cm. and distance between the plates he 00012 mm., what %s the force 
urging the plates together f tT=s75 dyneafcm .) 


Ans .: •* Force 


^4^3x75x8 
d~ 0*00012 


lO’" dynes. 


7. A capillary tube of internal diameter 01 cm. and external diameter 0 5 cm. 
hangs verltcally from the arm of a balance. The lower end of the tube dips in 
a liquid of surface tension 80 dynesicm. It the liquid wets tM tube, what «■« the 
change in apparent weight of the tube due to surface tension ? {cf. All. U. 19t8) 

Ana. : The surface tension acts along: the outer and inner circumferences 
of the tube, that is, along a length 2* (0‘25+0‘05) om.3B0‘6tt om. 

Downward force due to 6.T. 

«=0*fcff X Ts-O’SjrxSO dynes. 

Change in apparent weight 


O’Gtr X 80 

3B -: 

, 980 


0*1689 gm..wt. 


8. Two equal spherical soap bubbles of radius W each coalesce to form one 
spherical bubble of radius b. If the atmospheric 'pressure he A, show that the 


surface tension of the 


bubble is 


A I2a*-b*) 
4(6*-2a*)' 


{Pat. U. 1957) 


Ans, : When two bubbles coalesce to form a single one, the volume 
changes and so also the density of the enclosed air. But as the mass of air 
remains constant (assuming no air escapes), we have, 

Ziira* where pg and p, are the densities of air in the 

babbles. As the temp, is constant! from Bgyie*s law,pV)BConBt.»"ft (say). 

.*, If pi and pi be the internal preisnres of bubbles of radii a and & 


respectively! then^=^^=*Jfc; or, and p,=^. 

Pi K, « « 

We know that the excess pressure inside a soap babble of radiui a i» 


A-P,-^! or. 

a a 

Similarly lor the bubble of radius b. 


P.-A+J, 
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or. 

or. J (2a»-6*)*42’(6«-8a*> ; 

4(6'-2a*>' 

Questions (Chapter IX) 

l. Find an expression for height to which a liquid will rise aboye the 
(reneralievel in capillary tube. Oau the liquid be depressed in any. case? 
If BO. why ? (C. U. 1948 j *62) 

9. Define surface tension and show how it can be regarded as inyolytng 
potential energy. From consideration of energy, show that (•)' oil will 
spread on the surface of water. (««) mercury will collect on a clean glass 
plate in drops of different shapes according to iheir size, and (iu) waetr will 
rise in a capillary tube. (Bom. U. 19^) 

8. Account for the curvature of the surface of a liquid in the neigh, 
bonrhood of a solid surface, e.g. the wall of a beaker. 

Find an expression for the difference in pressure between the interior and 
oxterior of a spherioal soap film. Describe an ezperimeat to determine the 
surface tension ol such a film. (p«t. U. 1947) 

4. Obtain an expression for the rise or fall of a liquid in capillary tube 

dipped in a vessel of liquid. (Bom. U. 1950; Pun. U. 1946) 

5. Calculate the amount of energy needed to break a drop of water, 2 

mm. in diameter, into 10* droplets of equal size, taking surface tension of 
water as 78 dynes^cm, (ir*3*14) (Madr. U, 1947) 

[dns.: 9160 ergs} ' 

6* A ring out from a platinum tube of 8*5 cms. internal and 8*7 cm. 
external diametep is supported horizoatally from a pan of a balance so that 
it comes in contact with water in a glass vessel. It is found that an extra 
weight of 8 97 gms. is required to pull away the ring from water. Calculate 
the surface tension of water. (C. U. 1943) 

[Atm. : 72*17 dynes/om.} 

7. Defiue surface tension. Show that the excess pressure acting on the 
eurved serface of a curved membrane is given by, 

V*"! »'i/ 

where and r, are the radii of cnrvatnre and 8^ the surface tension of the 
membrane. (Pnnj. U. I960) 

8. A soap film is formed on a rectangular frame of length 7 oms. dipping 
into a soap solution. This frame woik hangs from the frame of a balance. 
An extra weight of 0 33 gm. must be placed in the opposite pan to balance 
■the pull of the film. Calculate the surface tension of the soap solntion. 

tdMB.; 26*6 dynes/om.] (Dao. C, 1912) 

9( (a> Oalcnlate the excess pre«aure in spherical soap babble of diameter 
4 inch blown with a soap solution of surface tension 26 dynes per cm. 

{Aim. I 78*74 dynee^om.*} ' U. 1267) 

; . (6) INMbribe a method to determine the sorlaee bmsiott of a soim 
halmle.,,./ Bednbe and explain ^ heoeaaary relation. (Utk. 17.19^ 
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10. If a number of little droplets of water, of all the same radius r ems. 
coalesce to form a single drop of radios H oms show that rise of temperature 

of water will be given by where 8 is the surface tension of 

water and J, the mechanical equivalent of heat. (Saug.U. 1048) 

11. Explain the terms, sntfaoe tension and angle of contact. Show that 
Che pressure inside a spherical bubble of radius, r, exceeds that outside it 

AT 

by . If this excess pressure is balanced by that due to a column of oil 


(sp. gr.=0 8), S mm. high, when ra 1*0 cm., find the surface tension of the film 
of the soap bubble. (Bom. U. 1939 ; O.U. '6b) 

[Ana. : 39'24 dynes/cm.] 

19. Define surface energy. Give the theory and practice of the method of 
determining the surface tension of a liquid by weighing drops. 

A drop or water, 0*4 cm. radius, Is split up Into 126 tiny drops. Find the 
increase in surface energy. The surface tension of water may be taken as 
72 dynes/om. (»r-3‘14) (Funj.D. 1946) 

[Ana : 578*8 ergs] (c/. C.U. 1966 sp.) 

18. (a) Describe an experiment for determining the surfaoe tension of a liquid. 
Deduce the formula used. (Punj.U. 1948) 

<&) Describe Quincke's method for measuring the surface tension of 
mercury. (c/. C.U,H, '68) 

14..ia> A capillary tube of 0*6 mm. bore stands vertically in a wide vessel 
containing a liquid of eurlaoe. tension 30 dynes/om. The liquid wets the tube 
and has a speoiflo gravity of 0*8. Calculate the rise of liquid in the tube. 

[Ana. : 8*061 oms.] (Utk. U. 1950) 

(b) Oalculate the ascent of water in the tube having the inner radius 0*5 cm. 
(S.T. of water a* 70 dynes/cm.) (C.U. 1964) 

[Ana. : 2*86 oms.] 

15. Show that the maximum vapour pressure over a curved liquid surface 

differs from that over a plane surface. Deduce the value of this difference in terms 
of the densities of the liquid and the vapour, the radius of the curvature of the 
surface and the surface tension of the liquid. Discuss the bearing of the above 
fact on the formation of rain drops. (Madr.U. 1949) 

16. Show that the vapour pressure over the surface of a liquid drop of 

ndius, r, exceeds that over a flat surface by an amount equal of 2T<rlr{p—ir), 
where T is the surface tension of the liquid, p its density and c the density of 
its vapour. Disouss the applioation of the result to the condensation of super* 
saturated vapour on dust particles and other iiuolei. (Bom. U. 1937) 

17. Find the work done in blowing a soap bubble of surfaoe tension 30 dynes/ 

cm. from 8 oms. diameter to 4 oms. diameter. (Pat.D. 1904; 

[Ana, t 238i*8ergs.] 

18 A glass plate of length 10 oms., breadth 1*64 oms. and thickness 0*2 em. 
weighs 8*3 gms. in air. if is Is held verstoally with its long side horiaontal and 
its lower end half Immersed in water, what will be its apparent weight ? 8.T. of 
waterwiTB dynes/mn. and pas960 oms./sec.* (Fat. U. I9b7> 

[Ana.: 8*17 gm.-wt.] 

19. Disouss the various methods for measuring the surface teoaiotu of ItqmUb, 
Indtoating tiie iultahUity of tbw ixwthod for dlflerent types of liquids. (O.D.H. 1987) 


a. p. 20—(veil, i) 
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19d. Flow of a Fluid and Equation of Continuity :—^Whenever 
an ideal fluid flows at a steady rate, we may consider it to be consisted * 
of a number of tubes of flow. The characteristic of a steady flow is 
that the amount of fluid crossing any section of a tube per second 
will remain constant throughout the flow. 


If we consider two sections of area 



SjViPt and When the flow is 

»be identical. 


Sj and tSg at right angles to 
a tube- of flow at two 
different positions, then the 
volumes of the fluid crossing 
them per second will be 
given by SxV, and SgVtt res¬ 
pectively where Vf and v? 
are the velocities of flow at 
those positions (Fig. 209). 
Again if the densities at Si 
and Sj be respectively Pi and 
P/, the masses flowing 
through Si and Ss per 
second are respectively 
steady, these two masses must 


**, SjViPi^SaVaPa ... ... ... ... ( 1 ) 

When the fluid is incompressible, the density is unaltered due to 
the flow (as in a liquid) and so Pi =Pa. 

Hence <l) reduces to SIt»i ; or, constant ... (2) 

Eqn. (2) is generally known as the equation of corUinutiy of the 
liquid flow. 

194. Stream-line Motion and Turbulent Motion : Reynolda* 
Number :—If the path of every moving particle of a fluid coincides 
with the line of motio'n of the fluid as a whole [Fig. 210, leftj. the 
motion is said to be a tiream-Une motion. 

,If the motion of the partides of a fluid are disorderly, i.e. in 
directions other than the line of motion of the fluid as a wWe, the 
motion is said to be turbulent [Fig. 210, right]. 

In i^ream-llne motion, under a giv^ pressure gradient the flow 
q| a thiKSugll a narrow tube it decided mainly by its viscosity 
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whereas in turbulent motion it is solely governed by its density and 
very little by its viscosity. Accoiding to Prof. Osborne Beynolds the 
motion of a fluid changes from a stream-line motion to a turbulent one, 
if a certain velocity, whose value is fixed for the fluid for a given 



Stream-Line motion 



Fig. 910 


temperature, called its rritioal velocity, is exceeded. This critical 

velocity is given —k where r is the radius of the tube, P the 

P'X-r 

density of the liquid and V the coefficient of its viscosity. This constant 
A; is a useful parameter for ascertaining the nature of flow and is known 
as the fteynidda' number. Turbulent flow sets in when the Reynolds* 
number exceeds the numerical value of 1000 roughly in a narrow tube. 

195. Motion of a body through. a Real Fluid : Vortices 

A body, while moving through a real fluid, drags a part of the medium 
along with itself and drives 
the rest to the side. As a 
result some work is to be 
done at the expense of the 
kinetic energy of the body. 

In other words, a kind of 
resistance is offered by the 
medium. The resistance is 
small in the case of a body 
which is thin and pointed or 
sharp. It «an further be 
decreased by making the body gradually tapering towards the rear side. 
Such a shape is called a simom-Uned ehape. In other types of the bodies 
generally the part of the fluid that is dragged along with it forms a 
t'ltl at the rear and this tail is enclosed by the stream-line flow past the 
body on all the sides. . So during its motion the body shall have to 
encounter the increased pressure in front (the head preunrt) and a 
suction due to the diminished pressure behind (the tcbel-moUm). In 
the resr re^n of this decreased pressul^, the fluid i air „ or water) 
^flpws from sides thtLB giving rise to whirls and ^ eddies^ (vortices) as 
shown in Sig. All. The fonxMddon of these Vortices are'tl&si^i^iw 



Fig. 311 
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retponaible for the decrease of the kinetic energy of the moving body 
to a certain extent. As in a stream-lined body there is no scope of 
formation of such vortices at the tapering rear, the resistance to the 
forward motion is considerably diminished. 


In real fluids vortices (eddies and whirls) are always formed 
when a body is moved through it. The cause is evidently the internal 
friction or viscosity which distinguishes a real fluid from an ideal one. 
The peculiarity of a vortex motion is that in a particular vortex the 
Actual particles of the fluid always remain the same so that a vortex 
may be considered as a separate body. Though the shape and the 
position of a vortex may change the particles of fluids constituting the 
vortex must not alter. The energy of the vortices is often very great. 
The vortices of air or liquid are often found to possess high rigidity— 
due to which they are thought to be very dangerous for swimming and 
air flight. 


196. Bernoulli's Theorem :—Bernoulli's theorem states that in 
'the case of a steady flow of nn incompressible fluid (free from viscous 
resistance) the sum of the potential energy, kinetic energy and the 
pressure energy per unit mass of the fluid is a constant along any 

section of flow. It is merely the 
principle of conservation of energy 
as applied to the flow of a liquid 
(incompressible fluid). 

To establish the theorem, let 
us consider a tube through which 
the liquid flows steadily. Let /t 
and B be two sections of the 
tube at right angles to the direc¬ 
tion of the stream-line flow at 
heights hi and ht from the 
reference plane BJB' (Fig. 912). 

Fig. 312 From the principle of continuity 

we know that the mass of the 
liquid flowing per second across ^ is equal to that across B, Let m 
be this mass of liquid flowing per second. If Vx and «« be^ speeds 
the liquid flow at A and B respectively, the sum of the kinetic and 
potential energies at • thd two . sections are respectively 

+iii 0 hx and 

• lEhe difference between^ these two amounts of energy at B and A 
ii eN$ual to tlu work done by the li<[nid in movii^ from B to A. If., 
Fr be ^ volume of the (mast m) and if and Pi be the 
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pressure at B and A, then the work done by the liquid in flowing from 
li to A is (P* “ P\)V. 

Hence from the principle of conservation of energy, the sum of 
X.Sr^and B.K. at B together with the work done must be equated to- 
the sum of K,E. and P.B. at A. 

iw»a*+TOahs+(Pa-Pi)F’=iwVi*4-»»gk| 

Dividing throughout by V and transposing we get, 

\pvt'^-tPgh%-\-P%-lpv^^’¥pghx-^Pi (1> 

Since liquid flow per sec. across any section is constant, eqn. (1) 
will be valid for any section. 

■ ip»* + P^h+P •constant. ... ••• (2^ 

This result is the famous Bernoulli’s Theorem. Though it has been 
deduced in the case of an ideal incompressible fluid, it can be also 
applied to the case of stream-line flow in air with certain amount of 
approximation, because air may be supposed to behave roughly as an 
ideal fluid. 

When a liquid moves horizontally, the pgh term will be absent- 
and eqn. (2) will reduce to P-l-gPo** —constant. 

Here P is termed as the staiie pressure and ^po* as the dynamie 
pressure or velooity pressure of the fluid. 

197. Efflax of a Liquid (Torricelli's law): —The above equation 
(2) may be applied to find 
the velocity of efflux of a 
liquid contained in a vessel 
(Fig. 213) upto a level h above 
the level of the orifice 0, 
through which it is escaping 
under the action of gravity. 

If Pm be the atmospheric 
pressure, v, the velocity of 
efflux, then just outside the 
orifice, P”P«, h=0, and st the 
surface ah, P^Pm* t)*0. C 

or.«- Jigh. 

This is the velocity of efflux 
sometimes known as TorrioeUts ^*8* 

law or the law cf 9ffl,uz of a liquid. 

198. Meaanreineiit of Efflux of Liquids The measurement 
of flow of a liquid (or fluid in general) is one of the most 
important measurements required ^lor the construction of instrumenti, 
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bftsed on hydrodynamical or aeronautical principles. There are various 
types of flow-meters constructed on different principles of 'which the 
venturi-meter and the Pitot tube both working on the differential 
pressure principle are described below. 

(a) VeDtuH-meter.— 

The construction of the Venturi-meter is based on the researches 
of Venturi, an Italian scientist, who showed that fluids under pressure 
gain speed and lose pressure while passing through a converging pipe 



and for fluids passing through a diverging pipe the reverse is the case. 
Clemens Herschel first used this principle to measure the liquid flow. 
The figure (Fig. 214) above shows the principle of construction of a 
Venturi-meter. It is a tube of cast metal. The size of an average 
Venturi tube varies from a few to fiO inches in diameter and 40 ft. in 
length having a flow capacity of 80,000 gallons per minute. Larger 
tubes are also available for special types of work. The up-stream side 
of the tube is first cylindrical and then tapers making an angle of nearly 
86* with the axis and the down-stream portion is diverging making an 
angle of about 7° with the axis. Tiie narrowest poiticn of the tube is 
known as the throat. When the liqdid flows through such a tube it is * 
found that the static pressure drops sharply as the throat of the tube is 
approached, i^nd recovers the same on the drown-stream side. For the 
measurement of pressure difference between the throat and the up-stream 
or the down-stream side there are arrangements for attaching manome¬ 
ters to the side tubes at the corresponding positions of the Venturi tube. 

The theory of the instrument follows from the equation of con¬ 
tinuity of flow of an ideal incompressible fluid. When the liquid flows 
through the Venturi tube, the product of the velocity and cross-sec¬ 
tional area at A will be identical with that at B, 

Ijfoti Os and 0|, ft represent the areas of the sections and the 
ve^lodllHes respectively at A Bt 
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then A]VI—ctaVgi . . Uj— ^V 2 ftnd 

<>1 ( I2 

Since a\ is greater than a^, vg is greater than Vf. This is in 
agreement with Venturi's observations as stated above ; so where -the 
speed of water is high the jiressure is low. 

From'Bernoulli’s equation as applied to horizontal, flow, we get 

or. 2(Pi -P 2 )*= P(ra* - Vi*) 

2 2\ 

2(P,-P.)7'>{^-1 )• 

Thus knowing (P|—Pg) from the manometer and the other 
quantities on the right-hand side by auxiliary measurements, i>i can 
be determined. Similarly, Vg can also be determined. When properly 
constructed and calibrated, the Venturi-meter is probably the most 
accurate unit used for measurement of li<|uid flow. But because of 
its unweildy size and high cost, it is sometimes desirable to adopt 
other methods. 

(e) Pitot tube.—Pitot tube is also a differential pressure type 
of 4ow meter. 

The instrument consists 
of two vertical tubes A B 
and GDt the former having 
an aperture at the bottom 
and the latter an aperture 
turned ^sideways also near 
the bottom (Fig. 216). The 
plane of the aperture at B 
is Set parallel to^ the direc¬ 
tion of flow so that the 
liquid meniscus in AB 
directly gives the pressure 
at The tube OD is so 
set that the aperture at D 
faces the flow. So in the 
plane of the aperture D the 
flow (with is 

stopped and as a result ' the 
pressure is gained by the 
amount ipo®, v being the 
velocity of flow. This pressure difference corresponds |o the 
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hydrostatic pressure due to the difference of liquid level in AB and 
CD (i.e. h), 

h/Jflf —apw* ; or, »J2hg. 

Thus r, the siieed of the flow of the liquid is determined. This 
instrument is simple in construction but cannot be adopted for all types 
of experiments. If liquid contains dirt or solid particles, a continuous 
use of the tube CD may not be possible due to clogging and occasional 
cleaning of the tube CD would be essential. 

199. Viseositf :—A rod held fixed at one end and twisted by 
the other can resume its original shape when the turning force (which 
is shearing force), is withdrawn. This is possible due to an inherent 
property of a solid known as its rigidity. All solids can stand shearing 
forces, though up to a maximum limiting value only. But this limiting 
value is very high for the solids. The ideal fluids differ in this respect 
from the solids. They cannot stand any shearing forces and so they 
have no definite shape of their own. This difference in behaviour arises 
from the fact that the interacting forces between molecules, known as 
cohesive forces, in a liquid are very much less than in a solid, while 
they are negligible in the case of gases. 

If water in a pot, after stirring, is left for sometime, the motion 
of the water subsides. This is a very common observation. What 
stops the motion ? An enquiry into the question reveals that ip. an 
actual fluid, whether liquid or gas, when any relative motion between 
parts of the fluid is caused, internal forces are set up in the fluid which 
oppose the relative motion between the parts in the same way as the 
forces of friction operate when a block of wood is dragged along the 
ground. In short, a lesi quickly moving layer of the fluid exeria a 
retarding force on the more quickly moving layer^ the motion of the 
latter being thereby reduced while that of former accelerated and 
in this way the relative motion between the two gradually decreases 
till finally it stops altogether with respect to the walls of the stationary 
pot in which the water is contained. * 

The property^ by virtue of which retarding forces are called inU> 
play within a fluid when any relative motion between its porta oceura. 
is an inherent property of all fluids^ differing only in degree from 
cm duid to antfli^t and i$ termed the viscosity of flaids. 

A viscous liquid (or fluid) is such a liquid (or fluid) in which these 
retarding forces come into play appreciably. 

' Coefttcloitt of Viscosity :—A measure of the viscosity of 
s fluid Is given hy what is tmrmed thsi coefficient of viseomty. The 
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roeficient of viscosity is defined as tknt tangential force applied per 
unit area which will maintain a unit relative velocity between the layers 
rf fluid at unit distance apart. 

Suppose two layers AB and CD in a fluid, distant dx apait 
(Pig. 216), both moving 
forward in a steady state 

execute laminar motion _ a ^ y+dv 

such that while still remain- • - 

ing parallel to each other, ' -! 

the layer AB moves faster dx 

than the layer CD, the J -- 

former having a relative ^ --- 

velocity dv with respect to C F * D*^ 

the latter. A driving force, 

Fie. 216 

parallel to AB and directed 
from A to B, will be neces¬ 
sary to maintain this flow. On account of the viscosity of the fluid,, 
the driving force acting on dB will be opposed by a force F, called the 
viscous force, exerted by the layer CD on AB. The layer AB will also 
exert a force, F on CD tending to accelerate the motion of the latter. 

According to Newton, the stress— , where < = area of either layer, is 




Fig. 216 


proportional to the velocity gradient, (i. e. the relative velocity per 


unit distance), or F/<^rj where v is a constant called the coetfi- 

eient of viscosity of the fluid whose value depends on the nature of 
the fluid and its temperature. 

F/k ^ 

That is. the viscosity coeflQcient, V *■'— 7 ——viscous stress intensity 

dv/dis ^ 

. per unit 
velocity 

the unit of viscosity is the poise. 

Note The liquids that obey the above law of viscous force are 
known as NewUMiian liquids. For such liquids ^ is constant at 
a given temperature and pressure. There are a number of impure 
liquids* Semi-liquids and semi-solids whose viseous property is found to 


relative velocity. Its dimensions will be force per unit area per 
gradient, i.e. —— /—=—In the c.p.s. system 
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be acLomalous and is not in accordance with Newtonian law or other 
laws like Stokes’ law or Poisenille's law. These are known an non- 
Newtonian liquids. In the case of such liquids (a g. blood, sols, gels), 
the rate of shear is not proportional to the shearing stress. Here the 
viscosity that is experimentally determined is known as the apparent 
viscosity. 

201. Viscosity is a Relative Term : —When water is poured 
into a funnel, it runs out quickly but glycerine or thick oil does so slowly 
and treacle much more slowly. Ordinarily, the liquids like water 
which flow readily are termed mohile while those of the treacle type 
which do not flow so readily are termed viscou*. This does not mean 
that water has no viscosity. Its viscosity is only small. For treacle, it 
is very much greater. That is, these terms are used in our common 
language in the relative sense. It should be remembered that the gases, 
as a class, are much less viscous than the liquids, while a particular 
gas may be more viscous than another. 


202. Viscosity and Friction :—Viscosity and friction have a good 
deal of similarity between them but in certain aspects they differ from 
each other. The following points of comparison may be discussed to 
show these similarities and dissimilarities. 


(l) When relative motion occurs between the various parts of the 
same fluid internal stresses are set up within it which tend to resist 
such motion. The coefficient of viscosity is defined as the tangential 
force required to maintain a relative velocity of unity between two 
parallel planes in the fluid at unit distance apart. Friction is also a 
tangential force which are called into play between two surfaces in con¬ 
tact when one tends to slide over the other. It also acts in a direction 
tending to oppose the motion but is a purely surface effect. (2) The 
coefficient of kinetic friction is independent of relative velocity between 
two surfaces in contact but *7 depends on it. (3) Friction depends only 
on the nature of theT surfaces in contact but V depends, in addition, on 
the relative velocity of the bodies upto a limiting value called the eritieal 
velootty as has been shown by Osborne Beynolds. (4) Pressure generally 
fiends to increase the viscosity of liquids and has practically no effect 
'On that of gases. The friction between two surfaces in contact does 
■not alter due to any change in the normal reaction. 


203. Visooaity may be' regarded as Fugitive Blasfletty :—A 
be regarded as capable of exerting and sustaining a certain 
aJilllptt of shearing etress (which is quite small iox a short, time after 
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which the shear breaks down only to 
to Maxwell. He regards viscosity 
as a‘ limiting case of an elastic solid 
when the material of the solid 
breaks down under shear. It is 
from this standpoint that viscosity 
is often referred to as fugitive 
elasticity. 

204. Demonstration of Vis- 
eoslty :— 

(l) For a Liquid. —Two 
identical weights are dropped at 
the same time, one into water 
and the other into glycerine 
(Pig. 217). In water the weight 
descends more quicky than in 
glycerine showing that the viscous 
drag in glycerine is greater than 
in water. 


appear again. The idea is due 



Wafer Glycerine 

Pig. *17 


(2) For a Gas. —A card-board disc A suspended from a rigid 
Support by a thread attached to its centre is held in air jnst above 
but not touching a wooden disc B as shown in Fig. 218. When the 
disc B is rapidly rotated, the upper disc also is urged into rotation in 

the same direction as that of the 
lower disc. This is iKJSsible only 
because air has viscosity. 




Fig. 218 


205. Slow and Steady Flow 
of Water in a River :—Slow and 
steady flow here means stream-line 
motion. In such motion, it is 
found from flow measurements 
that the speed of motion is ma;^i- 
mum (vm) at the top surface of the 
water in the river and reduces 
gradually with the depth below, 
and Anally to almost aero speed 
(t)o) at the bottom or bed of the 
river (Pig. 219). The idea is that 


the whole of moving water may be taken as consisting of a very 
large number of thin parallel layers in which each upper layer slides 
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over that below it. Because of the 
adhesive forces, the rigid b^d of 
the river almost prevents the 
bottommost layer of the water 
from moving : this almost 

stationary layer owing to inter¬ 
locking forces, called cohesive 
forces, tries to hold back the 
layer above it with a force which 
is less than in the previous layer. 
This layer again tries to hold back the layer above it ; all the way up, 
the resistance of motion of a layer diminishes upwards- So the speed 
of motion of the liquid is maximum at the top and reduces downwards. 
The mechanism of flow as stated above shows how viscosity actually 
acts in determining the type of flow. 




'Top of 

, water iurfeee 


Fig. aid^ 


26®. Flow of a Liquid through a Narrow Tube (Poiseuille’s 
equation) :—In the case of a stream-line motion of a liquid through a 
narrow tube under a difference of pressure P between its ends, the 
pressure is constant over 
any cross-section since 
there is no flow transverse 
to the axis. Poiseuille 
made the further* assum¬ 
ption that the liquid in 
contact with the walls of 
the tube is at rest and 
his assumption has been 
proved true by actual 
experiments. 


Suppose the length of the tube is I (Fig. 220). Let the velocity of 
the liquid layer at a distance x from the axis of the tube be u in the 
steady state. Consequently, due to viscosity, a retarding force 

V per sq. cm. is called into play, which acts along the surface of 

the coaxial liquid cylinder of radius r in opposition to the pressure 
gradient. Where V is the coeff. of viscosity of the liquid. The force 
due to the pressure difference P which tends to accelerate the 
motioned this liquid cylinder is PXirx*. When a steady state is 
atta|fis4. ' 








r 
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1 

■^i 






Fig. 220 
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Pn***=where 2ff»i ie the surface area of the liquid 
dx 

cylinder, the negative sign indicating that u decreases with the increase 
of a;. 


Hence — xdx 



At the wall of the tube, x=r= radius of tube, and «—0 accor¬ 
ding to Poiseuille's assumption. 



r 

X 


m 

B 


\ 


9 


du ; 

H 



or. u 


m 


This gives the velocity of the liquid at a distance x from the axis 
ot the tube. 

To calculate the total volume V of the liquid flowing out of the 
tube per second, let us consider an element of volume df' of the 
liquid flowing out through the tube per second between the radii 
X and x-tdx. 


Then, dv = 2Jtu.xdx 


f*(r* 


x^)xd£. 


/. The total volume flowing out per second is given by 



7^Pr* 

m ‘ 


The above result is subject to correction due to the following 
reasons :— 

(1) The pressure difference P is used partly in imparting kinetic 
energy to the liquid. 

( 2 ) It has been assumed that there is no acceleration along the 
axis of the tube—an assumption which does not apply near the admission 
end of the tube as the accelerations do not reduce to zero until an 
appreciable length of the tube has been traversed by the liquid. 

However; in the case of a long tube of floe bore the result may 
be taken to he approximately true. 

907. Determination of tike Coefficient of Vieeoalty of a 
Uqnld :-*-There are various methods for the determination of viscosity 
of liquid of nvhieh only a few important methods ate described belouTr'. 
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(a) PoiBeuille*8 method.—^The 


M 


apparatus used is shown in 
Fig. 221 where d is a njiodera- 
tely large glass vessel in which 
water is kept at a constant 
level by the inlet and outlet 
tubes M and A7. The liquid is 
introduced into the vessel by 
the supply -tap M which is 
connected to a.raised reservoir 
and as soon as it comes up to 
the upi>er end of the outflow 
tube N it escapes through it 
and thus the level is kept con¬ 
stant. A long tube PG of 
small radius r and length I is 
horizontally fixed through a 
cork at a depth h below the free surface in A . 

■» 

In order to determine the viscosity of water (or any other liquid) 
by the above arrangement the inlet tube M is connected to a reservoir 
of water (or the liquid) and when the constancy of level has been attai¬ 
ned a good quantity of water (or liquid) is collected in a beaker at the 
outlet end of the tube PG. The time, r, of collection is noted by a stop¬ 
watch. If the density of water (or liquid) be P and the mass collected 
be m gms., then the volume of water (or liquid) flowing per sec. 
miP 

is Ytss. Knowing this F, can be calculated with the help of 



Poiseuille’s formula. 


7 


nPr^ 

8ni ’ 


where P is the 


pressure diflerence between the ends of 


the tube, PC'. 


Here the pressure difference between the ends of the tube PC is 
the hydrostatic pressure at its end inside the vessel A. Hence P^kpg, 
h is directly measured either by a scale or more accurately by a 
cathetometer and p is found out at the temperature of water (or the 
liquid) from table. 

The radius, r. of the flow tube requires an accurate estimation, 
siniSe It occurs as in the working formula. It is usually measured 
hy drawing into the tube a mereury thread and measuring its length 
by a t^velling microscc^. The length of the thread is to be taken 
a of times at diffexent |daces throughout the length 1 iff the 

floyir n^be and the mean length of the^ thread » is taken* . The mess <ff 
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mercury introduced in the tube is now taken out in a previously weighed 
crucible and its weight found out by direct weighing. If ® be the 
density of mercury, the radius can be calculated from the relation, 
m — nr^x.<T. Thus knowing all the terms in Poiseuille’fi formula 
excepting v* the value of v can be found out by this method. 


(b) Rotating Cylinder Method (Searle’s Viscometer).—Searle’s 
viscometer is essentially a rotating cylinder a])paratus. The arrange¬ 
ments are shown in Pig. 222. 

Here a wide cylinder O of 
radius h, 'containing the ex¬ 
perimental liquid L is rigidly 
fixed on the base of the 
instrument. A solid narrower 
cylinder 0 of radius, a, is fixed 
to an axle A ti which is 
pivoted at its ends at A and 
H. A drum D and a graduated 
circular disc B are attached to 
the same spindle. The disc B, 
together with a fixed index jK, 
is used to determine the speed 
of rotation of the cylinder 0, 
when it revolves rather slowly 
under the joint action of the 
couple exerted by weights 
Mg and the viscous drag of 
the liquid. The weights Mg 
are suspended by • strings 
passing over the frictionless pulleys PP, the other ends of the string being 
attached to a pin on D in such a way that when the weights go 

down, a rotating couple will 
cause the cylinder C to re¬ 
volve. In the actual experi¬ 
ment when the torque applied 
by Mg and the viscous drag 
of the liquid ' act together the 
period of rotation T which 
should be made rather great, 
is to be carefully noted with 
the help of a stop-watch 

Thus the steady angular/ 
velocity of rotation of the 
inner cylinder as found experi- 

mentally is - 



rE 




B 





Ug 







Ug 


-H- 


Fig. S92 


Fig. SIS 
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In coneidering the theory of Searle’s viscometer, since th© inner 
•cylinder rotates in the steady state with a constant angular velocity 
o), let the angular velocity of rotation decrease by dfo across the 
ring between radii r and r+dr (Fig. 223). The velocity gradient 

across this annulus is —(as dv^rd®). Hence if Z be the 

or 

length of the inner cylinder immersed in the viscous liquid the force 
•due to viscous drag on the cylinder of radius r will be 

dr 

Hence the torque about the axis of rotation 

dr 

This torque in the steady state of rotation is balanced by external 
"torque applied by Mg i.e. Mgd where diameter of P.. 

Mgd^ ; 

dr 


At 

or, Mgd - 2*rilduj. 
r* 

From the condition of the experiment, when rs=a, ®a»«Q and 
-%vhen r=*Z/, w«0. Hence integrating within these limits we get, 

fc I) 

Mgd^^^-2nni j d® ; 

• oo 


or. 



4»*l/o)«'=4^i?ZX 


25 

T* 


ModT /^2 _ -s) 


From this expression >? can be determined. Here the velocity 
of rotation should be small so that the conditions are those of stream- • 
line^ flow. This method is generally used for finding v of very viscous 
liquids. With modifications, this method has been utilised by Bearden 
for accurately determining the viscosity of air. 

(o) Stokes* Viseometer (Falling sphere method)—^Thts 

rihs^Oment is. very simide in construction and is a^o very 
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convenient to use. It has been shown by Stokes that when a sphere 
of radius a moves in a homogeneons incom" 
pressible fluid of infinite extent it finally 
acquires a uniform velocity, v (terminal 
velocity) and the retarding force due to the 
viscous drag under this condition is given 
by F — iv, when *? = coeff. of viscosity. 

The working of the viscometer depends 
on this relation. It consists of a wide 
vertical glass' cylinder containing the liquid 
as shown in Fig. 224. Small spherical 
globules of lead or of any other convenient 
substance are dropped in the liquid one 
by one. Let a and m be the radius and 
mass of one of such falling globules (shown 
magnified in the figure) and v be the terminal 
uniform velocity acquired by it after a short 
time. This velocity v is determined by 
timing the fall of the sphere over a known 

height h of the tube. Since the force mg acting downwards must be 
equal to the retarding force' due to viscosity when a uniform velocity 
is attained, we have 

I 

mxg=^Gni}av 

where »»i is the effective mass of the 
density <r. If p be the density of the 



my --o) due to buoyancy of 

smaller than m- 


falling sphere in the liquid of 
material of the sphere, then 
the liquid, which is slightly 


Hence %fra^{p — <T)g»Qnyjkv 

or, 


V 


( 1 ) 


* Thus knowing a, v, p and <r, v can be found out from a knowledge 
of g at the locality. In actual determination a may be conveniently 
measured by a traveUing microscope. 

The above expression of v [Eq. (ll] is utilised in Millikan's oil 
drop experiment for determining the electronic charge. 

For accurate value of Ladenburg showed that the above expres¬ 
sion must be divided by the factor ^ l+2‘4^jwhere a and r are respec¬ 
tively the radii of the sphere and the cylinder. This correction is 
needed because of the finite extant of the cylinder used in the experi¬ 
ment and is known as the wall effect correction. 

Again a correction for the end effect of the cylinder is to be 
introduce and the expression for v is to be farther .multiplied by the 

coirrei^ibn ter# ^ So fpr accuracy, n is to be ev^doated t## 
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the expression, V * = 


2 _ a^ (p-a)g _ 

9 i;(r+2'4o/r)(l + 3'3o//j) ‘ 


I Deduction of StoTces* formula from the Dimeruional Equation—When s epbere 
of diameter tir moyea nniformly thioogh a yiacoQfc medium of ccefi. of vlacoBity ff aod 
If the medium be of iufinite extent, the retarding force F ia experimentally found 
to depend on the uniform velocity v of the moving aphtie, the coe£F. of viacoaity 
1 / of the medium and the quantity 2r of the moving body. 

Hence ITaBO,.®* xi7i'X(2r)» 

’•CoV* xii» xr*, where Oi & Oq are constants. 

But the force ia dimenaionally represented by MLT~^, v by LT“', ^ by 
andrby L. 

Hence MLT-*=CoL*T-* xM9L-»T’V xL* 
asOoL*-» + *Aftr-*-v 

.*. y—lt »+p=2, or, »=tl: 

»-p+»a*l, or, *-1, 

F=C» *lrv. 

For a sphere the constant, Oq, takes up a value bw as has been theoretically 
established by Stokes. 

Henoe, F^Serirv.} 

208. Comparison of Viscosities of Liquids :—For the comparison 

of viscosities of two liquids a 
• simple apfiaratuB as shown in 
. Fig. 225 is used. Herd a U- 
Lube fitted with two bulbs B 
and A , one at a higher level 
than the other, has its lower 
bent portion EF capihary. The 
stems are marked at mj, aad 
thh. The bulb A must be placed 
at a level below mg and A and 
fi should be of nearly equal 
capacity. The tube is now filled 
with a liquid of viscosity and 
•density lespectively equal to ifi 
and P\ up to the upper level 
. mi, the lower one being at m«. 
The pinch cock O is now opened 
and the liquid flows on to the 
bulb A. The time f» required 
for the change of the liquid 
I' . surface from mj to m^ dve to 

FJg, 226 th« above flow is looted. Hesb 

|v^l|^nme is repeated with a second liquid qf viscosity., and desldtyf^. 
- and the time Is for the same chi^e pf liquid level is nqtedc 
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Since the rate of flow of the liquid is proportional to the pressure 
difference which again varies directly as the density and inversely aa 

the viscosity, the rate of flow of the liquid is where V is the 

at Tf 

volume transferred in t seconds and F a constant. 

Integrating 

. ‘, The values V i and V 2 for the two liquids are 

and 

Since Fj *= Fa"volume between the marks, wi and mg, 

7 1 — ^ 1 ^ 1 
V 2 ^2^2 

Thus viscosities of two liquids can be easily compared by this 
method. This comparative study can he canied out at any desired 
temperature because the temperature can be easily controlled in the 
arrangement. 

200. Measurement of n at different temperatures;—The 

viscosity of a liquid at diffeient temperatures may be determined 
by enclosing the capillary tube in a bath wbv^fac temperature can 
he controlled. The actual arrangement is shciwn in Fig. 226. The 
liquid in the vessel F is siphoned out by 
an inverted O-tube, / oi, of comparatively 
wide bore. Inside the liquid in F, is 
kept the capillary tube ah through which 
this siphoned liquid has to pass initially. 

So if the effective length of nb be taken 
as I and if the pressure difference 
in Poiseuille’s formula be replaced by 
the hydrostatic pressure due to the column 
of length, 'ft ht then ^ of the liquid can 
be determined by the direct application of 
Poiseuille’s formula. Evidently the liquid 
level should be kept constant during the 
experiment with the help of the pointer P 
and the constancy of temperature of the 
liquid is to be checked occasionally during 
the experiment. 

210. Determination of Viseoelty of 
Gaaea :"-The viscosity of gases cannot be 
deteroiined by the usual method followed 
in caees of liquids applying Poiseuille’s ^ 
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formula.. In calculating volume of liquid flooring per sec. through 
a narrow tube the compressibility was not taken into account as this 
factor is rather negligible in a liquid. But in gases the compressibility 
plays an important role. 

If there is no accumulation in any part of the tube, the mass of 
gas flowing through every section of the tube per second must remain 
constant in the steady state.* So Poiseuille’s formula is to be modified 
accordingly. 


If we consider an elementary section of the tube of length dx, the 
pressure difference between whose faces is dp, then, by Poiseuille’s 
formula, the volume V of the fluid flowing per second through the 
section is giveh by, 


Fs5- 


m 


dp 

dx 


( 1 ) 


It » 1 

Here ~ in Poiseuille s formula has been merely replaced by 
¥ 

— the negative sign indicating that the pressure (p) decreases as 
dx 

the distance (x) increases. 


Since in the case of gas flow the mass flowing through each section 
remains constant. 


Fp*=a constant, where p is the density of the gas. 

Again p being directly proportional to pressure, we can write, 
pssjBTp where iC is a constant. 

JTFpconstant ; or, Fp“another constant(say). 


Hence Fp* 


W" . dp _ 


.p.-' . 

817 dx 


or. 


CdX'-^ — " ' ’ p .dp 
8^ 


( 2 ) 


Supposing the gas flow occurs in a narrow tube of length I, the 
pressures at the ends of which are p and P where p>P, we have by 
the integration of equation (2), 





^4 4 


or. 


1 r' 
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Here V is the volume flowin through *.hi* 
indicates the pressure on the inlet side o 
the tube, r is evidently the radius of the 
narrow tube under consideration and P is 
the pressure at the outlet side of the tube. 


narrow tul c nnd p 



(a) U-tube and mercury pellet 
method :— 


The simplest arrangement in the case 
of a gas is illustrated in Fig. 227(^). 
Here a long tube of glass is drawn into a 
capillary tube cd at one of its ends and 
the tube is bent in the form' of a 17 with 
the capillary arm shorter than the arm ab. 
A pellet of mercury T drives air out of 
ah through cd when the rj-tube is made 
vertical The time required for T to pass 
over the distance between two scratch marks 
M\ and Affe is noted. If the cross-sectional 
area of the arm ab be < and L its length, 
the total volume of the gas flowing through 
the capillary tube of length I is . This 
volume flows in t seconds, which is the 
time of fall of the mercury pellet I from 



b 

Pig, 227 (a) 


M% to Jfi. 


Hence the volume 


V flowing per sec. 


is Again if Mg 
t 


be the weight of the mercury pellet, the pressure at the inlet of the 


capillary will be, 

where P is the atmospheric pressure and u; is a 


•orreetion for the sticking of mercury to the walls of the tube. 
Hence substituting in eqn. (3), we have, 

-T-p"). 




\ < / J 

lem 


Prom this relation knowing all the terms excepting V* the latter ea» 
be calculated. The value of the sticking correction can be found from 
readings taken with the different lengths of the mercury pellet. 


*(b) 8earle*8 method 

Searle devised a simple method for determining the yiMosity of air 
wherein air kept under a pressure in a large vessel is allowed to now 
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oat through a long capillary side tube. In 
Fig.227(6)» M is a large vessel of volume 
fitted with 'a manometer m for the 
measurement of pressure. Air under pres¬ 
sure is introduced in M through a cycle 
valve V and the pressure is noted from 
the manometer, which should always be 
lf>es than that corresponding to turbulent 
flow. Now the tap 7', attached to a capi¬ 
llary side tube C\ is opened and air is 
allowed to escape for a known interval of 
time and the final pressuie in M is again 
Pig. *i27i6) noted from the manometer. Prom these 

observations and knowing the length and’ radius of the capillary tube, 
the viscosity of air can be determined as will be evident from the 
calculations given below. 

Let Pi and pg be the initial and final pressures in M before and 
after the flow. Let V be the volume of air flowing per second through 
the capillary tube at an instant (. During the next small interval dt, 
the pressure changes from its values p to p+dp. When the rate of flow 

is slow, 

(p+ifp)(F„+ r.dt)=pF». 

Neglecting the small term containing dp^dtt we have 

pv dt^ - dp.Vm : 




or, 


I 


m 


dt 


■pV. 


■(^) 


Prom relation (3) in Art. 210 above, 




where /’“the external (atmospheric) pressure. 17 “coeff. of viscosity. 

radius of the capillary bore and i —length of the capillary tube. 
Hence substituting in (A), 


^4p, 




dt 

dp 


-(p* — P®) “P(p* -P®), where K* 


nr' 


miVrn ’ ■ 


’ * p®-P 
Integrating we have. 


^Kdt 
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or. 


or. 



P-P 


log( 


P9+P 

Pi+P* 


ff i - P 
Pi-P 


)=2/CPt 


nr*Pt 

SviVm 


(B) 


Hence the pressure in M falls exponentially. 

From relation (S), can he evaluated because all other terms 
excepting V in the relation are directly determinable. 


In an actual experiment, it is very difficult to keep fm constant 
because the manometric liquid is displaced due to the change of pressure 
as the flow continues. Hence to reduce the error due to this variation 
in volume. should be sufficiently large. 


*(e) Rankine 8 method ;— 

The above method of 17-tube and mercury pellet, 
has been modified by Kankiue in such a way that the 
exiieriment may be carried out with a smaU quantity 
of gas and the measurement may be made at any desired 
temperature by enclosing the apparatus in a suitable 
thermostatically controlled chamber. The arrangements 
are evident from figure 227(c). Here the capillary tube 
AD and the other tube ffC are joined in series so that a 
falling mercury pellet M forces the gas below it through 
DA on the region AEB. The apparatus may be 
filled with the desired gas at a known pressure through 
the taps TT. Let p be this known pressure when the 
Kankine tube lies horizontally so as to ensure equal 
pressure everywhere in the tube. If V be the effective 
internal volume of the apparatus and/>o the density 
of the gas at unit prsasurs, the mass of the gas in the 
tube is PoPV. 



The tube is now made vertical and time of fall of the mercury 
thread is noted from the instant when its upper meniscus is at B to the 
instant when its lower meniscus just touches O, The marks B and C 
are so scratched that the volume AEB above B is equal to the volume 
CPD below 0. Let each of these volumes he Fi, Let 3f be the mass 
of the mercury pellet, < its cross-sectional area and p i the pressure in 
AEB when the T>ellet is at B. Then the pressure in the space upto D 

‘Ma 

below the mercury thread is pi*l—The sticking correction of the 
pellet mnst he made as in method (a) above. The mass of gas above 
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m 


B 


IB space below the thread , is Po(^"" + 

neglecting the volume of the capillary. 

• /. Pop7~PoPiFi+Po(F-F0(p,+^j, 

Hence, Pi*p-^+^ . 

So the pressure in the region below the thread is 

If the time of fall of the thread from B to G he t seconds, after 
this interval, the pressure pz above the thread may be similarly found, 

P«pF=PoP.(T"-r,)+p„ + 

Hence, p«“p-'^. 

So the pressure below the thread (in CFD), 

•** The mass of gas below the thread (while at B) 

and that below the thread (while at C) 

-Por.(p+f. M). 

Hence the mass of the gas passing through the capillary in t secs. 

iaPo(r-F,)(p+^,^)-Po7,{p+^. I-^)-p„p(7-2r,). 

where F —2Fi is the volume of the space HO minus the volume 
of the mercury thread. 

Hence the average rate of flow in gms. per sec. is 


e^F-2F,) 

% 


(« 


Kow from eqn. (3) of Art. 210, the mass of gas entering the 
eapiUai^ per seG(md at the start is given by 
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rn 9 


Pi*] 


im [\ 




Mg 


V 

V 


-r-i 


p- 


Mt J^.^Q Y^y^ 


^ ”T*Pa tfafg ^^0 2% r. 1 

• im • < L < ^ r i 
» 


(II) 


Similarly, the mass of gas entering the capillary at the end of th» 
interval per second is 


Po 

16i?l 




r 


• • 


ss'^HIPs} MqT^ , Mff_ 2Mo Pjl 
leni ' < L jr\ 

The average rate of flow from (TI) and (III) is 
^r*Pn Mg 

2P gm- per sec. 


. . (Ill) 


Equating this will the rate calculated in (I), we have, 

„ xr^A.Mg 

"• '=8r(T“^v 

-With the help of this relation, the viscosity of g»s at any desired 
pressure and temi^rature can be determined by Bankine’s apparatus. 


*211. Determination of viscosity of air by rotating cylinder 
method (Btarden s method ):—Bearden in 1939 determined the viscosity 
of air by the rotating cylinder method and his method is supposed to 
be one of the standard methods for determining the viscosity of a gas. 


In the method the inner cylinder is rotated and the outer 
deflecting cylinder is provided with a guard-ring arrangement to avoid 
the distortion of lines of flow at tlie ends. The deflecting cylinder is 
suspended from a torsion head B by means of a wire and a spider- 
claw arrangement. If K be the torsional couple per unit twist of 
suspension wire and if I9 be the twist produced in it in the steady state 
of rotation of the inner cylinder, the restoring torque developed 
in the wire** iT#. This restoring torque . is developed in the 
wire as a result of the deflecting torque acting on the outer 
cylinder due to the viscous drag. As shown in Art. 2Q7(h), this 
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^ deflecting torque acting on a cylinder of radius r. is ““2*’7ir* where 

dr 

tA 

V ** coefficient of viscosity, — = the velocity gradient and I ~ effective 

length of the deflected outer cylinder which includes half the clearance 
• l>etween it and the guard-ring at both the ends. 


Hence equating the deflecting and the restoring torques we get, 

ar 


Or, 



where 


“>0 ~ constant 


angular 


velocity of the inner cylinder ; a and b represent the outer radius of 
the inner and the inner radius of the outer cylinder respectively. 


Hence, ^ . k 

2 \a* 


1 \Ke b^-a* . 


or. 


KT(hl^a^) 
4»ria»o Qn*la*b'^ ' 


( 1 ) 


where <»o 


2ff 


. T being the time-period of steady revolution of the inner 


_ / 

cylinder. Hence knowing all the quantities on the right hand side of 

relation (l), can be determined. 


A simplified form of Bearden’s apparatus is shown in Fig. 228. 
Here J represents the inner cylinder which is rotated at a uniform 
speed'‘from outside by means of a suitable device. In the original 
exj^riment a magnetic drive was used. On the base B, a vertical stand 
/ is fitted for supiwrting the torsion head assembly on the shelf S 
attached to it. To a second shelf F the upper guard-ring cylinder NN 
is fixed So as to be concentric with a rotating inner cylinder. The 
piyot about which the inner cylinder rotates is also embedded in F. 
^he outer deflecting cylinder L is held in position by a spider-claw 
arrangement from 0. L U guarded by the cylinders NN and N V at the 
top and bottom, the inner radii of £# and the guard-ring cylinders being 
made exwjtly identical and the clearance between them very small. 
The system C, from which the spider-claws support the deflecting 
cylinder^ is suspended by a wire from the suspension head fi, A mirror 
m is attached to this sifspension wire for the necessary lamp and scale 
afi*ang#jfnant. 



VISOOSITT 


S31 


The 'whole arrangement can be put 
be evacuated to any desired degree and 
the moist air can be completely pumped 
out. Now inserting the air or any 
other gas at a known pressure its 
coefllcienf of viscosity v can be deter¬ 
mined. For measurements at low pressure, 
the actual value of the low pressure, 
can be determined by means of an 
ionisation gauze G attached to the bell 
jar. The torsional constant K, of the 
susx}en8ion wire can be measured by an 
auxiliary experiment wherein the time 
period of oscillation is measured with a 
body of known moment of inertia. In 
the actual experiment of Bearden a small 
correction for the influence of slip was 
also introduced. All the measurable 
quantities involved in relation (l) were 
measured by standard methods at a 
temperature of 20 C and the mean 
value of for air as obtained from 
a number of similar experiments was 
computed as, 

(1819*20 ±0‘06)x 10“^ c.g.s. unit 
at 20’0. 


inside a bell jar D, which can 



J M In 


Pig. 238 


212. Effects of Pressure and Temperature on Viscosity :— 


(1) LiquidB:— 


In ordinary liquids the effect of pressure on viscosity is small. 
Except in the case of water the effect of pressure is more pronounced 
in all liquids at higher pressures. At high pressures the deviation is 
mainly due to deformation of molecules under the superincumbent 


pressure. 

The viscosity of liquids generally decreases with rise of temperature. 
As yet no satisfactory theoretical relation has been deduced to exactly 
represent the variation of . v with temperature. There are, however, 
a number of empirical relations of which two important formulae are 
given below: , „ 

( 1 ) Vt 

and (2) 

where At ^ and n are constants. 


Andrade gave .a relation from the standpoint of a new theory of 
viscosity proposed by him. His relation is. 
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where A and f> are constants an the specific volume of the liquid 
at absolute temperature T. 


(2) Gases.^ 


According to the kinetic theory of gases, the viscosity should be 
independent of pressure. This conclusion is found to be true oVer a 
wide range of pressures. But at low pressures due to the increase of 
the mean free path of the molecules, the viscosity gradually decreases 
with the fall of pressure. 


' The viscosity of gases increases with temperature and nature of 
variation is given by Sutherland's formula which can be written in the 
simple form as '• 




A _« 5 

t\b 


where A and B are constants and T is the absolute temperature. 


Table of Coeftieients of Viscosity 


SnbBtaaoa 

If in C. G. S. nnit 

Temperature 

Water 

• • * 

n*0l006 

ao^a. 

*• 

ee « 

001793 

0*0. 

Meroerj 

• •• 

0 0166 

ao-’o 

Ether 


0*00 .’34 

20^0. 

Olyoerine 

• • • 

8-5 

ao’o. 

Air 

« « • 

...1-73x10'* 

0“0. 

Hydrogen 


... 0-86X10’* 

0“O. 

Oxygen 

• * • 

... i*9axio-* 

0“O. 

Nitrogen . 

« • • 

... 1*67x10"* 

Q^O. 


213. Viscosity of Fluids and its Practical Applications: — 

When contiguous layers of fluid move relative to each other- 
iuternal forces are called into play which tend to destory this relative 
cpiotion. The more quickly moving layer is acted on by a retarding 
force while motion of the less quickly moving layer is aoce^rated. 
The property of the fluid by virtue of which it resists this relative 
motion between its parts is called oiscosiity. It is due to the viscosity 
that mist drops fall slowly through air, the waves on the sea subside 
when the wind stops. This property is an inherent characteristic of a 
fluid, ^j^he magnitude of ^ese internal forces differs from liquid to 
liquid. ^ It is due to this difference in viscosity that different forces iufe 
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ex^rienced in working a churning machine in milk and in water. All 
fluids are more or less viscous. 

The coeflicient of viscosity is defined as the tangential force per 
unit area necessary to maintain a relative velocity of unity between 
two parallel planes of the fluid at unit distance apart. In an elastic 
solid the shearing stress on any plane, which is a tangential stress, is 
proportional to the displacement gradient normal to the direction of 
shear. According td Newton, viscous drag i»roduced internally in a 
fluid on any plane is also proportional to the velocity gradient normal 
to the direction of the motion. It is then X) 08 sible to regard a liquid 
as capable of exerting and sustaining a certain amount of shearing 
stress for a short time, after which it breaks down but the shear 
api)ears again. This lead Maxwell to regard viscosity as a limiting 
case of an elastic solid when the material breaks down under shear. 
So viscosity is sometimes called fugitive shearing elasticity. 


Prof. Osborne Beynolds has found that for every fluid, there is a 
critical velocity below W'hich the patJi of a moving particle in a liquid 
coincides with the motion of the liquid as a whole, t.e. the motion is 
stream-'lined and above which the path does not correspond to the motion 
of the fluid, t.e. the motion becomes turbulent. This means that below 
this critical velocity of rate of flow depends mostly on viscosity and 
above it, the effect of viscosity is very small and the rate of flow is 
governed mostly by the density of the liquid. This explains the com¬ 
paratively rapid flow of the very viscous lava during volcanic eruptions 
wherein the critical velocity is exceeded. Moreover, it has been found 
that the critical velocity of flow is directly proportional to the viscosity, 
inversely to the density of the liquid and also inversely to the radius of 
the tube (or passage!. It follows that in a large tube treacle would 
flow as readily as water, at velocities exceeding the critical velocity 
for treacle. Thus it is said that if the Mississipi were a river of 
treacle it would flow at the same rate as that at which water actually 
flows. 

The viscosity of a liquid decreases with the increase of temperature 
as has been found by Slotte, Thorpe, Boger, Andrade and others. 
But in the case of gases it increases with temperature as shown by 
Sutherland and others. Whether viscosity of gases directly varies as 
. the square root of absolute temperature as predicted by Maxwell on 
the basis of the kinetic theory of gases, has of course yet to be proved 
decisively by experiments. ' 

Andrade, Bridgman and others have found that the viscosity of 
liquids increases with pressure. The effect is more pronoiCLneed is 8£»ae 
liquids like miaetal oils. But the behaviont of water is auomalous 
b^ow 3(f6* at which vboosity decreases showing a mininmim at ^J,0()l 
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atmospheres. Maxwell, from kiaetic theory, sHowed that viscosity of 
gages is independent of pressure. This is found to be true excepit at 
very low pressures. 

Just as viscosity of a solution has been found in many cases to be 
greater than that of the pure solvent, there are again, solutions of 
certain salts of potassium and caesium in water and alcohol, between 
certain limits of temperature, which have got less viscosity than the 
solvent. 

The range of sound depends on the viscosity of the medium 
through which it passes. In any homologous series the yiscosity 
increases regularly with molecular weight. 

Between viscosity and kinetic friction, there is a very prominent 
distinctive feature, in spite of their otherwise similar nature. This 
lies in the fact that the kinetic friction is independent of the relative 
velocity of the bodies in contact while the viscosity depends on it up 
to a critical velocity. 

The practical importance of viscosity cannot be exaggerated. It 
is evident from the facts that (t) the viscous resistance offered by 
the sea water jto a ship in motion is,an essential factor in the matter 
of designing of ships ; the viscosity of the fountain pen ink is 
an essential criterion of its quality ; (tii) the viscosity of the human 
blood forms an important point of test for the physicians in many cases. 
But perhaps the widest application of its knowledge is required in the 
preparation of lubricants whose use cannot be exaggerated in the 
present day world ruled as it is by machinery. 


Examples 

X. Watee flotoa through a horizontal pipe of non-uniform crosa.aeetion. If the 
pressure at the 'p*isition tohere the velocity «5 05 oms. ptr sec., be O'TS cw. of 
mercury f calculate the pressure at the pomt tohere the velocity is 75 oms. per see. 

' Aru, : ftere.pi—O^SxSSOxlS'B dyneB/om.* andt)|*-25om8./8eo ; 

ojns./seo., giii./o.o. aod p^ Is aaknovm. , 

We know, for a horiaotiul fl 

f * + ip ®* (Bernonlira ^eorem). 

«0 7»X‘^eex i3 6-i {75*-25*) ^ 

.M0XX8-6 

-980 X 13*6 [0*75-0'ia76] 

■•980 X 18*6 K 0*568i dynea/om.* 

•■0*5624 oih. of meroary. 

•0 

A got* of diamtaer rise* eteacdUy through a aedution cf demUy 

ru and of vueaeUy cot^ietd O*00idS posm. flHi upumrd 
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Ans, : Here r—<2/2»=sl cm., ^*'981 oms./aeo.*, i7=»0*C0109 poise, tiud 
ps 1-75 gms./o o. Neglecting air density tr, me have from Art. 207, 


V 


® P 9 ^2 X 1 X981x1-75 _ 
9 V 9X0-00109 


0'S3 cm./see. 


3. In a certain experiment on the flow of a liquid through a eapillarp tule^ 
the following data were obtained : 

Volume of liquid coming out per minute-^ 15 c.c. 

Head of liquid- 30 cms.; Length of tube^25 cms.; Sadiue of tube^l’O mm. 
Calculate the coefficient of viscoaity of the liquid, its density he%ng 2'3 gme.}c.c, 

(0. U. 

Ans. : We know, . 


Here F-alS o o. per miD.sl6/60s0’26 per sec.; 
P)«7(pp«80 x 2*3 x 980 dyues/om.* ; 
VsO'l cm. and {>25 oms. 


X 30 X 2-3 X 980 X (Oil* 
^ 8X25X26 

=0'495 0 g.8. unit (poise). 


4. jamming Stokes' formula for terminal velocity, calculate the limiting 
velocity of a raindrop weighing mgm. falling through air. 

(p=982 cma.lsec.*, %,r=’l'SxlO~*^, neglect density of air) 


Ana. : From Stokes' formula, we know mg *= 67rija». j 
Again, m=J»a*p=B*'®*i (p *1 foe water). 




Putting a in terms oi m in Stokes’ formula, v> ~ ^ 


2(l-lxl0-»x3/4»)® x98l 
“ 9x1-8X10-*“ 


4958 oms./soo 


5. Air from a*homb of 3'S litres capacity at pressure 10 atoms, leaks through 
a capillary tube 100 cms long and 0 36 mm. internal bore out into free atmosphere. 
If the pressure falls to 5’5 atmoa, in 15 mins., calculate the viscosity eoejflcsent 
ojfair, gsven 1 atmos.^ 1013x10^ dynes per cm.^ 

. (C. U, Hons. 1950). 

% 

Ans. : t From Art. 210 (6), y 


Here P»l*018 x 10* dytte8/om.*sl atmos.: 

r>»0'0l96 om ; <4*60x15 seos,; Z—100 oms. j 
FtN*'86(K) 0 c. i jpi—10 atmos. and pa-6 6 atmos.; 


Pwr*< 


VjJj+P pa~P/ 


Hence suhstituUng. 

1*013 X 10* X 3*14 X (a'ni28)*,X 900 

’'”8xj00x3#00x* 30» 

li),3y X10- «-8.« 

iO* X a X 86X 2*808 lefts 1*182 ^ 
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<)uestioiis ( Chapter X ) 
prove Bernoalli’e theorem and 


mention some of iti 
(C. U. 1968) 
measnrement of the 


U (a) Ennnoiate end 
important appileattona. 

(b) Explain the principle of Ventnri meter for the 
volnme of a liqaid flowing tbrongh a tabe with Ita help. 

Why do two ahlps moving aide by aide and parallel to each other tend to oome 
eloBer together ? (O. U. 1966) 

3. A ventarl meter la oouneoted to'two points In a main where Its radii 
are 20 oms. and 15 oma. reapeotively, and the levels of the water oolnmn In the 
two limbs differ by lO oma. How much water flows through the pipe per hour y 
(pv9S0oma./aeo.’) [Ana..- 48*11 x 10* litres] 

3. (a) JDefine the ooefBoient of viscosity of a liquid and find its dlmenalona. 

Describe bow different parts of a visoous liquid move when’flowing through 
« fine tube. What change takes place If the motion la inoreaaed ? 

Describe a method of finding the ooefBoient of viscosity of ' water, deriving ihe 
formula yon use. iQan. U. i949) 

lb) Diattngniah between stream>line flow and turbulent flow of a liquid. What 
is Beynolds' number 1 State its utility. (C. U., 1964) 

4. What do you understand by the viscosity of a liquid t Describe carefully 

how you would measure the coefficient of viaooslty -of liquid. Establish the 
formula you use. . I Fat. U. 1947) 

6. Define coefficient of viaooslty for a liquid. Desorlbot how the coefficient 
of vieoosity is determined for water. (Ban. U. 1949) 

6. Derive the formula for the flow of a liquid through a capillary tube. Why 
does the formula fail in tiie case of a wide bore ? icf. Utk. U. ‘70S ; Agra U. 1941) 

Give the dimenaiona of vieoosity. (O.U. 1968) 

7. Derive PoiaeulUe's equation for the viscoalty of a liquid flowing through 
41 narrow tube. State clearly the assumptions made and disouas any correction yon 

have to employ. {Bom. U. 1948) 

8. A flat plate of area 10 cm.* is separated from a large plate by a layer of 
glycerine O'l cm. thick. If the force required to keep tlw plate moving with a 
velocttf of 1 cm. per aeo. be 2U00 dynes, calculate the coefficient of viscosity of 
glycerine. 

(Ana.: 20 o.g.a. unite.] 

9. What Is'meant by the term coefficient of viscosity ? Obtain as expression 
for the rate of flow of a liquid through a capillary tubs of circular cross-section. 

Bute the precautions to be adopted in the exeprlmeatal determination of 
4hle ooeffioient, nslng this expression. (Madras U.1949) 

10. Define ooeffioient of viscosity. Give examples of sopie viscous substances. 
How would you cetermiuie the vlMosity of a liquid r 

Why do yon find cloud particle«i floating in the sky t (Agra U. 1944) 

. IL (aI Explain what is meant bv the visooeity of a liquid. How will yon 
atudy experlmenailiy tne variation cl viscosity with emperatuce ? 

What are the dimensions of viscosity in terms of length, mass and time f 

(All. tr. 1946) 

(b) Describe how the different parts of a viscous liquid move when flowing 
aftrcugh a fine tube. What change takes place if Mie vtiodty It Increased to m 
ikigh value (Utk. U. 1966) 

12. What kind or kinds of energy resnlt from the work done ^ a fluid 

Against vlsfooslty f How can the vieocwivy of a liquid he determined t 

^ (Bom. U. 1947) 

Id* utaa Boleauiile e method of measuring^’ v4oooMty of liquids. Denva 
the I'jiacmula used. Indloake a rqeihod ivhioh could be anqph^ad to measttra Mta 
' ;; | jj |M i tf iyiid'!lly4datAiffa^ (Bmn, 

^ ,' '[‘id* -dMfl^ah'boatfloleiitt of tritatMaty.' ^ 





VISCOSITY 


337 


Derive Stokee' formula for the velocity of a small sphere falling through a 
viscous liquid. Explain how this is otilised to determine the visooaity of a liquid 
like castor oil. Mention one more application of Stokes’ formula. IMadr. U. 1951) 

15. A capillary tube 1 mm. in diameter and 20 oms* in length, la fitted 

horizontally to a vessel kept full of alcohol, of density gm./om^. The depth 
of the centre of the capillary tube below the surface of alcohol is 40 oms. If 
the viscosity of alcohol is 0‘i)13 o.g.B. units* find the amount that will flow out 
in 6 minutes, frove the formula you use. (Bom. U. 1983) 

[Ans. ; 67*8 gms.] 

16. Define coeliioient of Tlscoslty. 

Describe fully what you would do to compare the viscosities of two liquids. 

(Madr. U. 1949) 

17. Define the coefficient of viscosity of a liquid. 

What is the effect of temperature upon it ? How do you determine the 
viscosity of water at different temperature ? Derive the formula you use. 

\ (Punj. U. 1947) 

18. Water is esoaping from a cistern by way of a horizontal capillary, 10 oms. 
long and 0*4 mm. in diameter at a distance of 60 oms. below the free surface of 
water in the cistern. UalouUte the rate at which water Is esoaping. (Bom. U. l99o) 


[Ana. : 


8 ' 08 a X 10 
1 


4 

— C.O. per sec. where 17 is the ooef. of viscosity of water. 


J 


19. A glass bottle is fitted with a siphon made of capillary glass tubing. 

Oompare the times taken go empty the bottle when it is filled with (a) water, 
(6) petroleum of sp. gr. 0‘8. The viscosities of water and petroleum are O'Ol 
and 0‘02 o.g.B units respectively. iBihar U. 1957) 

[Ana .: 5:2] 

20. Find the terminal velocity'of an oil drop of density 0‘93 gm./o.c. amt 

radius 10“^ om. falling through air of density 0*0013 gm./o.c., if the viscosity 
of air Is 18LxlU~* e.g.s. units. ip^iteO cm./sec,^j (Pat. (J. 1956) 

[Ana. : 1*333 x 10“^ om /see J 

21. Deduce Polseullle’s formula for the flow of a liquid through a oapillaty 
tube. How Is this formula modified In the case of a gas ? 

Da&otibe how yon wonld determine the viscosity of a liquid acoorately. 

(0. U. H. 1967) 

32. Describe an accurate method of measarlng the vleo^sity of gases at any 
desired temperature and pressure. 


<J.P. 2^(VOL. l) 
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fDIFFUSlON AND OSMOSIS 

214. Diffusion :—If a jar, filled with a liglit gas like hydrogen, 
is invei'ted over another containing a relatively heavier gas like carbon 
dioxide, it is found that after some time a uniform mixture is produced, 
in apparent contradiction to the pull of gravity. Similarly, if a strong 
potash permanganate solution, which is a coloured liquid, is kept at the 
bottom of a cylinder and water is slowly and carefully added from above 
without appreciably disturbing the solution, the solution gradually 
works up and the coloured liquid spreads throughout the whole mass. 
Such processes of self-mixing, sometimes even in opposition to gravity, 
of one fluid with another is termed dtffuB%<m. 


The explanation of the pJienomenon of diffusion as based on the 
kinetic theory is that the molecules of fluids are in perpetual motion 
in all possible manners even irrespective of the rules of gravity and as 
such they make this intermixing possible. This perpetual but chaotic 
molecular motion was first observed by Dr. Brown and is known as 
Brownian motion. Molecular motion being more vigorous in gases than 
in liquids, the gaseous diffusion is more rapid than the diffusion of 
liquids. Graham made an extensive study of both the gaseous and 
the liquid diffusion and found that the rate of diffusion depends on 
the nature of the two fluids concerned, their concentrations and 
temperature. 


216. Flck’s Law :—The above facts regarding the diffusion of 
fluids, particularly for liquids, have been mathematically formulated by 
Fick on the line of arguments which are similar to those forwarded in 
the case of conduction of heat in a solid. Fick's law states that the 
rate oS dkffuewa tn any direction ts vropcrticnal to the gradient of 
conemtration of the lolute in that direction. 


If Q he the quantity of solute diffusing per sec t)er unit area from 
a plane of higher concentration ci tu that of another of a lower concen¬ 


tration Ca separated by a distance ar, then Q^K 


X 


-de 


whei*e 


K a constant called the ooefhcient of diffueiorit whose value actually 
depends ^ the nature of the Belt, the solvent and the temperature. A 
law of the same form M Fick’s law for liquids is applieable to gaseous 
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diffusion also. Here the mass Q of any one of the two gases diffusing 

per sec. txjr unit area at any height is given by, where p — 

at, 

density of the gas at that height, its distance x being measured from 
some fixed horizontal plane. 

216. Time of diffusion and length of the Column :—From 
Fick’s law it can be shown that time required to pass from one 
distribution of concentration to a different one in any column of a 
solution is proportional to the square of the length of the column. 
To establish this let us suppose two columns of length l\ and having 
identical distributions of a solute along them at a given instant. 
Evidently the time intervals and t-i required to attain identical con- 
centrations must^ be directly proportional to the corresponding lengths 
of the columns l\ and and also inversely proportional to the absolute 
velocities of the solute at each layer. 

• ^ 1 _ ^ I ^9 
• • » • “ 

*8 ‘^1 


Again since the mass of solute diffusing per sec. per unit area, 
is Q, we can write —iWJ, where v —velocity at the layer and 

G ss concentration. 


VC‘ k 


dx ’ 


or, V 


k ^ 
c ‘ dx 


where - is constant for the layer. 
c 


If the distribution of concentration be the same. in both the 

columns, is inversely proportional to the length of the column. 

dx 



or, 


£S=|l. 

», {, 


t, 2, V| 1% 

TkuB the time of dijfunon it directly proportional to the tquare of 
the length of the column. 


217. Orsham’s Law of Gaseouft Diffusion .-Graham enunciated 
a law for diffusion of gases, which has been subsequently explained 
from the Kinetic theory. This law U kuovra as Graham a 
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law of clifiTuBioo. The law states that the rotes of dtffvsion of 
two gases are inversely proportional to the square roots of their 
<leiisities. 

I e diffusio n of a gas ^ — 

' rat^ ol diffusion of a gas B r^ ^ pa 
where p indicates the density. 

The gaseous mixtures were separated hy Graham’s law with the 
lielp of the principle of different rates of diffusion. This process of 
separation of gases is known as “atmolyns". 

218. Effusion :—When a gas passes from a vessel into an 

evacuated one through a small hole in a thin plate such that the width 

of the hole is greater in comparison with its length, the process is called 
effusion, Graham showed that the rate of effusion of a gas varies 

directly as the squaie root of the difference of pressure on the two sides 
of the hole and also inversely as the square root of its density. 

So the velocity of effusion « ^ 9l. l^iessure 

^ Density 

219. Determination of coefficient of Diffusion :—If the 

.concentration at various depths of a vertical column can be successfully 
determined at known intervals of time, the coefficient of diffusion can 
be easily calculated from Fick’s Law.-Lord Kelvin determined the distri¬ 
bution of concentration by ])Jacing floats of various densities within 
the column. From the positions of the floats the densities at different 
positions are known and hence knowing the concentration-density 
relation of the solution, the distribution of concentration was found. 
Then by directly applying Fick’s law the coefficient of diffusion was 
determined. 

Later on Clack measured the concentration gradient by using the 
movement of the interference fringes when two slightly displaced beams 
of light pass through the solution. 

229. CryatBlIoids snd. Colloids :—Thomas Graham drew a 
distinction between classes of solution—Crystalloids and Colloids. 

Crystalloids consists of mineral acids, salt solutions, sugar solution, 
otc, which hflve a comparatively greater rate of diffusion, while the 
consist of generally amorphous gelatinous substance such as 
albumen, gum, starch, etc. which diffuse rather slowly than the 
crysta^oids. The distinction between two varieties of solution is very 
much marked in some physical proi)ertie8. Crystalloids exert osmotic 
pferfeUre, lower the vapour pressure, depress the freezing point and raise 
boiling, points of the solvent while colloids have no such effect, 
m suspension are electricailj charged similarly while 
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crystalloids ia solution dissociate into oppositely char£*ol ions. Thoaj;''i 
apparently crystalline substances form the crystalloids, the line of 
demarcation is very vague ; for example, sodium stearate acts as a 
colloid in aqueous solution and as a crystalloid in alcoholic solution. 
Graham found that if a solution containing both crystalloids and colloids 
are kept in a vessel whose bottom is made of a semiperineable mombrano 
such as a fish bladder and partly immersed in pure water, the crystalloi Is 
gradually pass through while the colloids are left behind in the vessel, 
f^uch separation of colloids from crystalloids by the lielp of a semi- 
preineable partition has been called by Graham as Dialysis. 


Modern X-ray researclies, however, have shown that all matter is 
essentially crystalline in form. Therefore the distiuctiou between 
crystalloids and colloids is only artificial. The difference between the 
two types of solution is really a difference in the degree of dispersion 
or subdivision of the dissolved substance.' If the particles in solution 
are within the limits of visibility which ranges today up to a diameter 
of 10- * cm (with the help of Zsigmondy’s ultramicroscope arrange¬ 
ment), the solution is classified as a colloidal one and h iyorid that it is 
termed a true solution. In a proper dispersive medium the so-callel 
colloids may also turn into true solutions as has been illustrated in the 
case of sodium stearate above. 


OSMOSIS 

221. Osmosis and Osmotic Pressure:— If a crystalloidal 
solution is separated from the solvent bv means of a piitition which is 
permeable to the molecules of the solvent only but not to those of tin? 
solute, transmission of solvent molecules from the solvent side takes 
place. Such one way or selective transmission of solvent molecules is 
known as Osmosis. . The copper-ferrocyanide earthenware pot* acts as 
a good semipermeahle partition for aqueous solubions. If such 
pot is filled with an aqueous solution of sugar and its mouth is closed 
by a rubber stopper R through which passes a glass tube connected to 
a closed mercury manometer Maud the pot is wholly immf*rsed in a bath 
of water W (Fig. 229•. it is found that gradually the pressure within 
it increases as shown hy the manometer and attains a final steady value. 

The 4fxee88 pressure as shown by the mwonuter is callei ih$ 
osmotso pressure of the solute in the solvent at the temperature of the 
etperiment. or, in the alternative, the pressure which is reqvirei on the 

* If a pOEOos pat of anglasad aaftheaerara bs filled with oapek) edtphate 
sblnttoa and then imiaetMl in a dilate eotation of pateutum feerooyaaide, the two 
■olatioiu meet and Intetaot within the pares Of the pat forinittf an Itteolable pmcdpU 
tate of oapete fecfoojMtnida. Tim pxeolpltele aobi at a very eettstaotocy semi^rmaafile 
swasbraiia Iw aqaaoat Bcfilttloiis hod etands moderalaly high peeMOcei. 
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aoluiion iidB to step osmosis is a measure of the osmotic pressure of 
the solute in the solvent at the temperature of the experiment. 

The explanation of the phenomenon of osmosis lies in the fact 

that the concentration of sol¬ 
vent molecules per unit volume 
on the solveut side is greater 
than that on the solution side 
and lienee the pressure due to 
the bombardment of the mem¬ 
brane by the solvent molecules 
is greater on the solvent side. 
As a result of this inequality, 
the solvent molecules are trans¬ 
mitted through the semiperme- 
able partition to the solution 
side, thus giving rise to the 
phenomenon of osmosis. 

Osmotic pressure must, how¬ 
ever, be distinguished from the 
Fig. 339 pressure of the solute molecules 

on the membrane, otherwise 
called diffusion pressure, and also from the thermal pressure of the 
solution caused on account of the disorderly motion of the molecules 
in it due to their kinetic energy. In fact, the osmotic pressure is not an 
actual pressure exerted by a component of a solution but rather is a 
difference in pressure which must be established between the solution 
and the solvent in order to make the escaping tendency of the solvent 
equal to that of the solution. It depends on the concentration of the 
solution and its temperature. 

The osmotic pressure as measured by the above method by Pfeffer 
is not accurate specially for concentrated solutions. Later on Morse 
and his co-workers made improvements in respect of (1) quality of the 
semipermeable membrane, (2) connection between cell and the mano¬ 
meter and (3) measurement of pressures. The method devised by Earl 
of Berkeley and Hartley, described below, is superior to other methods 
in that the strength of the solution remains constant throughout in this 
method since any influx of the solvent into the solution is here offset 
by an externally applied counter pressure. 

222. Berkeley and Hartley’s metlied for measarfaii^ Osnotie 
Py^aeiirei:—A semipermeable membrane M of cupric ferroeyanide is 
Ipnaed by the electrolytic deposition near the outer sur^ce of a 
'Iwrous porcelain tube (Fig. 33Q). , 
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The tube is held coaxially 
within a large cylindrical 
vessel V of gun-m?tal placed 
horizontally. The two are 
jointed, by an ingenious system 
of rings and clamps. The open 
ends of the porcelain tube are 
closed with robber stoppers G 
fitted with capillary tubes bent 
at right angles, of which, one P 
is fitted with a funnel and stop¬ 
cock. The solvent (water) 
is introduced into the porcelain 
tube till it is filled up and 
stands up to a certain level in the capillary tubes. The outer tube is 
then filled up with the experimental solution and then bv means of an 
auxiliary pump P connected to it a gradually increasing pressure is 
applied to the solution. This applied pressure tan be measured by a 
suitable pressure gauge fnot shown in the figure) connected to the 
auxiliary iiurap arrangement. If no such pressure were applied the 
solvent would have gradually passed through the membrane into the 
outer cylinder and the liquid level in'the capillary tubes would fall. 
By suitably adjusting the applied pressure the liquid level is to be kept 
constant in the capillary tubes. 'I’his is done by applying graduallv 
increased pressure till it just counterbalances the osmotic pressure. At 
this stage the reading of the pressure gauge gives the required osmotic 
pressure. 

The values of osmotic pressure obtained by this method for con¬ 
centrated solutions of cane sugar have been found to be greater than 
the theoretically expected values. According to Callendar, it is due 
to the hydration of the solute, as each molecule of cane sugar is 
associated with five molecules of water of crystallisation. 

223. Laws of Osmosis : (1) —Pfeffer’s experimental results show ’ 

that for weak electrolytic solutions, the osmotic pressure at any 
particular temperature is proportional to the number of gramme- 
molecules per c.c. of the solution, i.e, p«n where p is the osmotic 
pressure and c is the gramme-molecular concentration. 

$ 

(2) An analysis of Pfeffer’s data for osmotic pressure at different 
temperatures made Van’t Hoff to conclude that the osmotic pressure 
for weak solutions is proportional to the absolute temperature, 

i.e. p«T. 

Thus for dilute solutions. 

p-BicT 



( 1 > 
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where Bt is a constant- 

Again if v c.c. of the solution contains 1 gm. mol. of the solutCt 



7? 'T 

Prom (l) we get, p*=—1- - ; or, pv’^RiT ... (2) 

V 

Both these laws of concentration and temperature are commonly 
known as 'Van’t Hoff’s laws of osmotic pressure. 

Van’t Hoff calculated the value of Bt in eqn. (2) using Pfeffer’s 
data and found it to be equal to 0*0813 litre-atmosphere per gm .-mole¬ 
cule of the solute—a striking resemblance with a gas. Hence he pointed 
out that the pressure exerted by any substance in a dilute solution is 
the same as it would have excited if present as a gas in the same volume 
as that occupied by the solution provided that the solution is so very 
dilute that the actual volume of the solute may be neglected in com¬ 
parison to that of the solvent. From these considerations it may be 
said that a solute in a dilute solution behaves as a gas. This assumption 
is further corroborated by the fact that solutions of non-electrolytes 
exerting equal osmotic pressures contain equal number of gm .-moles 
per c.c.—an observation similar to Avogadro’s in gases. Such solutions 
having identical osmotic pressures are called isotonic solutions. 

The above equation of Van’t Hoff applies to non-electrolytic solutions 
or at best weakly electrolytic solutions. For solutions of electrolytes 
the laws of osmosis are also the same ; but for any concentration, the 
value of the osmotic pressure is greater than that of a non-electrolyte. 
On the basis of Arrhenius’ theory of electrolytic dissociation the larger 
osmotic pressure is due to increase in the number of ions in the solution 
due to dissociation. So the osmotic pressure of a solution is the sum 
of the o|motic pressures of different kinds of ions in the solution plus 
the pressure of the undissociated molecules. So if * be the degree of 
dissociation* Van’t Hoff’s eqn. (eqn. 2) can be modified in case of an 
electrolyte as pv^iBxT. 


Example 

i gm. of cAne sugar {mal, is dissolved in 100 c c, of loater. Calculate 

the valus of osmotic pressure at 0°0 of this solution. (C.U. 1959) 

{Assume B»0'082 litre^atmos.) 

.4n«,: Here 1 gm. of sugar is contained in 100 o o. 

342 gms, of sugar Is oontained in 103 X843 c.o. -v 34‘S litres. 

From Pr-flSr, we have 

-0*6546 atmosphere. 
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Questions (Chapter XI) 

I 

1. What do you tinderstaiid by osmosiB, dialysis and difFnalon f State ths 
laws of osmosis and describe an arrangement for measuring osmotic pressure. 

(0. V, 1944) 

?. Define osmotlo pressure a«id state its laws. How wil] you demonstrate this 
pressure ? (Madr. U. 1949) 

3. At lO^'C the osmotic pressure nf an aqueous solution of urea is SOO mm. 
of mercury. The solution is diluted and its temperature raised to 25'’C'., wben the 
osmotic pressure becomes 105*8 mm. DetermiPe tbe extent of dilution. 

[Ans. ; 5 times diluted]. 

4. Calculate the 'Strength of a cane sugar solution whose otmoMo pressure 
at a7'0 is one atmosphere. (Mol. wt. of cane 6ugar»3i2 gms. and i?--8*4xl0^ 
ergs, per ‘’C). 

[Ans.: 13'76 gms./litre] 

5. State the laws of osmotic pressure. 

* 

Give an account of the relation between osmotic peessnre and other properties 
of a solution. (Madr. II. 1947() 

6. lununolate Pick’s law of difiasion. 

Starting with the same concentration of a given solute at the bottom of 
columns of the same liquid, show that the times required to set up a given 
ooDcentration at the top are proportional to tbe squares of the heights of the 
column. (Madr. U. 1947) 

7. State Pick’s law of diffusion in liquids. 

Indicate a method of determining experimentally the coefficient of diffiiBion 
of a salt in a solution. ^ (Madr. U. 1919) 

8- Define and explain the following :— 

Effusion, osmotic pressure, isotonio solution, dialyois, Van’s Hofl’w laws of 
osmotic pressnre. 

Discuss the shortcomings of Pfeifer's method of determining the osmotic 
pressure. Dasoribe any other method which you consider superior to the former 
one. 

9. A solution containing 3* 12 gms. of a substance per litre gives an osmotic 
pressure of 1*27 atmospheres at 26‘'C. Caloulate the molecular weight of the 
substance. (0. U. 1942) 

[Ans.: 60] 



CHAPTER XII 


PUMPS AND GAUGES 

224. IntroducUon :—In the recent rlovelopments of science and 
technology, vacuum technique or production of vacuum plays a very 
important role. Vacuum is produced to the desired extent by various 
types of vacunm pumps. The vacuum is that has been attained by these 
irarajis ranges from the atmospheric pressure down to a pressure of 
10"” mm. of mercury. The instruments by means of which the pressure 
of these evacuated spaces are measured are generally known as vacuum 
aavges. The important types of pumps and gauges are described briefly 
,in the subsequent articles. 


225. Pomps :—Eor the production of moderately low pressures 
ordinary single barrel or double barrel plunger air pumps are used 
and for still higher order of evacuation jet pumps and Toepler pumps 
may be used according to the need. But for the production of high 
vacuum, we first need a fore-pump which is to be connected to the final 
pump producing the desired high vacuum. The function of this fore¬ 
pump is to evacuate the vessel to the desired extent previous to final 
evacuation. The best type of the fore-pump used in the laboratories 
as well as in industries is the rotary pump. A few important pumps are 
described below. 


(a) Filter Pump 



(or Water Jot Pump.)—It is an exhaust 
type of air-pump ordinarily made of glass 
and is used when the degree of vacuum 
required is not lower than about 7 mm. 
Its special feature is that it needs no 
attention. 

The pump is shown in Fig. 231. The 
side-tube B is connected with a rubber 
tubing to the vessel intended for evacuation. 
The upper end of the vertical tube A which 
tapers below and ends in the nozzle N is 
connected to the water mains, the pressure 
of which should remain constant. As a 
strong jet of water forces out of the nozzle 
with a very high speed, some air from around 
the nozzle is also entangled and carried 
down the ‘ tube. The draught product 
thereby draws out the sir from within the 
vessel at the same rate^ 
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(b) Sprengel Pump. —The attached figure (Fig, 232) sho’ws the 
working principle of a simple type of Sprengel pump, which is a 
mercurial air pump. It consists of a tube ACb connected to a mercury 
reservoir B through a pinch-cock P. The vessel F to he evacuated is 
connected to the tube ACB at G. When mercury passes C, it separates 
into drops which can be properly adjusted in 
size and speed by controlling the pinch-cock and 
the height of the reservoir. The falling mercury 
droi)S entrail bubbles of air in between them. 

Thus the air in V will be dragged down with 
the descending mercui'y drojJets in CB. By 
adjusting the speed of the falling drops, the rate 
of suction can also be regulated. In some type 
of this pump, the mercury in the reservoir is 
automatically rejdenished by means of a capillary 
tube joining the mercury trough T with the 
reservoir the upper end of the capillary tube 
being above the mercury level in B. Here the 
suction of mercury from T to i? is efiected by 
connecting 22 to a water-jet pump. In some 
other form a jet arrangement is also made at C 
as in a water-jet pump. This device increases 
the efficiency of the pump to a certain extent. jpjg^ 282 


Ic) Toepler Pump. —It is essentially a mercury air pump 

operated by hand. It was 
designed in 1862 by Tciepler 
and had been since then used 
for the production of high 
vacuo. But due to its slow 
speed it has recently been 
completely replaced hy more 
efficient pumps. In high 
vacuum technique it is now- 
a-days almost obsolete. It^ is, 
however, often used for col¬ 
lecting gases at a particular 
pressure, i.e. for filling gases 
in discharge tubes etc. The 
pump, though slow in opera¬ 
tion, can produce a vacuum of 
the order of 10"^ mm. of mer¬ 
cury. 

A modified design of the 
Fig. aii pump is shown in Fig. 233.. 

Here the vessel V to be 
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evacuated is connected to a mercury reservoir B through a connecting 
tube A BO and a rubber tubing. The height of R can be adjusted by 
means of a string attached to it which moves over a pulley P. A side 
chamber v is connected at the bottom to ABO in the way shown in the 
figure. At the top, v is attached to a barometric tube H dipped in a 
mercury trough T. A bit above the side tube connecting ABC with 
V, there is a comparatively wider portion B in ABO wherein a glass 
bead is inserted. This bead serves as a valve and prevents the flow of 
mercury in 1' when R is raised. By this device the length of the con¬ 
necting tube has been sufficiently shortened. In the original apparatus 
(without this valve arrangement) this length was sufficiently large so 
that mercury could not enter F when the latter is partially evacuated. 


To operate the pump, B is sufficiently raised when mercury in AB 
cuts off the air communication between F and v. On further raising 
Bt the rise of mercury in BO is arrested by the valve whereas the 
rising column of mercury in v forces out air from it through the mer¬ 
cury trough. B is then lowered again till air communication is esta¬ 
blished between and v whereby some amount of air from F passes on 
to V. B is then again raised and the air in r, is forced out. In this 
way slowly repeating the operation a sufficiently high degree of vacuum 
is ultimately obtained in V. 


(b) Rotary Pumps.—A pump of 
for use where lack of space prevents 



» mim mm mm^ *mm mv w wmm imam mm> mm -mm mmt, m» 


^ m. .li. — r-.~ 

I Jf*** Botary Pama 

to the pressure in a vessel 


ohe rotary class is valuable 
the adoption of an ordinary 
plunger pump. Its discharge 
is continuous and can be 
worked over a wide range of 
speeds. Moreover, a rotary 
exhaust pump, is superior to 
a piston pump, for it is 
simpler, faster and can pro¬ 
duce higher vacua. Its prin¬ 
cipal disadvantage is due to 
leakage past the rotating 
surfaces, which results in a 
loss of efficiency. 

The principle of a Hyvac 
rotary pump is illustrated 
in h'ig. 234. It is practically 
a technically improved form 
of the original type of rotary 
pump invented by Gaede. 
3uch a pump can be used 
about 0*0001 mm. of mercury. 
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A cylindrical drum D acfcs in it as rotor and it is mounted eccen¬ 
trically to a shaft 3 which passes along the axis of a cylinder C. The 
shaft is rotated by an electric motor. The drum and the cylinder are 
machined accurately such that the surface of the drum just slides on 
the inner surface of the cylinder as the shaft rotates. In the figure tiu* 
line of contact is shown by L at some instant of time. Pj is the entrance 
port through which air from the vessel to be evacuated enters into the 
cylinder, and Pj the exit port through which the air leaves the cylinder. 
The exit port is provided with a simide valve V opening only out¬ 
wards. A scraping vane A is constantly pressed on to the drum between 
the entrance and exit ports, by the action of a spring P, whatever be 
the position of the eccentric drum in course of its rotation. The whole 
arrangement is immersed in some oil of low vapour juessure contained 
in a box as shown in the figure Pij^e E connected to the entrance i)ort 
projects out and is to be connected to the vessel intended for evacuation. 
The oil lubricates the shaft and prevents air leakage along tlie shaft 
into the high vacuum in the cylinder. 


The drum D, as shown, is rotated in the clockwise direction at the 
rate of a few hundred revolutions per minute. At the instant showir 
in the figure, the volume, on the entrance side of the line of contact 
Z/, t.e. at the tail end of the rotor, is increasing and so the pressui'e 
diminishing thereby causing the air in the vessel to flow into it. On 
the other hand, the volume, on the exit side of iL, t,e. at the bead end 
of the rotor, is decreasing. This means that the air in front of the 
rotor is driven out through the exit valve W The scraijer vane K 
prevents any air from flowing from the head end of tlie rotor to its 
tail end. 


As the rotor D continues to rotate, a time comes when the line of 
contact L passes the exit port So the exit port then becomes 

exposed to the vessel to be evacuated and the atmospheric pressure 
closes the valve V. Soon after, the line of contact passes the entrance 
port Ps.,' when the volume of air in front begins to be swept out again 
as in the previous cycle. 


(e) Oaede and Langmuir Moieenlar Pomp. —It is a type of 
pump requiring a fore-vacuum for its successful working. It consists 
of a rotor JB revolving round an axis through its centre, inside and 
closely adjacent to the walls of the stator A. B, and are eccentrically 
fitted (Fig. 295). An outlet and an inlet port, O and I respectively are 
provided in the atator. The annular i^ce between I and O'is coafipai^- 
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Fig. 286 


tively greater than at other regions 
of the stator. 

When the rotor revolves with a 
high speed in the direction shown 
in the figure, it drags with it the 
gas from the inlet port towards the 
outlet one due to the viscosity of the 
gas. Thus a pressure difference is 
created. This pressure difference 
cannot he solely due to the viscosity 
of the gas for the viscosity is indepen¬ 
dent of pressure at ordinary temi>era- 
tures. In order to have a higher 
degree of evacuation the rotor should 
have a speed exceeding 6000 rev./min. 
and the clearance shewn much magni¬ 


fied in the figure between the stator and the rotor should he of the 
order of '03 mm. or even less. With a fore-vacuum of about 2 mms. 
of Hg and with a speed of 10,000 rev./min. for the rotor, the pressure 
attained by Gaede-Langmuir pump will be of the order 10"'^ mm. of 
mercury. 


(f) Diffusion and 

require a fore-vacuum 
the order of 1 
Generally rotary hyvac 
serve as the fore-pumps 
case. 


Condensation Pumps. —These pumps also 
for their working which should be of 
mm. of Hg. 


pumps 
in this 


(i) Diffusion Pomp. —To 

understand the principle of the 
diffusion pump,. consider the 
arrangement shown in Fig. 236. 

A stream of mercury vapour 
rushes up the tube AJ3. The 
passage of the vapour jet up the 
tube AB gives rise to a partial 
vacuum in the system to the right. Fig. 336 

The degree of evacuation produced in the system to be evacuated (i.e. 
O) depends on the relative rates of diffusion of mercury vapour and the 
gas through the porous plug (see Fig. 236). 



Mercury, being heavier diffuses at a slower rate than the gas 
to. be evacuated. The efficiency is sufficiently increased by the 
int^ufition of the vapour trap cooled by water or liquid air. The 
llil^pump maintains a luressure of a few mm, in the tube 4B^ The 
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air molecules i)asBing out of the plug are carried along the jet of the 
mercury vapour towards the fore-pump. Tlie traces of mercury vapour 
that may pass through the plug are couderised iu the trap. The jet of 
mercury that ascends up may be condensed and restored to the boiler. 
Gaede first applied this princiide and the apparatus so constructed was 
called a diffusion jrump. Subsequently porous plug was replaced l,*y 
adjustable slits and it was found that when slit width was of the 
dimension of the mean free path of the gas molecules, the efficiency 
becomes maximum. The pressure attained by this type of diffusion. 
l)ump is near about 10“*’’ mm. of mercury. Theoretically, of course, 
there should be no limit to the vacua attainable by this pump. 

(i) Diffusion-condensation Pump.—lu ^qiractice, there are two. 
disadvantages in the above arrangement— 

(») The exhaust speed is slow. 

(».*) Careful regulation of temperature of mercury vapour is not 
I)ossible. 

These difficulties are removed by cooling the mercury vapour 
thoroughly at the jet so that condensation sets in. the back difi'usion 
being thus almost completely eliminated. The arrangement requires no 
critical conditions for its successful oj^teration and the size of the orifice- 
may vary over a wide range. These improvements were inuroduced by 
liaugmuir and the pump acting on this principle is called a diffusion- 
condensation pump because both these processes are of vital importance- 
in the operation of the instrument. Sometimes this tyi>e of pump is 
referred to as ‘diffusion’ pump or a ‘condensation’ pump. There aie 
various designs of this pump. Langmuir’s modified diffusion-conden¬ 
sation pump as shown in Fig. 237 is described here. 


Mercury in the bulb A is boiled by heating it with a gas burner o)- 
by an electric heater. The vapour passes through the orifice JET in a 
vessel P which is covered by a water jacket J. The condensed mercury 
returns to A through JR.' The bulb A and the tube B are lagged with 
asbestos to prevent the mercury vapour from condensing before it 
issues through B. The vessel to be evacuated is connected to F directly 
or through a liquid air-trap T which is partly immersed in liquid air 
contained in a Dewar flask (not shown) wherein the mercury atoms, 
diffusing through F may be condensed. At the bottom P is connected 
to the fore-pump through the side tube Nt which reduces the pressure 
to nearly 1 mm. of mercury before the diffusion-condensation pump, 
begins to operate. 

If there is a lai^ concentration of mercury vapour in P immediately 
above the level of AT. it would tend to cut down the speed of pumping 
because the gas molecules will then have to diffuse through OMreury 
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before coming in contact with the stream of the jet. So the level of 

water in J should always be 
sufficiently above the level 
of E. 

These pumps can produce 
vacua of the order of 10"** to 
10 ■** mm. of mercury depend¬ 
ing on the design. Without 
the liquid-air trap T, the 
mercury atoms diffuse into 
the vessel to be evacuated and 
as such the pressure attained 
will not be so low. 

The dimension of the con¬ 
necting tubes are very 
important in determining the 
speed of exhaustion. To 
utilise the maximum sx>eed of 
evacuation the connecting 
tubes should be short and 
wide. 

Fig. 237 Sometimes instead of 

mercury, organic liquids 

(oils) with high boiling points and low vapour pressures are used in 
these pumps. 

226. Proeesses of further RoduotioD^ of Pressure —To push 
the vacuum below l0"®mra. of mercury several methods may be 
.adopted. 

(1) Sorption Process.— 

The high vacuum system is connected to a tube surrounded by liquid 
:air and containing freshly heated cocoanut charcoal. Traces of CO^, 
NH.i and H* may thus be readily removed and the pressure is further 
reduced. 

(2) Flashinir.— 

When in a vessel connected to the high vacuum system a metal 
like Mg,'Oa or Na is vaporised, oxygen in the system is removed due to 
iormation of an oxide whose vapour pressure is negligible. 

(8) Baking.— 

This consists of heating the system to a temperature of a few 
hpitdtcd degrees while the pump is still operating. * The joochided gases 

Iremoviad by this baking {irocess. 
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( 4 ) Eleetrical Process.— 

This process is adopted for obtaining the high order vacuum 
required in incandescent lamps, and thermionic valves. Here the 
residual gas molecules (or atoms) are ionised by either thermions or 
by a glow discharge and the ions thus formed are made to adhere to the 
walls of the vessel by suitably cooling the walls. 

227. Manometers and Gauges :—For the measurement of low 
pressures various types of instruments have been devised. They may 
be broadly classified under the following heads :— 

(1) Mercury Manometers.— 

Under this heading we shall discuss the ordinary differential types 
of manometers and McLeod gauge. The former type may again be 
subdivided into two varieties : Open tube type and Closed tube type. 

(a) Open Tube Manometer.—^When the pressure to be 
measured is nearly atmospheric and differs from it only by a small 
amount, an open tube manometer is a convenient instrument. 

The instrument consists of a glass U-tube BUA open at both ends 
containing a liquid of known density (Fig 238). The liquid used may 
be water, oil or raercui-y If the 
liquid used is mercury the instrument 
may be used to measure pressures, 
say, from ^ to I 2 atmospheres. One 
end of the U-tube is connected to the 
vessel V in which the pressure is to be 
measured. The other end is oi)en to the 
atmosphere. If the pressure of the 
gas in the closed vessel is the same as 
the atmospheric pressure, there will be 
no difference of levels, and in other 
cases, there will be a difference of 
levels h between the surfaces and B 
of the liquid in the two limbs of the 
U-tube. If p be the density of liquid, 
the pressure of the enclosed gas in 
F«*atmospheric pressure ± h.p.g. Thus, Pig. 283— An Open Tube 
the height *h’ of the liquid column Manometer 

in the open tube meaeiirad from top of the liquid column in the ' 
other limb gives a measure of the difference between the firessure 
of the enclowd gas and the pressure of the atmosphere. 

G^p. 23“-(yor». i) 
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If the level in the open tube A is higher than the level in the 
connecting limb B as in Fig. 238. the plus sign is to be used and the 
pressure of the gas in V is greater than the atomspheric pressure ; 
and if the level in A is lower than that in B, the minus sign is to be 
used and the pressure of the gas is less than the atmospheric i>resBure. 




Fig. S39~A Manometer for low 
PresBoreB. 


Fig 240—An Air.manometer. 


(b) Closed Tube Manometer.— ■(») When the pressure to be 
measured is only a small fraction of the atmospheric pressure, one 
limb of the U-tube is sealed (Fig. 239) after the space above the 
xnanometric liquid in that limb is evacuated. The atmospheric pressure 
being thus eliminated from that limb, the gas pressure p of the enclosed 
gas V will be indicated by the liquid column h, and will be given 
by. p«hXpX( 7 . 

(st) For pressures, say above atmospheres and up to moderate 
pressures, a convenient instrument is an air-manometer (Fig. 240). 
This is a U-tube with the bend filled with some convenient liquid. The 
sealed-up limb A contains some dry air above the liquid surface. This 
air ^ets compressed as the'end B is connected to the vessel V coutaiamg 
gas .under pressure. The sealed-up limb is graduated so that the 
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Supply 




pressure (which is inversely proportional to the volume of the air in 
{A) can be directly read off 
from it. 

(c) McLeod Gauge. —For 
measuring the pressures of the 
order of the vacuum in electric 
lamps, X-ray tubes etc. (nearly 
10 - mm. of Hg) usually a Mc¬ 
Leod gauge is used (Fig. 241). 

A tube ABGD closed at the top, 
having a portion AB of small 
uniform bore and graduated in 
c.c. with a wider bulb BO and a 
branch at C leading to the tube 
EF of the same bore as AB 
(to compensate for the capillary 
effect) is connected to the low 
pressure supply. The lower 
end D is joined by a flexible 
rubber tubing to the mercury 
cistern G which can be raised 
or lowered vertically. In mea¬ 
suring the low pressure of a 
supply, the cistern G is lowered 
below C so that the space above 
C in the tubes EF" and AC is 
filled with the gas at the same 
pressure as that of the supply. 

The cistern G is then gradually 
raised until mercury seals the 
gas in ABC, On further raising 
the cistern, let h be the difference of the mercury levels in the tubes AB 
and EFt the gas entrapped in ABC being compressed into AB. If p be 
the pressure of the supply, the pressure of the gas entrapped in AB 
is (p+h). If F== volume of ABC and volume of the gas entrapped 
in AB^ then from Boyle’s law, pF=(p+h) v, assuming the process to be 
isothermal ; 


D 



Fig. 941 


or, p( F - «) “ hv ; or, p 


_ fee _ fet? 

F-p F 


nearly. 


(*.' V is vsry small compared to F). 

Thus knowing fe, v and F, the pr^sure p can be determined. 


(2) Ifeofauiieal Manomelera.— 

this class of manometers we shall describe only the Bourdon 
Gauge which is commonly used in all medium pressure measurement^# ^ 
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The Bourdon Gauge - -When the pressures to be measured differ 

greatly" from the 
atmospheric pres¬ 
sure, both above and 
below such as those 
in steam boilers, 
compressed air-reser¬ 
voirs, condensers 
etc. or in evaporators, 
a Bourdon Gauge 
«which is a metallic 
pressure gauge, is 
generally used. Fig. 
242(o) represents 
how the instrument 
wor^s, while Fig. 242(h) illustrates the appearance of the instrument. 

The instrument consists simply of a hollow tube BAC oi^en at B 
to be connected to the supply and closed at other end G. It is a spring 
tube usually made of a sx)ecial quality of bronze or sometimes of brass 
and is of elliptical cross-section. The pressure of the supply changes 
the cross-section of the tube to more and more circular from until the 
etiess-developed in the material of the tube is balanced by the pressure 
within, and due to this change in cross-section, the free end C of the 
tube is displaced with respect to B. As a result, the pointer P connected 
to it moves over a circular scale. The instrument is previously graduated 
by referring to a standard gauge. Since the rhanometer tube is sur¬ 
rounded by the atmospheric air the movement of C measures the 
■excess or deficit of the internal pressure referred to the atmospheric 
pressure. To get the absolute pressure of a high pressuie supply, the 
atmospheric pressure at the (dace of observation at the time of experi¬ 
ment is to be added to the pressure indicated by the gauge! 

(S) Viscosity Manometers.— 

Under this heading we can include two types of gauges :— 

(a) Dnshman's molecular gauge.— 

Suitable for measurement of pressure within the range 10“® mm. 
to lO"’ mm. of mercury. 

(b) Quartz fibre gauge.— 

Here the pressure is ascertained from the damped oscillation of 
the vibrating quartz fibre in the vacuum. As the residual gas will 
always have some damping effect on the vibrating fibre due to its 
wiscosity, the period will be damped and as such the degree of damping 
v^fi^j^pend, on the pressure of the gas. The range of this gauge is from 
10 '* mm. of mercury. 
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(4) Radiometer gauges.— 

The most important type belonging to this class is KnudsM^t 
ilbso^uts having a range of 10*~mm. to lO'^mm. of Hg. Here 

the pressure is ascertained by noting the deflection of a susi^ended cold 
plate in the vacuum due to the continuous impingement of the molecules 
rebounding from a neighbouring hot plate. 


(5) Conductivity gauges.— 

The most important of this class is the Pirani-Hale g%ug». Here 
a wire is heated by an electric current. The resistance of the wire* 
which is a function of the temperature and hence also of the pressure 
of the gas, is measured. The wire used is generally of platinum or 
tungsten aViout 0 03 to 0‘06 rnm. in diameter and 10 to 20 cms. in 
length. The jiressure range in a suitably chosen gauge is almost the 
same as in a McLeod gauge. The resistance wire is included in a. 
Wheatstone bridge, the three other resistances of which are of 
negligible temperature coeffi¬ 
cients ^ (preferably of man- 
ganin). The connections of 
the Wheatstone’s bridge should 
be as shown in Fig. 243, where 
F is a voltmeter, B an adjust¬ 
able resistance and F is the 
Wngsten or platinum filament 
enclosed in a glass bulb con¬ 
nected to the vacuum chamber. 

By adjusting the value of JS, the 
defiectiou of the galvanometer 
is made zero, the current 
through the filament F being 
such that its temiierature is 
nearly 100^0. The voltage F, 
across the bridge is so adjusted 
that the balance of the bridge 
is restored each time when the 
pressure in P is varied. If F 
be the voltage applied at a 
pressure p and F© be that at p — 0 at the balance condition of the bridge 

F* — Fft* 

then it is found that—• Kf(p)^Cp when pressure is below 

V 0 * 

0‘1 mm., K and C being different constants. The constant 0 for air may 
be determined by calibrating the instrument against a McLeod gauge. 

(6) I<»^aiioii Gauffe.— 

. This type of gauge is similar in construction to a triode valve and 
can record presBures of the order of lO'^mm. of Hg. Here av^tupgaten 
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flament is surrounded by a special grid of tungsten and this system 
is mounted coaxially inside a cylinder of metal serving as the plate, 
The whole system is then placed inside a bulb whose degree of evacuation 
is to be ascertained. As usual the filament circuit is completed. The 
plate is given a negative potential and the grid maintained at a com> 
paratively high positive potential. No electrons can evidently reach 
the plate but the positive ions rush towards it and the galvanometer 
attached to the plate records the plate current which is proportional 
to the number of ions reaching the plate. This number evidently de¬ 
pends on the pressure within the bulb because the greater the pressure 
the greater will be the secondary ionisation produced inside the bulb 
and as such greater will be the number of positive ions reaching the 
plate. This is the principle on which the ionisation' gauges work. 


228. A Complete arrangement for the production of high 
vacuum ;—A simple but complete arrangement for the production of 
high vacuum is shown in Fig. 244. 

In the figure, 

(1) F is the vessel to the evacuated, 

( 2 ) G is a pressure gauge connected very close to F, 

( 3 ) T is a liquid-air trap immersed in liquid air contained in the 
Dewar flask D, 

( 4 ) Jlf is a Langmuir type of mercury vapour pump, 

(6) TO is a manometer to ^record the fore-vacuum, 

(8) D. C. is a drying chamber containing 

( 7 ) A is the fore-pump. 

( 8 ) Si and S# are two 8 toi>-cocks of which S 9 connected to F must 
be of a large bore. 


In making the above vacuum lines complete, drying agents, stop¬ 
cock greases, waxes and thick rubber tubings may be used only in the 
fore-vacuum region. In the high-vacuum side substances with very low 
vapour pressures may be used and if possible there .should be nothing 
but glass and* metal. The glass connecting tubes on the high-vac, side 
should be short and of a large bore so as to secure the fullest advantage 
from a rapid pump. The connections should be perfectly leak-tight and 
the vessel to be evacuated should preferably be heated because the 
rate of outflow of gas is greater at higher temperatures. Traps, cut- 
ofits and angles which are essential in the lines effectively decrease the 
rate of flow. So their number should be minimised, 

Bpeedpf a pomp iodioites the rafodity with which the gas 
is axhaiosted from a yeeseh It is measured by the number of enbie. 
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centimetres of gas removed per second at the mean pressure. 
Mathematically it is given by the expression, 



S—2‘303 ~ logio c.c. per sec., 
t P2 

where F**volume ia cm.® exh.auBted from the pressure Px to the 
pressure pj in t secs. 


Questions (Chapter XII) 

1. Give an aooonnt, with a neat eketoh, of some form of a gas pump, aaitable 
for attainment of low preaBnree. (Panj. U. 1946) 

5. Desoribe with a neat diagram, the oonetmotlon and working of (a) any 

modem high vaoanm pnmp and (b) a gauge iwhioh oan measnra the low preeinre 
this pump prodttoea. (Ifadr. U. 1940) 

8. Daaerlbe the working of a rotary oil pump for prodnolng low pteaantea. 
How are theae preaanrea measured ? (0. U. 1966. Sp.; All. U. 19S^) 

4. Deaorlbe the varlona types of gauges that are suitable for measurement 
of low pressures. 

6. Desoribe a meronry pnmp of dlflualon-oondansation type. What are its 
advantages over the ordinary dlfiaslon pumps ? 

What is a MoCisod gauge f Explain its working. (e/. 0. U. 1962, *68) 

6. Write notes on t— 

(n) Bourdon gauge { (b) MoLeod gauge: <e) lonlsaUon • gpmge; 

(d) Gaede xuoleoular pump. 

7. Writs an essay on urn production and measurement of bl|A vacuum. 

(0, U. ,H. X967) 
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AEEONAUTTCS 

THE ATMOSPHERE 

229. Aerodynamics and Aeronautics :—Aerodynamics is a 
general name for that part of Physics which deals with the properties 
of any gaseous medium in motion. Aeyonmitics is a specialised branch 
of it which, in particular, deals with the behaviour of atmospheric air 
when an aircraft moves through it. 

280. Facts about the Atmosphere :—Before proceeding fuither 
to study of itrinciples on which the flight of an aircraft depends, the 
foUowing facts about the atmosphere should be well remembered :— 

(A) Extent of the Atmosphere and the Variations of 
Pressure and Temperature with Altitude.—An elaborate study of 
the composition of the atmosphere reveals that nitrogen, oxygen, argon, 
and small traces of some other gases are the constituents of air and the 
percentage of composition slightly varies from one place to another. 
As the atmosphere extends upwards, the density of the air diminishes. 
Opinions, however, vary as to how high the atmosphere reaches. Some 
estimate the height to be as great as 200 miles even. It has been described 
earlier how the temperature of the atmosphere falls as the height 
increases. Roughly speaking, in the lower belt of the atmosphere which 
is known as the troposphere^ the temperature steadily fails at the rate of 
about for every 300 ft. increase in height, and in the upper belt 
which is known as the stratosphere^ the temperature is more or less steady 
at about—60 F. and does not alter with the increase of height. 

The average pressure of the atmosphere at sea level is about 
14*7 Ibs.-wt. per sq. inch, which changes from place to place and from 
day to day with changes of weather and temperature. The pressure 
decreases with increase of altitude. It has been estimated .that about 
one-half of the total weight of the atmosphere is concentrated in the 
first 18,000 ft. It should be remembered, however that the pressure 
exerted by atr in motton may be greater or less than the pressure 
exerted by air when stationary, according to the nature of its motion, 
and from these pressures the forces of It/t and drag (discussed later) 
op an aircraft are obtained. 

Air Reslatanoe,—Due to the fact that air has weight and 
thaJt It is always subject to convection curients, air offers resistance 
to JMdy which moves through it, and this resistance, for a body of 
a 1^^ .ii^pe« ahd a given rel^ive motion, depends upon to the proper^ 

of (t), viscosity, (is) elasticity, and (sis) inertia of air. 
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(i) Viscosity.— It is an inherent property of all fluids. Due to 
its existence when any relative motion occurs between parts of a fluidr 
internal forces of frictional .character are set up within the fluid which 
tend to retard the relative motion. This phenomenon clearly shows 
that the molecules of a fluid are mutually interlocked, the strength of 
the bonds of interlocking vary, however, from one fluid to^ another 
depending on the viscosity. So when a body moves through air (which 
is a kind of fluid) and the layers of air in contact with it ,are moved, 
they also cause layers next to them to move to some extent. The types 
of movements that are caused in the neighbouring layers depend bn the 
shape of the moving body and the magnitude of its motion .relative to 
the air. When this relative motion is laige fddies or -uortires are 
formed in the air around the body. It will be seen later that thes(» 
eddies jcause many phenomena connected with flight. 

(ii) Elasticity :—The tendency of the particles to re-occup> 
former space from which tliey are disturbed is due to that property of 
air which is known as its rolvme elasticity. With inci’ease of altitude 
when the pressure falls, the tendency of air to expand and thus to reduce 
in density arises out of this property. 

(ill) Inertia. —It is a property common to all mattei'^ (arising 
out of mass or density) due to which air tends to he at rest or in stead> 
motion, and resists any attempt to change such rest or motion. 

(C) Density. —The density of the air depends on the atmospheric 
pressure. It is greatest at the sea-level and decreases with altitude. 
At sea-level the density of air is about 0‘08 lb. per cu.ft. and at 20,000 
ft. it is only 0’042 lb. per cu ft., which is about one-half of the first 
value. It is the density of air.whjch makes all flight possible, as an 
aircraft is supported in the air by forces entirely dependent on the 
density ; the less is the density the less the weight lifted and more ditii- 
cult does the flight become, and in vacuum any flight is imix>ssible. 

An idea about how the density of air decreases V'^^ith increase of 
altitude will be obtained from the following table :— 


Altitude 

Density 
(Ib./cu. ft.) 

Altitude 

Density 
(Ib./cn. ft.) 

S«».level 

lAWOft. 

5,000 „ 
lO.OOO 

0 0803* 

0*0770 

00689 

00590 

15,000 {I. 
20,000 „ 

30.000 . 

40,COO 

0*0fi08 

0*0436 

0*0298 

0*0197 


(D) Hmnldlty.—At 


the lower levels of the atmosphere water 
vanonr is always present. The amount of it varies with the se^n and 
diimnisfies.with ime increase of altitude. Under identical conaitjons of 
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temperature and pressure, the density of water vapour is only three-Jifths 
of that of air and so the pressure of water vapour diminishes the 
pressure and density of the atmospheric air. 


AIR RESISTANCE 

/ • 

231. Streamlines :—^Whenever a body is moved through air 
(or any other fluid), or the fluid flows past a body, there is always 
produced a definite resistance to its motion. This resistance is usually 
termed drag in aeronautical work. The effect of this resistance in the 
viscous fluid is to set up displacements in the shape of eddies in the 
fluid. 

In such cases two modes of flow take place : (a) turhulefit flow 
and (fi) streamline flow. These types of flow have been described earlier 
in the text and it has been pointed out that the streamline flow degene¬ 
rates into the turbulent flow when a certain relative velocity known as 
eritieal velocity^ is exceeded. So when a body moves with an excessive 
velocity through a viscous medium turbulent motion causing eddies and 
vortices results and the resistance to motion of the body increases, the 
magnitude of which depends also largely on the shape of the body. If a 
body is so shaped as to produce the least possible eddy motion so that 
the resistance to motion is also much reduced thereby, then it is said 
to have a streamline shape, and the lines round the body interposed in 
the fluid showing the directions and shapes of the disturbances are 
called streamlines. These streamlines enable us to understand the 
nature of the flow of the fluid past the body. 

As it is difficult to investigate the disturbances on an aircraft, 
while in actual flight, most of the aeronautical experiments for studying 
the phenomena of flight are carried out by scientists in the laboratory 
by using some form of Wind Tunnel,* in which air is made to flow 
X)ast a model of aeroplane which remains at rest relative to the tunnel. 
The effect is the same as if the body were made to move through still 
air, because it is the relative motion of air to the aircraft or of the air¬ 
craft to air, which really matters in the investigation. 

Air Speed and Ground Speed. —True air speed of an aircraft is 
the speed relative to air, that is. the speed with which it would travel 
in the absence of wind ; while ground speed means its speed relative to 
the earth, or the actual speed over the ground. For instance, if the 
normal speed (air speed) of an aircraft flying from A towards B be 
100 m.p,h. while wind blowing at 40 m.p.h. from B towards At the 
aircraft will reach B with an actual speed (ground speed) of 60 m.p.h. 

*A wind i^tmei i« uotblog bal a eatUtrle cluimbas in whioh, say, a uio^ 
airiemidii^tslMptai^anarbtitetal hlgliBpsed atc.iOfiKeat is ,aocqss 

It %,^s«ll««]ielair«sexsw» SHie teuifauiliue cl this bla^ alsD 'iieaiiilaneously 
lcs0^sylciwl)y hMhnsola ' 
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It is possible to'study and photograph streamlines and eddy motions 
by introducing smoke into the air-flow in wind tunnels, or coloured jets 
into the Water Tank Experiment described below. 


Water Tank Experiment.—The apparatus for demonstrating 
streamline flow of liquids consists of a rectangular reservoir at the top 


divided into two compartments 0i 
and O 2 [Kg. 245 (6)] by two glass 
plates P| and Pg separated by a 
distance of about 1 mm. These 
plates have equidistant perforations 
inside the reservoir, the perforations 
in P] being alternate to those in P 2 . 
One of the compartments Ci is filled 
up with clear water and the other 
0» with coloured water, say, water 
coloured with potassium i)ermanga- 
nate. Now, the liquid flowing down 
between the plates, from both the 
compartments collects at the bottom 
and finally flows out through a 
rubber tube provided with a pinch- 
cock. On opening the pinch-cock 
clear water from Cj and coloured 
water from C* will flow down 
between the plates through alternate 



(a) [b) 

Ffg. Z45—Water Tank Experiment 


perforations. The violet coloured tracks will show the parallel stream 
lines along which the water flows, and they finally curve inwards towards 
the end. Due to the colouring material the streamlines are made visible 
to an observer. The actual apparatus is shown in Fig. 245(a), where 
a thin body made of gutta-percha has been introduced in the stream 
between the plates to show the distortion of streamlines due to its shape. 
Similarly, small bodies of different shapes can be introduced to showi 
how the streamlines are distorted in each case. 


Effect of shape. —One great object of the designer of aeroplanes 
is to reduce the eddy resistance to an absolute minimum, and much 
experimental work has been carried out with this point in view. Besults 
show that the shape of a body has striking effect on the amount of drag 
producedt and that enormous advantage is gained by adopting a 
streamtilic shape. —the example of which in nature is the outline of a 
fish. When air flows past a perfectly streamlined body, no e^ies are 
..created in its neighbourhood. 
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Pig. 246 shows some of the streamlines flowing past^ a few bodies 

of different shapes. It will be 
noticed in Fig. 246(a) that, in the 
case of a flat plate the airflow breaks 
up after passing the edge of the plate 
into a series of eddies and. vortices, 
the size and nature of which’will also 
be influenced by both the velocity of 
the airflow and the linear dimension 
(^) of the plate. It will also depend on 

the inclination of the plate to the 
direction of airflow. Fig. 246(/>) 
shows that owing to its position both 
sides are affected by the air-current. 
Streamlines at the bottom are deflect¬ 
ed downwards and eddies are formed 
at the lower edge, whilst on the ' top 
there are similar eddies and also 
regions of lower pressure due to the 
distortion of the straight line motion 
of the air current. When, however, 
the obstacle has got a suitably 
curved shape as in Pig. 246(c), the 
air or fluid passes over and behind 
the body in unbroken smooth lines, 
termed strenmhnes^ and the obstacle 
giving rise to a definite streamline 
Pig. 246-Effect of Pbaoe pattern is usually called a strsam- 

line body. 


On comparing the flow past a rough obstacle with that past a 
^treamline body, we notice that in the former case large portions of 
the fluid spin around as if they were detached portions of the fluid. 
These isolated portions of the fluid are called eddits. A ball thrown 
in air and moving with spin will require more energy than when it is 
moving without spin. An eddy differs from a fluid moving in a stream¬ 
lined manner in the same way as a ball moving with or without spin in 
air. For an aeroplane having a rough' shape, the energy of the spinning 
fluid of the eddies must ultimately be derived from the engine, and so, 
sneli bodies will tend to slow down the paotion and produce inefficient 
8tr^semlin§ thapa therefore, /or ^ ifieimoy of 
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232. Resistance to Motion :—The above experiments show 
that the resistance offered to a body in relative motion with a 
ilnid is made up of two parts : (a) Eddy Beiistanoe ; (6) Skin 
Frtctton. 


(a) Eddy Resistance.— This is the i)ortion of the resistance due 
to eddies formed when a viscous fluid flows past a solid body and we 
no longer get a smooth streamline flow. The extreme example of this 
type of resistance is the case of a flat plate held at right angles to the 
fluid or wind [Fig. 246(a)]. The resistance in this case is very large 
and the pressure in front of the plate is greater, and that behind the 
plate is less, than that of the atmosphere which causes a kind of *$ucking 
effect' on the plate. The space immediately behind the plate is not 
traversed by streams of air and is called a dead space. 

(b) Skin Friction .—This is the resistance due to friction 
between the surface of a body and the layer of air next to it. Also, 
due to the viscosity of the air, layers near the surface will tend to 
retard these farther away. 

233. Resistance Formula :—It can be proved and verified 
by experiment that when a body passes through air, the resistance 
B on it depends within certain limitations, on the foUowing 
factors— 


(») The shape of the body ; (**) the surface ; {*i») frontal area of 
. the body exposed (in sq. ft.) ; [iv) the square of the velocity F of air¬ 
flow (in ft. per see.) ; {< 0 ) the density P of the air (in lb. per cu. ft.) i 
{v%) acceleration due to gravity g (in ft. per sec*''.). 


K/’AV® 

Thus, we have resistance formula, R —-Ib.-wt., where AT is 

g 

a constant depending on the shape of the body, the value of which for' 
a flat plate is 0*6 and that for a streamline is 0*03. 


284. Bernouilirc Theorem :—Before proceeding further we 
should consider here a theorem, known as Bernouilli*» theorem 
which elates that in the flow of an ideal (i.e. not viscous) fluid 
the sum of the potential energy % kinetic energy^ and the pressure energy 
is a constant. This theorem can be roughly verified by an experiment 
with the. Yenturi-tube illustrated in Fig. 247 (for details see chapter 
on ‘Yiscosity’). 
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Ventiiri-Tabe Experiment.—A metal tube AB diverging at the 

two ends and having 
a narrow neck in the 
middle is connected to a 
horizontal glass tube TT. 
containing a coloured 
liquid by means of a 
number of narrow mano¬ 
meters (k). When, the 
reservoir B is half-filled 
with the coloured liquid, 
the liquid stands at the 
same level in all the 
tubes. This happens at 
normal pressure over all 
the tubes. When, however, an air-stream from a wind tunnel passes 
through the Venturi-tube, the speed of the air in AB will change from 
place to place due to which the liquid level in several of the inner 
manometers will rise. The greatest increase in height will be observed 
in the narrowest part of the tube, where the speed of the air is also 
greatest. But as the liquid level rises in the manometers due to reduction 
of pressure, we have this somewhat unexpected fact that th9 pressure 
of the air falls when its speed increases (vide chapter on 'Viscosity'). 



As the change of potential enegry is negligible, the increase of 
speed (and hence of kinetic energy) is obtained by losing some of its 
pressure energy. Hence it illustrates the BernouUli's theorem stated 
above. This Venturi-effect, as it is called, is employed in many scientific 
devices in order to produce a reduced pressure. 


AEROFOILS (OR WINGS): FLAT AND CAMBERED 
SURFACES ; LIFT AND DRAG 

235. Principles of Flight :—^Let us proceed now to consider the 
question of why it is that an aeroplane is capable of flying through 
air. In order that an heavier-than-air machine can fly, there must be 
some means of forcing the air downwards so as to provide the equal 
and opposite reaction which will lift the weight of the machine, and 
in the conventional aeroplane this is provided for by wings, which are 
indined at a small angle to the direction of motion. The necessary, 
force driving the machine forward is obtained by the thrust of an 
airscrew. The wings (or aerofoils) are always slightly curved, but let 
08 consider the case of a flat plate first, as in the original atteooqits of 
flight flat surfaces were used. 

I ; I ' 

^ Plat Plate ineliaed to Air Corrent For simplicity we 

that a flat plate AB is at rest and that the air-current flows 
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past the plate AB which is inclined at an angle < to the direction of 
the airflow (Fig. 248). In Fig. 246(6), it has been found that in this 
position both sides of the plate are affected by the air-current, due to 
which pressure of air on the top surface is decreased while that under¬ 
neath the plate is increased. Bach of these pressure changes produces 
forces and acting upwards on the 
plate giving rise to a resultant force i?, 
which is practically normal to the surface 
when the angle < is small. The force B , 
arising from the decrease of pressure pulls 
the plate up, and the force B 2 arising from 
the increase of pressure pushes the plate 
up (vide Venturi-Tube expt.). The force 
B, called the total reaction, can be 
resolved into two components at right 
angles—one horizontal, Z), and the other 
vertical L, acting upwards. The component L, called the lift, balances 
the weight of the plate, and the comi>onent D, called the drag, resists 
the motion through the air. Obviously, the L component which supplies 
the lifting force to the plane is of profound importance. For equilibrium 
the L component must equalise the weight W of the plate. If W is 
greater than L, the plate will fall, and if less, it will rise. 

Actually in practice the flat surface is inefficient as a lifting device 
because of the total resistance offered, and therefore the total engine 
power which has to be employed, is very high in comparison with the 

lift obtained from it. 

237. Aeroplane and kite :—The flight of an aeroplane is much 
like that of a kite floating in air. In the case of the aeroplane the rush 
of air past the .wings is due to the motion of the aeroplane itself through 
the air rather than to a wind, which supplies the rush of air in the case 
of a kite. The tension of the kite string here corresponds to the forward 
thrust of the propeller. The L component balances the weight of the 
machine while for equilibrium, theh component must be.counter-balanced 
by an equal force which is obtained by the action of the screw-propeller. 
On increasing the propeller speed, the forward thrust and B increase. 
Consequently, the L component becomes greater than the weight and 
so the aeroplane rises. It should be noted that the air-pressure depends, 
only on the rate and direction with which the air and the body meet,, 
and the result is the same whether the body moves to meet the air, or 
the body remains still and the air flows against it. Obviously, the 
greater the velocity with which the aeroplane and air meet the greater 
will be the air-pressure. 

238^. Cambered Sarfaee :—The advantage of using a suitably 
curved (or cambered as it is termed) surface, instead of a flat one, waa 
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£OOQ discovered. By this device a much greater lift, especially when 
eompared with the drag, could be produced. In this, the eddy distur¬ 
bances due to the distortion of the streamlines can be diminished and 
so the efficiency of the system can be increased. Thus the modern 
aerofoil has both the top and bottom surfaces cambered. The top 
camber is greater than that of the bottom surfaces as due to this the 
lift component has an appreciably higher value over a wider range of 
the angle of incidence. The additional advantage of the curved surface 
is that it automatically provides a certain amount of thickness which 
is necessary for the structural strength. The thickness is expressed as 
a percentage of the chord and for general use the best top surface 
camber is about 11 per cent, of the chord, while for high speed it 
should be only 7 or 8 per cent. 


AIEFLOW AND PBESSUEE OVEE ABEOFOID 


230. Some Definitions : - A transverse section of a wing (or 
aerofoil, as it is caUed) of an aircraft is shown in Fig. 249, where along 
the front of the aerofoil at is the leading^ edg^e and the rear at 

B is the trailing edge. 

The lino AB joining the centres of curvature of the leading and 
trailing edges is called the Chord. 

Camber is the curvature 
of the aerofoil of both the 
top and bottom surfaces. 
The greatest height of the 
top or the bottom surface 
when divided by the chord 
length, is called the camb.r 
of the respective surface. 
Camber decides thickness 
of the aerofoil. 

Angle of Attack is the 
angle between the chord 
Fig 849-Airflow over Aerofoil. line and lelative airflow 

■> which is the direction of 

the airflow with reference to the aerofoil. 



The angle of attack is often referred to as the angle of 
Incidence, but it is better not to use this term in order to avoid 
confusion with the E*g«r> angle of incidence winch is the bngle between 
the chord line and some 'fixed horizontal data lines in the aeroplane. 
I'ot a given aeroplane this angle is fixed, whereas the angle of attack 
d,uring flight.] 
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The total length of the aerofoil perpendicular to the section is 
called the span ; and the ratio of the span to the chord is called the 

aspect ratio. 

240. Airflow past an Aerofoil :—Experiments show the follow^ 
ing results when a typical aerofoil moves through air at a small angle 
of attack {viu Fig. 249)—(a) A slight upward deflection, called up-, 
wash, occurs in front, {b) A considerable downward deflection 
called downwash, occurs behind the wing. The downwash is important 
as it affects the direction of the air striking the tail plane or other parts 
of the aeroplane in the rear of the main plane, (c) A smooth streamline 
airflow' takes place over the top and the bottom surfaces, (d) The stream¬ 
lines are closer above the top surface than over the bottom. («) Above 
the top surface the siieed of airflow is increased and below the bottom 
surface it is decreased, (f) The pressure of the air above the wing 
is reduced below the normal atmospheric pressure due to the increased 
speed of the airflow. ({/) The pressure below the wing is increased 
due to the decreased speed. 

Though the facts stated in (/) and (g) appear to be puxzling at 
first, it can be explained by the Venturi-tube experiment. Here the upper 
surface is somewhat similar in shape to the lower half of the Venturi- 
tube and the closer streamlines above the highest part of the camber 
resemble those passing through the neck of the Venturi-tube. 

As stated in the case of a fiat plate the decrease of pressure above 
the wing surface produces a force Mi which is an important part of 
the total force pulling the wing up and the increase of pressure below 
the wing gives rise to the force Rf pushing the wing up. These two 
upward forces gives us the resultant force M acting approximately at 
right angles to the chord line. But the decrease of pressure above the 
wing surface is more important, for to this is due the greater part of 
the lift force. Koughly about two-thirds of the total load on the wing 
may be attributed to this decrease of pressure while about one-third 
may, account for the increase of pressure on the lower surface. 

[Note —It should be noted here that the common idea is that the 
airflow moving away from the upper surface of the wing causes a 
partial vacuum and thus provides a lift force, but this is wrong. In 
fact, the greater will be the increase of speed as the air is drawn closer 
on to the upper surface of the wing, and by the consequent reduction 
of pressure the upward force produced will be greater.] 

241. The Centre of Pressnre : —^The point in the chord line 
through which the total force R may be considered to act is known 
as the centre of pressure. It has no fixed position but varies 
according to the spe^ and the angle of attack. 

G.P. 24r-(VOL. I) . 
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(a) Distribation of Pressure over an Aerofoil. —The distribu¬ 
tion of pressure over the surface of an aerofoil has been experimentally 
determined, and its study is of great importance. The method consists 

in distributing a number of 
glass tubes, which are placed 
parallel to the direction of 
motion, over the upper and 
lower surfaces of the aerofoil. 
These are connected to a mano¬ 
meter, and different pressures 
are ascertained. Fig. 250 shows 
the pressure distribution over 
an aerofoil at an angle of 5”, 
from which the following obser¬ 
vations are made :— (a) The 
pressure is not evenly distri¬ 
buted— both the decreased pres¬ 
sure on the top surface and the increased pressure on the lower surface 
being most marked over the front portion of the aerofoil ; (f>) the 
greatest pressure-decrease (and the largest forces) occur on the top 
surface, and it is near the leading edge and over the highest pai*t of the 
camber ; (c) the decrease in pressure over the top surface is greater 
than increase on the lower surface. 



Fig. 260—PceBSure Distribution over 
an Aerofoil 


Ftom this it is seen that the shape of the top surface is of great 
importance. It is the top surface, which by means of its decreased 
pressures, provides the greater part of the lift, and, at some angles of 
attack, this decrease of pressure on the top surface gives us as much 
as four-fifths of the lift. 

(b) Movein6iit of Centre of Pressure. —Experiments show that 
the distribution of pressure over the aerofoil changes considerably with 
the change of the angle of attack and consequently the centre of pressure 
C.P. moves. The position of C.P. is usually defined as a certain 
proportion of chord behind the leading edge. The movement of O.P. 
is an inconvenient property of the aerofoil, for unless its centre of 
gravity C.G. and O.P. coincide, there will be a turning effect about C.G. 
To understand this let us suppose that for a certain angle of attack 
the C.G. and O.P. coincide. Now when the angle of attack increases 
there will be a forward movement of O.P. and so there will be a turning 
moment about O.G. equal to l^ic, where Jf is the total wind thrust and 
X the distance between O.P. and O.G. This moment will rotate the 
aerofoil and will still further increase the angle of attack and thus the 
^uilibrium will be disturbed. 

In my case, large movements of O-P. will make the aeroplane 
to control and so in a good aerojdane the movement, of OdP* 
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should be limited which is obtained by a suitable bi-convex cross-section 
or by increasing the aspect-ratio, for example, by tapering the wing. 

242. Lift and Drag : —In practice the direction of motion of 
an aeroplane is not always horizontal. So it is usual to split up the 
total reaction H into two components L and D relative to the airflow^ 
the component L which is always perriendicular to the direction of the 
airflow (or motion) is called lift, and the component D parallel to the 
direction of the airflow is called drag, w'hich is always opposite to the 
direction of motion. Lift is used to balance the weight of the aeroplane 
and keep it in the air in level flight. Other ])art8 of the aeroplane as 
tailplane, elevator, etc., may provide further lift forces when desired. 
Drag is the enemy of flight and every effort must be made to reduce it 
to a minimum. Only in normal level flight the lift is vertical and the 
drag horizontal, but if, in turning, the wings of an aeroplane assume a 
nearly vertical position, then the lift L is nearly horizontal. Lift is 
always perpendicular to the direction of motion and drag is always 
opposite to it. 


243. Lift and Drag Formulae :—Ip Fig. 249, B is the resultant 
force on a transverse section of the wing of an aircraft whose angle of 
attack is «c and whose velocity is V. We have already seen in Art. 233 

KP 

that the total reaction (or resistance) 12 =-- Ib.-wt. 

9 


We have in Fig. 249, the lift component L = i2 cos <, and the drag 
I)=i2 sin <, whence 

cos < lb.-wt...(l), and sin < Ib.-wt ... (2) 

9 9 

where p represents the air density (in lb. pwr cu. ft.), A the surface 
or plane area of the wing projected on the plane of the chord (in sq, 
ft.) V the velocity of air speed (in ft. per sec.) and g the acceleration 
of gravity ( »32‘2 ft. per sec.“). 


Since is a constant for some given conditions in a machine, we 
may write the symbol hh for 2 A cos and Kd for 2K sin •«., which are 
spoken of as lilt and drag coefficients respectively. 


[Note. —(a) These symbols should not be confused with L and D 
which give the actual lift and drag in pound s-weight whereas Kl and 
Kd are constants only, {b) The above relations are strictly true when 
< is small, for we are not justified in assuming that B is at right 
angles, to AB for large angles of attack.] 

Then, we have. Is^Kl ^4^ I 

2|7 2g 


and hence* 
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dividing one by the other, we get the important relation. ; and 

D JxD 

LID is known as the lift^drag ratio. 

Note that when L is exactly equal to the weight W of the aerofoil 

pAV^ 

we get, for a normal horizontal flight, TF®* —• 


244. Factors affecting the Lift-Drag Ratio :—The factors 
affecting the Lift-Drag ratio are— 

('») The angle of attack ,—Wc get maximum Ltfi-Drag ratio at an 
angle of attack of about 4® (Fig. 251). 

(*■») The air spaed. —Both lift and drag are directly proportional 
to the square of air speed. Hence increase in air speed will increase 
the lift and drag, other factors remaining the same. 

(»n) Increase in wing surface or plane area {i.e. the area projected 

* on the plane of the chord).—This 
will increase the lift and drag when 
the plane is flying at the same speed 
and the same angle of attack in air 
of the same density. (In practice, 
however, the angle of attack rarely 
remains constant even for a very 
short time.) 

(tv) Increase in dennity of the 
air.—V and < remaining the same, 
the increase in density will increase 
and the decrease in the density will 
decrease the lift and drag. 

245. Lift and Drag Carves :— 
In order to get some idea of what 

• happens when the angles of attack 
of a typical aeroplane wing is gra¬ 
dually altered, we shall consider the 
lift and drag curves shown in Fig. 

Fig. 251—Lift ana Drag Onrves. 261. Considering the curve drawn 

v^ith the lift co-efficient and the angle of attack, it will be seen that 
there is a definite lift at 0®, and that the lift increases Steadily between 
0® and 12'’, where the graph is practically a straight line. The maxi¬ 
mum value reaches at about 25° after which the lift begins to decrease 
rapidly. This rapid falling off is called stalling and the angle of 
attack at which the lift reaches a maximum value is known as the 
itidlimt imgle. 
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Now for the Drag Curve we find that its value is always positive. 
It is least at about 0^. The increase of drag up to the stalling angle* is 
not very rapid, but after it the iuciease becomes more and more rapid. 

246. Lift-Drag Ratio Curve :—We have considered lift and 
drag separately, but it should be realised that the ratio ijl) under 
varying conditions is of great importance. We know that an aeroifiane 
travelling through the air must employ power to create a propeller 
thrust in order to overcome the drag of the fnrofoils and so it is- 
desirable to require as little power as possible for a given lift or. in 
other words, for the sake of efficiency we want as much lift, but as 
little drag, as possible for our mrofoil. In fact, we want the highest 
l)0ssible values for the LID ratio for any given working range. From 
Fig. 251 we find that the lift is highest at abont 15° and the least drag 
we get at about 0° ; so at neither of these angles we really get the best 
lift-drag ratio. This shows the importance of the curve showing LIT> 
ratio of the mrofoil against the angle of attack. Htue we find that the 
greatest value of LID occurs at about 3° or 4 at wliich angles the lift- 
is about 20 times the drag. Thus, it is seen that an ideal mrofoil must 
be moving at an angle of attack of about 3" or 4° w’nen it will give its 
best all-round result. This angle at whiqh the best result is obtained 
is sometimes called the optimum angle. 

[Note. —In Fig. 251, the values of lift and drag co-efficients art* 
taken instead of the total lift and drag as the former will ho practically 
independent of the air-density, the scale of the aerofoil, and the velocity 
employed, whereas the total lift and drag will defend on the actual 
conditions at the time of the experiment.] 

247. Stalling: —At values greater than that corresponding to 
the maximum lift, the lift falls off rapidly and this rapid falling off is 
called stalling, when the aeroplane is said to be stalled. Stalling is 
accompanied by a loss of lift as well as much increase in drag. The 
airflow no longer shows a smooth streamline flow and it finally changes 

' into a turbulent flow It is extremely dangerous if stalling happens at 
the time when the aeroplane is very near the ground. 

One of the devices in reducing the risk of stalling is the Handley 
Page eloty which is shaped rather like a wing anl fitted on the leading 
edge of the main wing. On moving forward the slot at a time when 
the angle of attack of the {orofoU is increased a smaller angle of attack 
is presented to the on-coming air causing an increased air-flow over the 
wing surface, and the lift is restored. 

_ s • 

248. Aerofoil Gharaeteriatics :—The lift and drag co-efficients 
of an ierofoil depends* on the shape of the serofoil and they will change 
with changes in the angle of attogk. The result of experiments on 
^erofoUa can be easily demonstrated by drawing graphs to show how 
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L co-efficient, D co-efficient, and LID ratio alter with changes in the angle 
of attack. These three may be called the characteristios of the aerofoil. 

249. The Ideal Aerofoil : — The characteristics of the ideal aero¬ 
foil are given by the curves in Fig. 251. Thus the ideal aerofoil should 
have, 

(1) A high maximum lift co-efficient in order to lower the landing 
speed for the safety of the plane. The higher tlie lift co-efficient of the 
aeroplane, the lower will be its landing speed and greater will be the 
safety of the plane. 

(2) A low minimum* drag co-efficient —not only at a certain angle 
of attack, but it should remain low over a larger range of angles. Thus 
the aeroplane will have a low resistance and will be able to attain high 
speed. 

(3) A high Lift-Drag ratio for the sake of efficiency, good weight 
carrying capacity’for a small expenditure of engine power and so less 
expense. 

(4) A small movement of centre of pressure to improve stability. 

(a) Compromises. —In actual practice, however, we find that no 
iorofoil will meet all the requirements. Therefore some sort of compro¬ 
mise is made just as in the case of a good physical balance. We 
cannot get an mroplane which will serve all our different purposes and 
the shape of the mroplane is the first, and perhaps the greatest com¬ 
promise to be made. So different degrees of cambering is made according 
to the different purposes the seroplane is desired to serve. For instance, 
for high speed the top surface camber should be about 7 or 8 per cent 
of the chord wliile for general use it should be about 10 or 11 per cent 

of the chord. 

• 

Both lift and drag are increased by increasing the camber of the 
upper surface. The alterations in the camber of the hottom surface 
of the gorofoil have a much smaller effect. Modern mrofoils have their 
lower surface flat or slightly convex. 

260. Normal Horizontal^ Flight :—Without taking into account 
the forces on the tail unit, an mroplane, when flying straight and level— 
which we refer as normal horizontal flight—may bo said to be under 
the influence of the four main forces ; 

.(0 The lift L of the main planes acting vertically upwards through 
the centre of pressure. 

(2) The weight W of the seroplane acting vertically downwards 
through the centre of gravity, 

(3) The thrust T of the propeller airscrew pulling horizontally 
forws^ along the propeller'shaft. 

: { 4 } JThe drag D anting horizontally backward. This ia the tota 
ds^ oaithe aircraft cpnsis^ng of the drag of ssrofoUs and also of 
ti|% rstnaihing parts of the . 
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251. Conditions of Equilibrium :—In the ideal case when the 
aeroplane is flying level at a steady speed in a fixed direction, 
the main condition of equilibrium of those four forces, which 
must obey the simple laws of mechanics, is that all the forces would 
act through the same point. Then we have, 

(*) L *• W. This condition will keep the aeroplane at a constant 
height. If Zf>TF’ (this is secured by increasing air-speed by increasing 
engine power), the aeroplane will ascend, and if the aeroplane 

will descend. 

(it) T^D. This condition will keep the aeroplane moving at 
a constant speed. If T>-D the aei-oplane will move with an acceleration 
and if there will be a retardation. In practice, however, these 

forces are never constant owing to varying conditions, e.g. the weight 
of the aircraft does not remain constant in value, since L is not constant 
as the angle of attack may change due to wing-thrust, the position of 
C.G. is not constant. Due to these difficulties the ideal arrangement of 
the forces is not possible. 

Now when the size and position of forces change, the turning 
effect of the aircraft is controlled by the ])ilot by (0 control column 
movement (discussed later on) and (i*) mainly by adjustable tail plane. 


AEROPL.4NES AND THEIR CONTROLS: MANOEUVRES 

252. Component Parts of the Aeroplane ;—We have already 
mentioned some parts of an aeroplane and especially have dealt with 
one of its main parts, «.«..the wings or aerofoils. An aeroplane mainly 
consists of the following parts (Fig. 252);— 

(o) Fuselage ; (/>) Wings or aerofoils ; (c) Propeller or Airscrew ; 
(d) Tail plane ; (e) Aileron ; (/) Elevator ; (g) Rudder and Fin. 

The Fuselage. —The main body of the machine is referred to as 
the fuselage, which must 
be large enough to con¬ 
tain engine, tanks, pilot, 
bombs, goods, passengers, 
etc. that the machine has 
to carry. 

Tail Plane. —It is a 
small plane fitted at a 
considerable distance be¬ 
hind the main plane in 
order to provide the up¬ 
ward or d,ownward forces 
necessary to counteract 
the upruly action of the 
four main.ior<»s mentioned in Ait. 
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253. The Propeller or Alrserew :—The theory of airscrew is 
too advanced to be considered here, but a general idea of the work of 
an airscrew will be given here. 


A propeller, also called an airscrew, is much like an ordinary 
electric fan in appearance, but while a fan sucks air from behind and 
throws it forward, an airscrew sucks air from the front and throws 
it backward. The result is that due to reaction the fan tends to move 
backwards, while the airscrew is thrust forward, and thus pulls the 
aeroplane along with it. The thrust of a propeller is the force with 
which it drives the air backwards or urges the aeroplane forwards. 
The propeller is the means by which the power of the engine, which 
rotates it, is transformed into a forward thrust, and thus gives the 
aeroplane a translational velocity. Thus, the aeroplane forces its way 
through the air by means of propellers rotating in a vertical plane, 
and we may say in effect that an airscrew screws itself through the 
air pushing or pulling the aeroplane to which it is attached. The pro¬ 
pellers are situated either in front of the body of the machine, when 
it will cause tension in the airscrew shaft and will thus pull the 
aeroplane forward (in which case the aeroplane is called a tractor) 
or in the rear of the body when it will push the plane forward (in 
which case it is called a pusher). Airscrews vary in the number of 
blades from two to four, but the two-bladed variety is easiest to 
manufacture and slightly more efficient. The shape of each part of 
an airscrew blade, taken in a direction at right angles to its length 
is found to be similar to that of an aerofoil. 



The diagram (A, B, C, in Fig*. 253) shows severaj cross-sections 
taken at various distance from the centre. The airscrew also derives, 

from the airflow, forces similar to those 
giving lift and drag in the case of 
wings but owing to variations in cam¬ 
ber, chord and speed, the lift and drag 
components increase and decrease 
from section to section. The airscrew 
may be considered to be exactly like 
an aeroplane wings, but instead of 
moving in straight line and support* 
ing the aeroidane, the airscrew moves 
in a spiral path and produces the thrust 
which overcomes the drag of the aero- 
rtg. 258—Afraorew.Tdrque plane. Due to their different functions 

the plane form of an airscrew blade differs from that of a wing ; and 
th| airscrew blade is twisted so that the angle to the shaft of the 
p^pller is gebater at t|ie base ^an at the tip, ivhtle the angle of the 
lb almost the same ti[iroii^hout. Thus theiorwatd throat of %h» 
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airscrew corresponds to the upward lift of the aerofoih and drag in 
this case is represented by the resistance of the air to the rotatory 
motion of the airscrew. 

The total airscrew thrust is the sum of the thrusts on each blade 
section and it is the force which puDs the aeroplane through the air. 
The total drag on all the blade sections constitutes a couple—known 
as airscrew torque. —which resists the rotatory motion of the airscrew 
and opposes the eogiiie torque (or the turning moment) applied to 
the airscrew shaft by the engine. The airscrew torque has to be over¬ 
come by the engine torque. This is analogous to the thrust and drag 
in the case of an aeroplane. 

(a) Pitch.—The airscrew is a screw which screws its way 
through the air in the same way an ordinary screw does through wood 
hut some important differences are to be noted. In the case of an 
ordinary screw the distance moved forward in one revolution is a fixed 
quantity knd is called the pttrji of the screw, the value of which depends 
on its geometric dimensions, and is usually called the geometric pitch. 
But, in the case of the airscrew, the distance moved forward in one 
revolution (called the advance per rei'olution) is not a fixed quantity' 
as it depends entirely on the forward speed of the aeroplane. Another 
important difference between the airscrew and the ordinary screw is 
that the airscrew has no actual grip on the air comparable to an ordinary 
screw in wood, and there is' a certain amount of allp so that the 
distance moved forward is less than the geometric pitch This distance 
is not also constant as it varies with the speed of the aeroplane. Thus 
the ehp of a screw is the difference between the distances it should 
travel theoretically and its actual progress. 

(b) Pitch Angle. —We should all know that the twisted appear¬ 

ance of the airscrew blades is not without any meaning—rather it is the 
product of highly skilful design. The sections of the blade near the tip 
are moving with a much greater velocity than those near the root, and 
so most of the thrust is produced by the portions near the tip. For 
this reason the pitch (or blade) angle is not the same throughout the 
airscrew blade in order that every part of the aiz’serew may move the 
same distance forward during one revolution of it. OtJier things being 
equal, a large propeller moving comparatively slowly gives more thrust 
than a small one driven at high speed. The pitch (or Hade) angle 
is the angle which the chord of any given blade section makes with 
horizontal plane when the airscrew is laid fiat on this plane, its azia 
.being vertical. , 

The Expcriimental Mean Pitch is the distance the airscrew moves 
forward in one revolution when the thrust is zero. When the thrust 
and efficiency of the airscrew is maximum^ the pitdh is caUed the 
Effective ^ 
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(c) Efficiency. —The efficiency of an airscrew is the ratio of the 
useful work done by it to the work put into it by the engine. In actual 
flight for the same rotational speed of the airscrew, a forward motion 
which means some useful work done—may be attained at which each 
blade section meets the airflow at the angle of attack of about 3\ which 
is tlie most efficient angle of attack for an aerofoil having its maximum 
lift-drag ratio. So hero the ratio of the airscrew thrust to the torque 
is a maximum ; and so at this speed the screw has the maximum 
efficiency. 

254. Fixed Pitch and Variable Pitch Airscrews:—It has 

been seen that only at a particular speed of the aircraft a fixed pitch 
airscrew has got its maximum efficiency at a given rotational speed, 
but, in practice, the actual speed of an aircraft varies over a more or 
less wide range An airscrew whose pitch can be varied by the pilot 
when in flight, is called a variable pitch airscrew the mechanism of 
which is rather complicated, though this is very effective for all condi¬ 
tions of flight. But whether a variable pitch airscrew is advisable or 
not depends on the speed range of the aeroplane. For a high speed 
range, a variable pitch airscrew is essential, and when the maximum 
speed is relatively low,, a fixed pitch airscrew will work quite well. With 
the first type of airscrew an aeroplane Unight be brought home safely 
when in danger, which would have beeu.impossible with the fixed pitch 
type. So for a modern machine of high speed range a V. P. airscrew 
is essential. 


STABILITY and BALANCE 

255. Stability and Balance : —If an aeroplane, when disturbed, 
tends to return to its original position, it is said to be stable and the 
stability of the machine means its capacity to return to some parti¬ 
cular condition of flight after it is slightly disturbed from that condition. 

[Note,—-Stability should not be confused with balance. Suppose 
an aeroplane flies with one wing more dipping than the other and it- 
may, when disturbed from this state, return to its former position. 
Such an aeroplane is not unstable but only out of its proper balance.] 

255. Stability :—An aeroplane may rotate about three axes all 
mutually at right angles to each other and all passing through the centre 
of gravity of the aifcraft. These axes are as follows.— The Longitu>4inal 
fw fMling) running from noge to tail and th* Cateral *(ov. 

pit&king^ aria YY' lying in tlie same horizontal plane and the Normal 
axis %?J (Fig. 262). 

* > , ' ; - « ' ' ' 

. ; il) The rotatory motion of tjhe aeroplane about the lateral axis 
is; eaUed saused maiaiy by a wii^ gust resolfdog. the 
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rising or depressing. During pitching the longitudinal axis moves in a 
vertical plane. 

The capacity to correct pitching is defined as longitudinal stability. 

( 2 ) Any rotatory motion of the aeroplane about longitudinal 
axis is called rolling, resulting in one wing rising and tho other drop¬ 
ping. The lateral axis moves in a vertical plane during rolling. The 
ability of the aeroplane to correct rolling is called Lateral stability. 

( 3 ) The rotatory motion about the normal axis is called yawing. 
It results in the nose and tail being deflected to one side. The 
capacity to correct yawing is called Dtrectional f^tahility. 

(a) Longitudinal Stability .—This is achieved by tlie tail plane 
by setting it at an angle less than that of the main plane. Suppose that 
due to wind gust the nose of the machine is thrown up. The tail plane 
is then turned so that it presents an angle of attack less than that of 
the main plane, and thuS a force is obtained on the tail plane in such a 
direction as is necessary to counteract the movement of C.P. of the 
main plane, which is detrimental to stability, and thus to bring the 
machine to equilibrium position. Another condition for longitudinal 
stability is that the position of the centre of gravity of the aeroplane 
must not be too far back. 

(b) Lateral Stability.—During normal flight tho lift on the wings 
is vertical, and equal and opposite to the weight, but when a roll takes 
place one wing drops and the other goes up. In this position the lift 
is inclined and is no longer in the same straight line as the weight. As 
a result of these two non-parallel forces, the machine cannot be in equili¬ 
brium and moves bodily sideways, called side shp^ in the direction of 
the lower wing. To overcome this lateral instability a small iwsitive 
dihedral angle is introduced between the two wings by setting the 
wings to be inclined upwards by a small angle to the lateral axis. Now 
the vertical component of the lift on the lower wing is increased, the 
angle of attack being greater, and that on the other side is decreased 
and thus a couple is introduced which brings the aeroplane to the 
normal position. Lateral stability depends also on the position of the 
centre of gravity of the aeroplane. 

[The dihedral angle is the angle between each plane and the 
horizontal for the normal position. It is positive when the plane is 
sloping upwards and negative when sloping downwards.] 

(e) Directional Stability.—This is secured by fitting a small 
aerofoil vertically at the centre of the tail plane. This acts'in a way 
similar to that of the tail plane and produces a force which opposes any 
tendency to spin round the normal axis. This small aerofoil is known 
as the Dn* which is the most important factor, lor, both by its suj^ace 
a rea and position, a correctmg turnmg moment is obtakied ^m tt. 
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Lateral and directional stability are inter-related. A roll is followed 
by a yawn and vice versa, and the study of the two cannot be separate. 

Control. —It is no doubt necessary that an aeroplane should be 
stable but that is not enough. It is also necessary to control the 
machine to force it to take any desired position, or to correct any 
tendency of the machine to wander from any desired path. When the 
pilot desires to bring about such changes he has at his disposal three 
movable control surfaces which are operated from the cockpit by 
means of cables or rods : (a) the elev ttor, (bj aileron and (r) rudder. 

(a) Longitudinal Control and the Elevators. —Longitudinal 
control is the control of pitching and is obtained by the elevators which 
are flaps hinged behind the tail plane by which the angle at which the 
machine is flying can be altered and thus the nose of the machine can 
be raised or lowered as desired. Elevators are operated by means of 
the control column (also called Joystick) situated in front of the pilot’s 
seat. By pulling the Joystick backwards, the elevators are raised by 
which action the aeroplane begins to ascend, and the opposite action 
takes place by moving the Joystick forward. 

(b) Lateral Control and the Ailerons. —Lateral control is the 
control of rolling of the lateral axia and is obtained by the ailerons 
which are flaps hinged at the rear of the main wings near each wingtip. 
They are connected together so that when one flap is depressed, the. other 
on the opposite wingtip is raised. When a machine has been tilted 
through an angle laterally by an .wind gust, the pilot rights the 
aeroplane by depressing the ailerons. Thus by the aid of the ailerons 
the aeroplane may be banked^ that is, the machine may fly with one 
wing lower than the other. The ailerons are operated by moving the 
control column by the hand or sometimes by a control wheel like the 
steering wheel of motor car. 

The linkages of the control surfaces are so designed that the 
controls may be moved instinctively from the pilot’s cockpit when any 
manoeuvre is desired. 

, The elevators and ailerons are moved by a single control column 
in the pilot's cockpit. By pushing the control column to the left, the 
right-hand aileron is lowered and the right-hand wings is lifted up ; 
while at the same time the left-hand aileron is raised and the left' 
wing dips down. Thus the whole aeroplane is banked to the left. 
This control is required to be instinctive. 

(e) Direetionul Control nnd the Rudder.—Xt is the control 
ol yawing or rotation about the normal axis, and is obtained by the 
wMch is a verti^ flap hinged on the rear of the fin. TMt is 
Op^ted by w nfddsr hnr in the ooekpit and worked by the pilots feet. 
0^.pceraing the right loot,lorwasd* the rear cd the rodder wlU.be moved 
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to the right and the aeroplane will turn to the right and so on. The 
function of the rudder is to keep the machine in its correct coursei and 
it is also used in conjunction with the ailerons for turning the machine. 

In general, the movement by the rudder will give rise to a side 
force on the fin, the movement of the elevator will produce a force on 
the tail plane, while the movement of the aileron increases or reduces the 
lift on the wing, as the aileron is pulled down or pulled up. 

It should be noted that in each of the above cases the control 
surfaces are placed as far as possible from the centre of gravity of the 
machine so as to provide sufficient leverage to alter its position. 

(d) Engine. —Besides the above control units, the engine is 
also considered as another unit, the primary function of which, from 
the point of view of control, is to vary the height at which the machine 
is flying for a given angle of attack, speed, etc. 

H 

257. Stability and Control The difference between stability 
and control should be clearly noted. Stabilising devices, such as the 
tail plane and fin, restore the aeroplane to its original path of flight 
after a disturbance has occurred while, on the other hand, the pilot 
uses the control surfaces, such as the elevators, etc to mancnuvre the 
machine into any desired position ; but the change of altitude will be 
resisted by the inherent stabilising devices. The control surface should 
therefore be effective enough to overcome the action of the stabilising 
devices. 

Stability and Trim. —When an aeroplane is in trim it will 
continue to fly without change of direction or altitude, even when the 
pilot takes his hand off the controls provided it has the necessary 
stability. But if the aeroplane is not in trim it will either go slowly 
up or down, and this want of trim can be corrected by the use of small 
auxiliary flaps, called trtmmtng tabi— hinged to the trailing edge. 

258. Manoeuvres :—The various manoauvres which an aeroplane 
may be required to perform are given below— 

(1) Take-off and Landing. —^In take off, the throttle of the 
engine is oppened, and the machine moves over the ground gaining speed, 
while the pilot depresses the elevators, thus raising the tail. The 
machine then rises up attaining the minimum speed to be sustained 
in air. 

Landing is done by bringing down the speed of the aircraft until 
it is brought into contact with the ground. Landing may be slow 
or fast. 

(S) Gliding. —In this the en^ne is throttled down until the 
spe^ of the engine is just sufficient to keep the engine going. Now 
the thrust T disappears and the aircraft must be kept in equilibrium 
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by the forces of lift, drag, and weight only, i.e. the total reaction, or 
the resultant of the lift and drag must be exactly equal and opposite 
to the weight. The angle between the path of the glide and the 
horizontal is called the gliding angle which is , the same as the angle 
between tJie lift and the total reaction. 

13) Climbiag .—In order to make a climb, the pilot holds the 
control column backward to have the angle of attack between the 
normal and stalling values. 

(4) Banking.—Banking is accomplished by moving the ailerons 
over, so that one wing drops and the other rises. In this the lift force, 
in addition to lifting the machine, supplies a component towards the 
centre of the turn, so that a large force is obtained for pulling the 
machine, into a circular path and setting it down to the steady 
condition. 

Besides these, other different manoeuvres done by expert pilots 
are as follows—(5) Hide slip ; (6) Ceiling ; (7) Loop ; (8) ISpin ; 

19) Boll ; '(10| koom ; (ll) Bofe-dtve. 


259. High Altitude Flying : — It has already been pointed out 
that with the increase of altitude the density, pressure and temperature 
of the atmosphere all decrease, and these cause important modifications 
in the forces acting on the aircraft. The effect of decrease of the density 
of air may be summarised as follows— (a) Decrease in lift and drag'; 
(6) Falling-off in the power of the engine ; (c) Decrease in airscrew 

thrust. 

» 

(o) Lift and drag depend on the density of air. At higher 
altitudes the density of air is considerably less than that at ground level 
and so the lift can no longer balance the weight of the aircraft. It is 
necessary, therefore, either to increase the speed of the aircraft, having 
the angle of attack the same, to obtain sufficient lift toJbalance the weight 
or to increase the angle of attack which in turn will increase the drag. 

There is, however, a limit to the possible increase of speed as it 
depends on the power of the engine which is also limited, and further 
there is also a limit to the increase of the angle of attack, as, we know, 
when this is made too great, the lift will decrease instead of continuing 
to increase, or, in other words, there will be stailihg of the machine. 

(h) As the pressure of air decreases with height, the weight of 
petrol'^air mixture taken into the cylinder of the engine for combustion 
is reduced and so there is considerable falling-off in the iK>wer of the 
engine. This may be remedied to a certain extent by super-charging, 
i,e. by'forcing the mixture into the cylinder with a pump. But ultimately 
the atmospheric pressure becomes so small that, with all existing 
engines, there is a height at which the power begins to fall off in spite 
the and we find that sooner or later a height is reached 
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which cannot be exceeded. Thus the maximum height to which an 
aeroplane can fly depending on the construction, design, and weight 
and engine power, is called the ceiling of the aeroplane. 

(c) In rarefied air the airscrew-thmst is sufficiently reduced even 
when the engine and propeller revolutions per minute are sufficiently 
increased. In such cases variable pitch airscrew are usually employed 
to compensate for the loss, to some extent. 

In the stratosphere the temperature is nearly —60F., an<l at this 
low temperature all metal joints become leaky, rubber becomes brittle, 
pil)e lines freeze, and so on, unless special precautions are taken. 

Again the low temperature and low pressure at high altitudes 
affect the comfort of the pilot and other passengers. ITor the low’ 
temperature, heavy warm clothing »woollen, preferably leather cloth) 
garments are essential and the cabin should be electrically heated. 
For oxygen deficiency in the lungs, oxygen is supjdied from cylinders 
But at sufficiently high altitudes, the pressure in the lungs becomes so 
low that the oxyen deficiency may finally endanger life. The cabin 
requires, therefore, to be properly sealed and iiressurisod to maintain, 
the standard pressure inside. 

At heights more than 10,000 ft. symptoms such as drowsiness, 
breathlessness, muscular weakness, etc. becomes pronounced, and at 
about 25,000 ft. they become dangerous. Apparatus for the artificial 
administration of oxygen is always necessary for high altitude flights, 
and with its aid flying upto heights of about 35,000 ft. may be safely 
undertaken. 

Besides this, discomfort or pain in the ear is often felt by the inlot 
due to changing ’ atmospheric pressure. Against these disadvantages, 
one should remember that the weather conditions remain fairly 
constant at high altitudes. So high altitude flight is smooth and safe, 
which has made it popular from the commercial point of view. 


Qaestions (Chapter XIII) 

1. What are meant by 'Btream4ine* flow and ‘atream-line' body f What la the 
Importance of atream-lining all parts of an aircraft wbioh are exposed to airflow f 

2, Write abort noiea on any three of the following (o) Airehipa; 
(&) Aerofoil; (c) Stream-lina and Tarbnlent flow; (d) Stalling. 

8. What la meant by aerofoil ? How does the aerofoil of an aeroplane 
determine the effiolenoy of It ? 

V-y pia.!!! fully how the winga of an aeroplane support it high up in the alt. 
Indioate the forces that act on the machine. 

4. Write a note on the flight of an aeroplane indioatlng the pirt played by 
t he more important portiona of it. 

5. Deaotibe what happens when a flat plate moTes Ihtongh air, end 
explain why atfOplaaa p**ta are stream-line shaped. 
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6. Explain whal is meant bj ‘stream.line* flow. Describe an experiment 
to demonstrate the deformation of stream-line by an obstacle. 

Discuss the flow air past a flat plate moving through air with a high 
velocity with its plane inclined at a small angle to the direction of motion. 
Show how a lifting force is produced on the plate and explain how it varies 
with the angle ot incidence of the plate. 

7. What are cambered winge in an aeroplane ? Explain their action. Also 
explain with neat diagrams the actions of the taili elevator* fin and rudder. * 

8. Explain with the aid of neat diagrams the action of (•) elevator, (it) fin 
and (ti«) rudder of an aeroplane. 


9. What is a 'cambered wing* 7 Draw a neat diagram of a aeotion of it 
perpendicular to its span, and indicate in it the length known as the 'chord', 
the 'upper camber,* and the Mower camber*. What are the essential points 
that are kept in view in its construction ? 

10. What are the functions of—(a) the propeller; (6) the winge ; and 
(c) the ailerons in an aeroplane 7 la there any limit to the height to which an 
aeroplane can ascend 7 Give reasons. 

11. What ie a stream-lined body ? Describe the structure of an aeroplane 
wing and diacuas the factor upon which the lifting efficiency depends. 

12. Write notes on (a) stream-line and turbulent flow, (&) lift and drag. 
(«) aerofoil and (d) airscrew. 

18. ■ How do yon get the 'lift* that supports an aeroplane in the air and 
what is the corresponding *wiog-drag’ ? 

Define coefficients of ‘lift* and ‘drag* and prove that in horizontal flight 
<when lift ipust be equal to the weight of the machine.) 





whereF is the velocity of the machine. 


s the area of the wing, kj, the coefficient of lift, and d the density ol air 
supposed uniform. 


14. Explain what you understand by 'lift* and 'drag*. Illustrate graph!- 
oally how the ratio of the two varies with the angle of inoidenoe of the 
aerofoil. Explain the aotion of aireciew. 

15. Write short notes on the variations of 'lift* and 'drag* with the angle 
of incidence. 

16. A stream-line body having a frontal area of 1 sq. ft. moves throagh 
air with a speed of 180 iB.p.h. Calculate the ‘drag* on the body assuming the 
value of 'drag* coefficient to be 0*04 and the density of air 0*066 ib. per on. ft. 

(Am.: 2*424 ibe..wt.] 

17. Define ^Centre of Pressure*. How does the C.P. of an aerofoil move 

with the iocreaee of the angle of attack from 0* to 20* ? . , 

18. What are the factors on which the 'lift and drag’ of an aircraft depend? 

19. Oritioine £)ie following statements—(a) *Lift* increaeee as the angle of 
attack of the wing increases ; (6) lift is always vertical; (e) 'lift anddlri^* ate 
affected only by air speed and angle ol attack. 

20. Draw a neat sketch of an aeroplane showing its essential ‘parts and 

explidD fully the control system in it. (e/. 0. U. 1968) 

21. jpiraw a sketch showing the four prineipal foroee acting on an aeroplane 
in hocnhiti horixonlal flight* 
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32. Whftt is an ainorew ? Explain how It girei tho forward motion to an 
aeroplane. 

93. Write a short note on the airscrew and explain clearly how it propels an 
aeroplane through air. 

34. Describe the parts of an aeroplane which ensnre its stability in all 
possible modes. Illnstrate, by neat sketches, the mechanisms to oontrol Its motion 
in vartons directions and indicate how the pilot manipulates them in taking a 
turn 

25. How can you distinguish between stability and oontrol r Hama the 
axes aboat which pitching, rolling and yawing of an aircraft take place. Which 
oontrol is used to pi^uce each motion ? 

36. Oompare the flight of an aeroplane with that of a kite in air. Explain 
how an aeroplane maintains its stability during flight. 

37. At a certain speed of normal horizontal flight of an aeroplane the ratio 
of its lift to drag is 7*5 to 1 What were the yalues of 'lift, thrust, and drag* when 
there is no force on the tail plane ? The weight of the aeroplane is 8600 lbs. 

[Ana. t lift»8500 Ibs—wt. ; thmst»467 Ibs.'Wt. ; draga467 lb8..wt.] 

38. What is the true air speed on an aeroplane at a certain height weighing 
60,000 lbs. and having a wing area of 1300 eg. ft. The lift ooefiSoient is 0*6 and 
the density of air at that height is 0*056 lb. per on. ft. 

Oalonlate also ‘thrust* and 'drag* when the value of L/D ratio is 8. 

[Ana.: Speed ■>>223 m.p.h. ; tbmst»a7500 IbscWt.; drag~7500 lbs..wt.] 

29. Write notes on any four of the following-^(a) stream-line flow, (6) 
Bsrnonilli's law, (c) stalling, (d) rolling and (e) pitching. 

SO. Can an aeroplane fly without wings 7 Can an aeroplane fly in a vacuum ? 
Give reasons for your answer. 

81. (a) Show with suitable lllustratlonB the nature of airflow and preesure dis> 
tcibution over an aerofoil. 

{b\ What are the forces acting on an aeroplane in normal horizontal flights t 
Disouss the conditions of equilibrium of these forces in relation to the flight of 
(he aeroplane. (O. U. 1967) 


O. P. 25— (vOL. l) 
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260. Units :—Any physical quantity is measured in terms of a 
small part of it. This small part is called the unit of measurement 
of the quantity. The units of length, mass and time are called the 
fundamanial units. They are so callled because the units of other 
physical quantities can be derived from them. The units of area, 
volume, force, energy, etc. derived from the fundamental units are called 
the tisrived units. The units are based on international standards which 
are established, constructed and maintained for the purpose. The two 
common systems of units that are used in all scientidc and engineering 
measurements are the O.G.S. (Ce’ntimetre-Gramme-Second) and the 
P.P.S. (Foot-Pound-Second) systems. 

For the facility of large-scale practical measurements particularly 
in engineering and in order to get all the so-called practical units 
of energy, power, etc. directly as the corresponding units of the 
system,' a new system of units known as M.K.S. units has been 
introduced. Here the unit of length is one metre (Af) = 10* cms., that 
of mass is one kilogram ( K) = 10* gms. and that of time is one second 
(S). The unit of force in M.K.S. system is newton, where 1 newton — 
unit mass X unit acceleration, 

■*lKg.Xl Metre per sec.*“10* X 10® gm.x— 

sec.‘‘ 

“10* dynes. 

Thus 1 unit of energy in M.K.S. system*! newtonX1 metre 

*10* dynes X 10* cm.* 10’ ergs. 

“1 Joule. 

261. Dimunaions and Dimensional Equations:—Whenever 
a physical quantity involves the measurement of a length we symbolise 
it by L% and when it involves the measurement of a mass or a time, 
we symbolise it by JkT or T respectively- These symbols M and T 
indicate the type of measurements involved in order to get these 
quantities. The dimensions of a quantity indicate the powers to which 
the fundamental units of length, mass and time must be rais^ so as to 
represent it. The dimensionfU equation or formula of a physical 
quantity represents an e:ifpreB8ion showing its relation to the 

units of measurement. A numerical quantity ia 
as it is unrelated to the fundamental units^ 
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The actual equations representing different physical phenomena 
must be homogeneous from the dimensional stand-jtoint of view. t.«.. the 
dimensions of the left side of the equation must be the same as the 
dimensions of the right-hand side. This property, generally known as 
the print ipl 0 of homogeneity of dimemwne, sometimes help us to 
firedict the equations governing different physical phenomena even 
before we know them by actual experiments. 


As an example, if we want to find the nature of variation of time 
period ( of a simple pendulum with its length /, the mass of the bob 
m and the acceleration due to gravity g, we can easily put, 

t=f(mt g, 1) when / represents an unknown function. 


Let this function be represented as K {m*g*l*) where x, 
the powers to which m, g and I should be raised in the final 
and A is a dimensiqpless constant. 


V, i are 
expression. 

( 1 ) 


Now the dimension of t is T, that of m and I are respectively M and 
L and that of g, (acceleration in cms./8ec.*) is LIT* ^ LT~'^. 


Since this equation should be homogeneous dimensionally, we can 
equate the powers of the. corresponding dimensions. 


/, x^O. 

— 2y = 1. 

y-k-%=-0.. 

Solving we get. a;s=0, p** — ^ and | 

Putting in (l), 

0 

Thus t is independent of m which is corroborated by experiments. 
The above method of dimenBumil analyaii, as it is generally called, 
gives us no information of dimensionless quantities like A’' which is 
actually 2* in this case, as we know experimentally. This can, however, 
be determined by a single experiment. 

The dimensional analysis also enables us to test the equatioua 
derived mathematically by checking the dimensional homogeneity of 
both sides. The successful use of dimensional analysis, however, involves 
a thorough and vnde knowledge of Physics. A correct result depends 
on the ^rreet choice of variable and this selection is guided mainly 
by physical analogy and intuition. Sometimes, in courM of analysis, 
dimensional constsnts. like the constant of gravitation, may creep in. 
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It is rather a very difficult job, requiriug subtle considerations, to 
decide whether such constants are to be introduced as additional varia¬ 
bles or not. 


262. DimensioDal Formulae for different Pbysieal quantities 
with their C.G.S. units :—^ 


fArea]* [Length X Breadth]“[Length}*«I/*. (Unit :—cm’.) 

I Volume] “ [Liength x Breadth X Height] “ [ Length] * “ L *. 


m 


[Angle] “[ -^1?—1 radians or [ X — 

Radius J I Radius n 

*"lzj number J = (no dimension) 


. (Unit:—degree or radian). 

[Velocity]"! (Unitcm. per sec.) 

L Time J T 

[Acceleration]"^^^^^J^^ (Unit; - cm. per sec.*) 


[Force] "[Mass] X [Acceleration]" MX LT"* " 

(Unit:—dyne or gm.-cm. per sec.®) 
[Energy] or [Work]"[Force]X [Distance]"MLT"* X L =»ML*T”® 

(Unit :—erg or dyne-cm.) 


[Density] 


[VolumeJ L* 


(Unit:—gm; per cm.*) 


[Specific gravity] 


[ Density of substance] __ 
^DenBRy of water] ML""* 


(No dimen- 


(Frequency]"Number of vibration per sec. 
[Co-efficient of expansion] 


sional formula. No unit) 

[ Number] 

[TimeJ~ 

(Unit;—vibr. per sec.) 


^_ [change in length or area or volume] _ 

[original length or area or volumeXOhange in temp,J 

. [NnmW] 

0" change in temp.) 

"O.-* (Unit:—per “C) 

T’ension] "Force per noit leugtfa df the boundary line of a 
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liquid surface= i —sa MT"*. (Unit :—dynes/cm.); 

LLiengthJ L 

\ 

or, [S. T.]*sEnergy per unit area = as ^ — MT'^> 

LAreaJ L* 

[Stress] = Force per unit area = =* — ML~^ jT"® 

LAreaJ L 

(Unit :—dynes/cm.*) 

rai. • 1 _change in length or any other relevant quantity , 

original length or the quantity itself 

(no unit). 

.‘. • [Modulus of elasticity] = ML~ T~^. 

Lstramj a number 

(as a number has no dimension) 
(Unit :—dynes/cm.'*1. 

% 

r-n • * Tj .• [Lateral strain] _a number f \ 

Poisson 8 BatioJ *« r-^ —:—r:— ?—:—■—r -, — (iio dimension;. 

LLongitudinal strain] a number 

[Moment of Inertia]='-—(where X.EJ. —kinetic energy and 

Lo/j* 

00 = angular velocity), 

« r» = ML*. 

[angle/timej 

(*.' The numeral 2 and the angle are dimensionless) (Unit:—gm.-cm.’.) 
[Eadius of Gy ration] = |^ ^ (*.* /=ML®) 


A 


(Units :—cm.). 


[Moment of Momentum] = [/][«>] = ML^ ^ *»ML^T \ 

{*.* angle is dimensionless). (Unit ergs, sec.) 

[Gr.vit.tion.1 0on,t.n»] If-iT-. 

(Unit:—C.G.8. units or dyne8/gm.®/em.*) 
[Coefficient of Viscosity] -Tangential stress per unit velocity 


gradient 


_Btrw_® 

[Veiocity]/[I>istancel 
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(Units : Poise or dynes/cm.* per unit v,el. grad.) 

[Intensity of Gravitational field] 

■ni -i. -1_[Force] _ r Vn -2 

■■ Force per unit mass»»» 

(Unit :—dynes/gm.) 

[Gravitational Potential] = work clone per unit mass 

_ [Work] -,rg/r -2 

[Mass] M 

(Unit :—ergs^gm.) 

263. The uses of Diineii*‘ional Equations :—The important 
uses of the dimensional equations may be given as follows :— 

« 

(a) To cheek the accuracy of an equation representing a 
physical phenomenon. —As has already been referred to, the actual 
equations must be homogeneous from the dimensional stand-point of 
view, i.e. the dimensional equation or formula for the left-hand side of 
the equation must be equal to the dimensional formula for the right- 
hand side. To illustrate this let us take equation representing the velocity 
of sound in an elastic medium, which is written as. 



where V = the velocity of sound, S = coefficient of elasticity of the 
medium (either volume or longitudinal) and density of the medium. 

Dimensions of V LT" ‘ ^Dimemsions of the left-hand side ; 

Dimensions of ; 

Dimensions of 

Dimensions of the right-hand side» 

Hence the dimensions of the right-hand side and left-hand side 
are identical. Thus the equation is found to be correct. 

(h) To predict the equations governing tke different phyaleal 
phenomena.—This method of derivation depends on a knov^ledge of 
the various factors which control a particular physical quantity. The 
nature of variationa of these factors should also be known. As has 
keen shown in general discussions on dimensions and dimensional 
equations, the formula for the time period of a simple pendulum Can 
be>^|iasiiy derived by the method. In this method also the main 
that is to he is. the prindple of homogeneity of 


J 


^ ML 


- M 
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dimensions. A few more examples given at the end of this chapter will 
illastrate this method of predicting the equations clearly. 

(cl To change one systeoi of units into another. —^When the 
dimensional formula of a physical quantity is known, its numerical value 
while changing from one system ol units to another can be found 
out. If the dimensional formula of a quantity [M'l/*'!''] and if its 
numerical value is nj when the fundamental units are Mi. L\t and Tx-, 
then its numerical value n.j. on the other system of units Mg, and 
T% will be given by the relation, 


n2 = »i. 



As an example if we want to convert a velocity of 5 ft. per sec. 
to the C.G.S. system of units, we shall have to start with the dimensional 
equation of velocity, which is given as LT~^ or 




La —1 cm.=- 


12X254 


-ft. 


Time in both the units is the same and —5. 

1 






1/(12 X2'6t) 

— 5 X12 X 2*64 cm. per sec. 


Examples 


I. The time of os^llation T of a email drop of liquid under surface 
depends upon the density d, radius r and surface tension S. Prove dimensionally 

Since T dependt on d, r and S, let us sappose that T^Kd 
■ Bnt the dimension of d are ML'”, those of 5 ate MTT* and the dimeneion 
•f V ifl L, 

Equating the powers, s+««0, y-8aja»0, and 
Hence *•—i, is»“4 and p—8/3. 

T^ value of the acceleration due to gravity it Si fidsec.* Whai wiU be 
ite value if ^ unit of length is a mUe and that cf fime is a mimdte t 

(Ag» U. iMi) 
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Ana .: Beie g’^S2 ft./aeo.’'. 

The dlmensioDB of aoeelerebion>»LT'''atlf°LT~* 

Let n, be the nameiloal valne of g in the new units, n, as given above. ie 83. 


n- 


nj )*(?!)“*, where L,-1760 X 3 ft. and r,-60 eeoe. 

** (i760 x 8^ (fco) 


1 ^ 33X60 x60 _ 240. 

^ 1760x3 “ 11 ' 


S, If the encMs pressure inside a soap bubble over that 
mr/aca tension S of the aocm aolution and the radius i 

p“lcA. 

r 


miles per min*. 

outside defends on the, 
• of the bubble, show that 


Ana.: From the conditions of the problem. f^*KS*r9. 

The dimensions of pressntep are ML“' T”*, those of 5 are MT~* and r has 
the dimension of L. 

£g.nating the powers of the ooriesponding quantities from two sides, we get, 


*-l. P»-l. 

Henoe, p«“X—. 

r 

4. If the fregueney (n) of a stretched string depends on its mass per unit 


length (/i), its length (Z) and the tension applied {F)i show that n=>* 

Ana ,: From the given conditions, n^Kis* 19 F* i 

n has dimensions, i 
fs has dimensions, ML-' ; 

F has dimensions, MLT- *. 

T“^mK(ML-')*L9(MLT‘*)*-^KM*** L“*+s + « r-«» . 


K I 

I \ fi 


a+easO, —a+p + s^O and s*-i. 
a—-4 and po-—!. 


S, Assuming that the mass M of the largest stone that can be moved by a 
Aowing river depends onZp upon v, the velocity, p, the density of toatn'and on g, 
Shouf Mat M varies reith the eimth power of the velo^y of flow. 

(P. U. 1944; Aligarh U. 1948) 

Ans .: From the given oonditions. M « Kv*p rg • 

V ttie velocity has dimenstons LT~^» p, the density has dimensions. ML-* 
and the aooeletatlon dne to gravity, has dimensions LT-*. 

- ♦ • T-a-* », 

p-l; a“8p+»-0andB+2*«O: 

®'' {a+IeZo! •*’ 
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M Is proportional to v*. 

Thus the mass Taries as the sixth power of the Telooity of flow. 

6 If the critical velocity of flow (v) of a liquid through a narrow tube depends 
on tftscos^y (^), the density (p) of the liquid and radius (r) of the tube, ehour 

that v=?V. 
pr 

Ans, : From the given conditions, v^Krf'p*r*, 

The dimensions of v, 17 , p and r are given by, 

LT~'. ML~' Jf"*, 3iL~* and L respeotivoly, 

.(D* 

=ATM* ♦ » L-* “ 3 *'+ * r-*. 

So, a!+p»0, —a>— 3 p +5 »1 and a;—l. 

P*®—lande= — 1 . Hence n ' r”‘—XVj/pr, 

7. Express 4’S x IQf ergs in M.K.S. syitem of units. 

Ans, : We know. 


Here nj =4*3x10^. 

The dimensions of work (ergs) is ML*T~^, 

••• ' 

Here Af,al fp®>10* gms.aimetresBio* cms.^lG* Jj, : T,»=»r,. 
••• 

=4 8 X10’ X10-’ =4*3 M.K.B. units (Joules). 

8. Find the number of dynes in a force which acting on 15 kg. for 1 minute 
produces a velocity of 8'S kms.jsec. 

Ans .: Let x dynes be the required force. 

X dynesgm. cm. sec.'’*=15 lq[. min.~' x3 6 km- 8eo.~’ 

(V Psi-mvlt) 

H.«o...1*x8'6>c?2Lx*”-. 

gm cm. see.*** 60 sec. 

—16 X 8*6X1000 X10* xA-9x10^ 

60 


264. Limitationft of Dimensional Equations: -Though the 
method of dimensional equations is very useful for the solution of 
Tsrious problems, it is not possible to apply this method to all sorts of 
problems. 

(a) In the case where a relation involves a constant whose 
dimensions are not known to us owing to our lack of knowledge of the 
exact nature of that' constant, the method of dimensions fails. For 
example, let ns consider the force of attraction between two masses 
(i»l and w*) which depends on these attracting masses and the distance 
(d) between them. 

Force 

Hence. 
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This equation fails bekiause 2 dimension in time on the left-hand 
'side cannot be equated to zero dimension of time on the right-hand 
«ide. 

(/') The method fails when there are more than three possibilities 
•of variation of a quantity because the dimensional formulae can supply 
only three equations for these more than three unknownSi each one of 
which relates to one possibility of variation, 

(c) When the dimensional relations involve unknown indices 
whose number exceeds the number of equations supplied.—As an 
example let us take the case of the final velocity (v) of a body starting 
with a velocity (u) and moving with a uniform acceleration (/). Let 
V be acquired after t seconds. 

Then 

Hence, LT"' ^ K{LT'^Y{LT‘^yT* 

JC+j/’sl and .r4-2y —J&=1. 

But these two equations cannot be solved for y and z. Hence 
the method fails here. 

Note - Over arfd above the limitations of the method described, 
in some cases, the dimensional formula of a vector quantity like the 
moment of a force may be found to be identical with that of a scalar 
quantity like energy. But as the two physical quantities are funda¬ 
mentally of different nature they s*hould never be taken as quantities 
of the same kind inspite of their dimensional identity. 

f 

Questions ( Chapter XIV } 


1. Wbat Ho yon undecstiand by faodamentiftl and derived units ? Dlgoues 
the basis of dimensional equations In physical problems and illustrate with an 
example. (Utk. U. 1961) 

9. Deduce the dimension of (a) the coefiGlolent of visoosUy and (6) the 
constant of gravitation Q, 


Obtain a formula tor the time of swing of a simple psndulnm from a knowledge 
of the dimensions of the phyaioal quantities involved. (Punj. U. 1936) 

S. Explain what you mean by the dimensions of a physical quantity; oaleulate 
the dimension of Yotiug’s modulus. 

Assuming the peri^'Of vibration of a tuning fork depends upon the length 
of the prong and on the dsnslty and Young’s modulus of the material, find by the 
method of dimensions, a formula for the period of vibration. 


[ 


Ans : ; foci 




(0. tr. I960) 


4., Find the number of dynes in the force which acting on 1 owt. for one mihnie 
pro luces a veloaitv of one mile pec hour. 

Olvea 1 tfcoBO 6 omt, and 1 lb.»tS3 gms. 
f4 im. : 378TQ dynes.) 


<0,U.1952) 



SOUND 




CHAPTER I 

PRODUCTION AND PROPAGATION OF SOUND 


1. Definition of Sound :—Sound is a kind of sensation received 
by means of the ears and carried to the brain which is responsible 
for the perception of hearing. The external cause which produces 
such sensation is a form of energy. 

Aeonatics is that branch of Physics which deals with the study 
of the nature, propagation and perception of sound. 

The subject of acoustics may be conveniently divided into a number 
of subdivisions :— 

(а) General sound which includes production, propagation and 
the theoretical study of the nature of sound. 

(б) Musical sound which mainly deals with its musical aspects 
and the sound produced by the musical instruments. 

(c) Physiological sound which deals with the production and 
perception of sound by human beings. 

id) Technical sound deals with the technical aspects and 
applications of sound. 

2. Sound is produced by the vibratory motion of a material 
body :— 

Whenever any sound is pro¬ 
duced, on tracing its origin it 
will be found that it is due to 
the vibratory movement of a 
material body. The vibrations 
may in some cases be too rapid 
to be seen by our nak^d eyes 
hut we can feel their existence 
by touching the source. When 
air is blown through a whistle 
a nail is struck by hammer, or 
ammunition explodes in a gun, 
we have instances where sounds 
are produced the matter in motion. 



Fig. 1 
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When we strike a metal vessel with a piece of matter we hear 
a sound, and the indistinctness of the outline of the vessel shows 
that it is vibrating. By touching the body the vibrations are stopped 
and the sound also is stopped at the same time. ^ 

Pour water in a wide-mouthed thin-walled glass tumbler until it is 
almost full and keep a pith ball suspended by a fine 
thread in touch with the rim of the vessel (Fig. l). On 
bowing the edge of the tumbler with a violin bow, 
ripples will be produced in the water, and the pith ball 
will be observed to jump forward by receiving a series 
of shocks from the rim on coming in contact with it, 
proving that the vessel is in a state of vibration. 

A most commonly used apparatus for the production 
of sound vibration is a tuning fork. It is a Z7-shaped 
steel bar provided with a handle at the bend of the O 
(Fig. 2) and is made to vibrate by striking one of its 
prongs on a hard cushion. Its special quality is that 
it produces a sound of a single frequency. 

If a sounding tuning fork is brought into contact with 
a pith ball suspended by a thread the pith ball will be 
thrown into vibration. 

The other common sources for producing sound vibrations are the 
stretched string struck, plucked or bowed, the organ pipes and the 
reed instruments etc. 

On examining the string of a sounding violin it will be found to 
have blurred outline due to its to-and-fro vibratory motion, which can 
be detected by placing a T-shapcd paper rider on the string. 

Thus a body must be made to vibrate in order to emit sound, but. 
even when it is vibrating, the sound cannot be received or heard' un¬ 
less the mechanism of the ear also vibrates. We receive sound by the 
vibrations of a membrane in the ear, called the §ar-4rum^ and these 
vibrations are transmitted to the brain and intei^ireted there as sound. 

9. Aadlbility limits :—^Audibility means the easy and <dear 
perceKtIcm of sound by ear. The sensitivity of the ear to a sonorous 
depends both on the intensity and frequency, 
intensity of a pure lione '^hlch can just be perceit^d hf the ear 
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is known as the (krtihold of audibility. The ear can detect higher 

intensities up to a maximum value whicli is known- as the threiho'd 

intensity of feeling beyond which the sensation change® to one of pain, 

and does scarcely help hearing. 

* 

The average range of frequencies to w^hich the ear responds varies 
from about 20 to 20,000 vibrations per second at an average pressui e- 
(10 dynes/cm.*) of the sound waves. This range defines tlie audibility 
limits of ft equeneies. The audibility limits vary from i)erson to person 
and the range of frequencies diminishes as a man grows older. They 
also vary if the pressure of the sound or its intensity rises or falls. 

. The vibrations of frequencies smaller tl)an the lowest audibility- 
limit are known as Infrasonio vibrations and those of frequencies, 
exceeding the upper limit of audibility are known as Ultrasonic or 
supersonic vibartions. 

4. Propagation of Sound (a material medium necessary):— 

In order that sound may be heard, the disturbance from the source- 
must be carried to the ear through a space. This space is 6i>oken of 
as the medium. Air is the usual medium through which sound travels, 
but it can also pass through any other material medium provided it 
is elastic and continuous. Thus an observer placing his ear against a 
continuous iron rail can hear distinctly even slight taps, given on th^ 
metal, several hundred yards 
away. The ticking sound of a 
watch placed at one end of a 
table is heard clearly by apply¬ 
ing the ear to the other end 
of it. Again a diver inside 
water distinctly hears any 
sound piodqced in the water. 

Sound ^ cannot, however* travel 
through a vacuum and in this 
respect, it differs from light 
which can easily past through a 
vacuum, Sound requires a mate- ^ 

no!'medium for its propagation. 

That sound requires a material medium for 1^ f» 0 |iagatioa and! 
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•cannot travel through a vacuum may be demonstrated by the foUow- 
ing experiment. . 

An electric bell (Fig. 3) is placed inside the receiver of an air-pump 
and worked by a cell placed outside the jar. The bell is stispended in¬ 
side the receiver by means of a hook passing through a rubber stopper 
fitted tightly into the neck. The sound of the bell is distinctly heard 
as long as there is air inside the receiver ; if the air is gradually 
pumped out, the sound grows fainter and fainter and finally becomes 
•quite inaudible. On re-admission of air, the intensity of sound 
mcreases again. 

It must also be noted that for the propagation of sound, not only 
the medium must be a material one but also it should be elastic and 
•continuous. Inelastic substances are not able to transmit sound to a 
great distance as the energy is dissipated very quickly. Again, non- 
•continuous substances, such as saw dust» felt, etc. are bad conductors 
•of sound. 

5. Propagation of Sound :—It has been already mentioned that 
■a vibrating source emits sound. A continuous and elastic material 
•medium is always necessary for the propagation of sound which is 
ultimately received by a suitable receiver. Let us now examine the 
,method by which sound is actually propagated through air. Suppose 
a body is struck. As a result of this, every particle, constituting the 
body begins to vibrate—that is, to move to-and-fro to a nearly equal 
.distance on both sides of its mean position of rest. During this state 
of vibration, each of the extreme particles of the vibrating body in 
•contact with air^ at the time of moving to-and-fro between its extreme 
positions, strikes the line of air particles in contact with it and starts 
them moving to-and-lro. Those air particles in their turn strike the 
particles beyond them, set up similar vibrations in them, and this 
goes on from particle to particle. In this way a chain of vibratious is 
set up from the sounding body ; each particle on the way begins to 
vibrate when it is struck by its neighbour, and in its turn strikes its 
.next nei^bour, until the vibrations reach the membrane of the ear of 
^he Hitener. The motion of the membrane is communicated to the brain 
hf the mechanism of the ear and perception of the sound is caused. 

: of Pr<HptgnUoii.-~--SttppoBe a tunhc^ fork is vibrating. 
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Let B be the position of one prong of it when at rest, and C and 
the two extreme positions of it on either side of B (Fig. 4). 



Fig, 4—Fi-opagabion of Sound waves. 


The time taken by the prong to move from, one extreme position to 
the other and back again to the first position^ i,e. from A to 0 and back, 
is called the period of vibration. 

Now, as the prong is moving from A towards C, it presses the air 
particles in front of it, which in turn jness the particles next to them, 
and this pressure is jiassed on to the successive layers of the medium. 
So, considering the effect of the movement of the prong upon a 
column of air on the right-hand side, it will be seen that, by the time 
the prong reaches C, the air particles between A and some point C' 
[Fig. 4(«)] will be compressed, and a pulse of compression will move 
forward (with the velocity of sound). Daring the return movement 
when the prong moves back from C to .4, it tends to leave a partial 
vacuum behind it, due to which the layer in contact, being relieved 
of pressure, expands on the side of the prong and the pressure is 
consequently diminished. Each succeeding layer acts in the same 
way and a rarefaction pulse is handed on from layer to layer, travell¬ 
ing/or tt;ard in the same direction and with the same velocity as that 
of the compression pulse. This goes on up to the time the prong 
takes to reach A. Daring the time taken by the prong to travel from 
C to At the compressed pulse also travelled onwards and occupied a 
region AfCf [Fig. 4(u)] equal to AG* in [Fig. 4(f)3, which is now 
occupied by the rarefied pulse as given by A A [Fig. 4 (m)3. So in a 
complete period of vibration of the prong, the disturbance travels up 
to (ft one half of which {A*0'') is occupied by a compreued pulect mad 

S,. Sfi—CVOL. l) 
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the other half (AA') by a rarefied pulse. A compressed pulse followed 
by a rarefied pulse together forms a complete sound wane. 

The amount of compression or rarefaction is not, however, equal 
at all points in the complete wave. The reason is that the energy 
communicated by the prong to the air at any instant depends on the 
velocity of the prong which varies from instant to instant in course 
of a period of vibration. The velocity of the prong being maximum 
at the mean position and zero at the extreme positions, the com¬ 
pression or the rarefaction is also maximum in the middle and zero 
at the ends of a zone of compression or rarefaction, as shown in 
Pig. 4(i»). 

If the displacements of the particles lying along the line of propa¬ 
gation at any given instant of time be plotted as the ordinate against 
their distances as abscissa, the graph, which is known as the dtsplace- 
ment-'distanoe curve, assumes the form of a wave. The wavelength is 
the distance covered by one compression pulse and a rarefaction pulse 
togethery i.e. the distance through which the disturbance travels in one 
perwd of Vif'ration of the source. 

It is, however, to be noted that each particle in the medium of 
propagation during a periodic time of its vibration passes through all 
the phases of displacement as depicted in one wavelength in a sound 
wave ; while if the particles are considered at the same instant of 
time, they only successively differ in phase from one to the next. 

When we say that 'sound travels in the form of waves’, it does 
not imply that the sound travels in a wivy path but it indicates that if 
the displacement of any particle in the medium is plotted for a 
periodic time, or the displacements of the various particles in the 
path of propagation considered at the same instant of time are plotted 
against their distances, the curve obtained assumes a wavy form. 

When a body is sounded in a homogeneous medium, alte^nate 
inilses of compression and rarefaction start out in succession in all 
directions travelling with the. same velocity. These pulses are like 
so many spherical shells of equal thickness spreading out with an 
i^pandtog radius with the passing of time (Fig., 6). They are analo- 
tlm circular waves caused around a stone thrown into a calm 
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sheet of water. Here a series of circular waves having alternate 
depressions and eleva¬ 
tions are generated. They 
appear and disappear in a 
periodic time in succe¬ 
ssion. The depressions 
are called the troughs and 
the elevations the crests. 

They also spread out p’jg 5 —Sound waves caosed by a vibrating Bell, 
with an expanding radius 

till they reach the shore. The trough and the crest respectively 
correspond to the maximum rarefaction and maximum compression 
states in the propagation of sound through a medium. 

The difference between the two cases is that a particle on a sheet 
of water is displaced up and down at right angles to the path of pro¬ 
pagation of the disturbance which travels along the surface towards 
the shore whereas a particle in the medium of propagation of sound 
is displaced to-and-fro along the same path in which the sound 
travels. That is. water waves are transverse, whereas sound waves 
are longitudinal. It should, however, be noticed that neither in 
water waves nor in sound waves, the medium is bodily shifted from 
one place to the other along with the disturbance. In both the cases 
the particles of the medium only vibrate about a mean position in a 
plane either perpendicular to or along the direction of propagation 
and it is the energy of the wave or the disturbance itself that is trans¬ 
ferred from one position to the other with the help of these particles. 

6. Keprecentatiun ot a Sound wave: —^Let a series of dots in 

Fig. 6(a) repr.ibeut a row of undisturbed particles of air. When a 

sound wave passes along 
undisturbed medium ■ y r a - 

. this row, the particles in 

(a) certain positions of the 

row will, at a given 

COMPRESBiOM RAReFACIiON COMPRESSION lUMMCnON ^ 

, *... , .. instant, come closer (i.ev 

(hj compressed), and in cer- 

6 tain other portions be 


undisturbed 


COMPRESBiON RAREFACIION COMPRESSION RARSMCTION 


(bj 

Fig. 6 


drawn apart (s.s. rarefied) as represented in Fig. 6(6). 
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WAVE MOTION 

7. Wave Motion :—Every one is familiar with the circular waves 
■which are produced when a stone is thrown into still water. The 
waves consisting of a series of crests and troughs travels outwards from 
the centre of disturbance in gradually widening circles. But if some 
pieces of cork, or hits of paper, floating on the disturbed water, are 
carefully watched, it will be found that the floating objects, and there¬ 
fore, the particles of water, are only moving up and down, but they do 
not travel outwards with the waves. It should be noted also that they 
rise and fall, not together but in succession, one after the other, 
showing that when the waves pass over water each separate particle 
of the medium must perform the same movement, not simultaneously, 
but each one a little later thkn the one preceding it. it is the wave¬ 
form which travels forward, while every particle of the water moves 
up and dovm about its own mean position of rest. Similarly, when a 
wave crosses a cornfield, the tips of the corn blades do not move 
forward ; the form of the wave only moves forward. The vibratory 

• 

motion of a series of particles in a medium as referred to above gives 
rise to a wave motion. 

(a) Transverse and Longitudinal Waves.— 

When a wave motion passes through a medium in such a way 
that the vibrations of the particles of the medium are at right angles 
to the direction of propagation of the waves, the wave is called a 

transverse wave. 

When a wave motion passes through a medium in such a way 
^hat the vibratory motion of the particles of the transmitting medium 
in along the same lu\e as the line of propagation of the waves, it 
is called a longitudinal wave motion. 

. In a transverse wave, as is set up in a stretched string when 
pluciced, struck or bowed, a . particle of the string displaced at right 
S^a^eS { to the length of the string drags also its ueighbouring particles 
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at right angles due to its elastic connections with them. So the 
transverse wave results. Thus for the propagation of a transverse 
wave a medium having a considerable cohesion between molecules 
is necessary such that it can sustain tangential stresses. In other 
words, a medium possessing a shearing elastioity is essential for the 
propagation of a transverse wave* Ether is supposed to possess a high 
modulus of rigidity, and solids are the best media for the transverse 
wave propagation. Gases possess no shearing elasticity and as such 
cannot have any transverse vibration set up in them. 

In a longituidnal wave a particle of the medium displaced in the- 
direction of propagation pushes the particle in front of it, which in its 
turn again pushes the next one and so on. Thus here due to alternate 
compression a!id rarefaction, the volume is also altered and as such 
volume elasticity is involved in the process. 

Now sound wave may be propagated through solids, liquids and 
gases. But the gaseous medium possesses only volume elasticity but 
no elasticity of shear as the constituent molecules of a gas have 
practically no cohesion between them. So the sound warns which 
can be propagated through air must be longitudinal nature. Evidently 
the solids and liquids possessing considerable volume elasticity, the 
transmission of sound through them is in no way contradictory to 
the longitudinal nature of the sound waves. 

Sound waves $n air or any other medium, which comprise of pulses 
of compression and rarefaction, are longitudinal while radiant waves 
in ether, such as heat waves and light waves, are tmnsvsrss. The 
electromagnetic waves used in wireless telegraphy and telephony are 
also instance of transverse wave motion. 

(b) Progressive Waves.— 

The longitudinal sound waves in air or in any other medium as 
well as the transverse waves like the water waves, or heat (or light) 
waves are characterised by the fact that a particular state of motiou 
in each case is handed on from one part of the medium to the other 
with the passing of time and the wave form travels outwards with a 
definite velocity. That is why the general name for these waves is 
progressive waves. In a progressive’ wave motion, it is the disturb¬ 
ance that moves forward and not the particles of the medium. As 
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will be apparent from the subsequent treatments the movement of 
each neighbouring particles of the medium begins a little later than 
its predecessor in a progressive wave. So there is always a difference 
in the state of motion (i.e. phase) between two neighbouring particles. 

(c) Representation of transverse and longitudinal Wave 
motion. —In Fig. 7(a). AB represents a row of particles transmitting 

a transverse wave. As the 
wave passes, each individual 
particle of the medium will 
move up and down one after 
another at right angles to the 
line AB (as shown by the 
double-headed arrows) along 
which the wave is propagated. 

When a longitudinal wave passes such a row of particles, each 
particle will vibrate to-and-fro about a mean position along the line of 
propagation GD [Fig. 7(6)], and such motion of the particle will take 
place one after another in succession. The dot represents the mean 
position and the two arrows on either side the to-and-fro motion. 

(d) Demonstration of wave motion.— 

(i) Longitudinal Waves.—The propagation of longitudinal waves 
can be conveniently illustrated by a spiral spring suspended hori¬ 
zontally by threads from two parallel bars. AB and A'B\ as* shown in 

_ > 

Fig. 8. On pushing the end A of the spring suddenly forward the 
nearest turns are compressed and the compression is seen to move 
forward along the coil with a certain velocity towards the other end, 
each turn moving forward 
a little when the com¬ 
pression reaches it. This 
represents the state of 
the layer of air particles 
when a wave of compres- 
, aion travels through it. 

Again* if the end A be 
fUddenly pulled outwards, ® 

the. turns will be separated from each other and this state of 
’ ^!re;^ji^ion, as we call it, is seen to be travelling along ths coil to 
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C (a) D 

tb) 

Fig. 7 —Illuatratlon of Transverse 
and Longitadinal Wave motion. 
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the farther end. each turn of the spiral moving backward a little 
when the extension reaches it. This represents the state of rare¬ 
faction travelling through air. 

Thus if one end of the coil be alternately pushed forward and 
pulled outwards in a periodic manner, longitudinal wave motion of 
compression and rarefaction will bo seen to travel along the spiral 
with a constant velocity. Each turn of the spring executes a to-and-frq 
movement in the line of propagation of-the pulse, but it is not bodily 
transferred from one position to another. In the same way, at the 
time of propagation of sound through air, the particles of the air 
only move about their mean positions of rest, and are not bodily 
transferred from one plane to another. It is the wave form, or a 
succession of compressed and rarefied pulses, that travels 
forward. For this reason a blast of air is never felt to spread 
outwards even in the case of the loud report of a cannon. 

(ii) Transverse Waves. —Fig. 9 illustrates a popular model for 
demonstrating transverse waves. A number of straight and parallel 
rods, each of which carries a small ball at the top, are placed at equal 
spaces apart in the same vertical plane in a stand. Each rod rests 
on an eccentric wheel and passes through a hole provided for it in a 
crosspiece held horizontally by the stand. AH the eccentric wheels 
have a common spindle which can be rotated by a handle. When 



Fig. 9—Demoaatratlon of TiansveEBe Waves. 

the handle is turned continuously, each ball undergoes a periodic 
up-and-down motion while a wave form travels from one ball to the 
nest onwards from one side of the frame ta the other as shpwn in 
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the figure. The motion of each ball being transverse to the line of 
propagation of the wave form, the waves produced are known as 
transverse waves. 

8. Graphical Representation of a Sound Wave :—In a trans¬ 
verse wave, the movements of the particles and the line of motion of 
the waves are mutually at right angles to each other and they can be 
•represented in the ordinate and abscissa respectively. But in a 
longitudinal wave, as in the case of sound, the displacements of the 
particles take place along the path of projjagation of the wave and so 
a similar representation, as in the case of transverse wave, showing 
the actual position of displacements along the line of propagation, 
will result in tracing out a straight line along the line of propagation. 

But if the displacements of the particles are shown in the ordinate 
against their mean positions in the line of propagation represented as 
abscissa, for the same instant of time, a very valuable graph is 
obtained, which is known as the displacement-distance curve or simply 
the displacement curve for the longitudinal wave. Since the distance 
traversed by a sound wave moving with a constant velocity is directly 
proportional to the time of traverse, the displacement-time curve will 
also be of the same form as the displacement-distance curve. For 
each particle, at its mean postion of vibration, a perpendicular is to 
be drawn to the line of propagation proportional to its displacement 
at the same instant of time. The perpendicular is to be drawn above 
the line of propagation if the particle moves to the right at the 
instant considered and below the line if it moves to the left at that 
instant. The displacement curve traced out in this way reveals all 
the properties, e.g. velocity, acceleration, state of compression or 
rarefaction, etc. of the particles in the medium. 

In Fig. 10(i), a vibrating tuning fork F (which, it should be 
noted, always emits a simple harmonic type of sound wave) and a 
horizontal column of air in front transmitting the emitted sound are 
shown, where the points A, C, F, indicate layers of maximum com¬ 
pression and JS, D indicate layers of maximum rare-factum considered 
at the same instant of time. Since the pressure variation at the 
maximum compression region is also minimum and that at the 
maximum rarefaction region is maximum, we may su^^se that the 
,'a(nmd v^ves actually consist of a series of alternate high pressure and 
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low pressure regions. Or, in other words, sound waves may be as well 
considered to he a type of pressure waves. 



Fig. 10(»») depicts the conditions of all the air particles in the 
horizontal column above at some instant of time when the longitudi¬ 
nal waves emitted by the tuning fork passes onward, i.e., from the 
left side to the right side of the figure. That is A'aB’bC’c represents 
the displacement curve for the wave, where the line A'JS'O'D'...gives, 
the line of propagation of the wave. 

To determine the actual position of a particle on 4'//6'.. .draw a. 
normal to it at the undisplaced position of the particle to meet the 
displacement curve A'a B'h.... (l) If the normal is above A’ B' C\. 

the displacement is towards the right-hand side and if below, the- 
displacement is towards the left-hand side ; (2) the length of the 
normal is proportional to the displacement ; (3) the slope of the dis¬ 
placement curve at any point gives the velocity of the particle at the 
actual position of the particle corresponding to the point ; (4) the rate 
of change of slope represents the acceleration of the particle. 

Jt should be noted that the slope of the displacement curve- 
decreases as we pass from A' to a and at a it is zero. From a it 
increases again till it.becomes maximum at B\ But the rate of t-hange- 
of slope increases from A' to a and becomes maximum at a. Then it- 
decreases from a to J5' where it is zero. So the velocity of a particle 
which is proportional to the slope decreases from >1' to and is zero 
at a. Then it increases again and becomes maxiiQum at B\ The 
acceleration which is proportional to the rate of change of ^ape, how- 



16 


COLLEGE PHYSIOS 


■ever, increases from to a and is maximum at a • Then it decrsttsss 
Bgain as we pass on to B' and at B' it is zero. 

Then actual position of a particle whose undisplaced position is, 
suppose, n is given by a", where a a a and to the left of a\ for 
the normal is below the line of propagation 

The displacement diagram A' a B* ft...also clearly shows the states 
of compression and rarefaction of medium of propagation. For the 
particles to the right of A' and 0' are displaced to the left while those 
to the left of them are displaced to the right, as have been shown by 
the arrows. So A' and C‘ are places of mafimum compression. The 
particles to the right of B' are displaced to the right and those to the 
left of B' are displaced to the left and so B' is a place of maximum 
rarefaction. In the immediate neighbourhood of a the particles on 
both side of it are equally displaced to the left, while in the neigh¬ 
bourhood of ft' the particles on both sides are equally displaced to the 
right. This shows that a', ft', etc. are places of normal pressure. 

" 9 . Some Important Terms :— 

Frequency. —The number of complete vibrations made by a 
vibrating body in one second is called the frequency of the vibration. 
Thus, if n denotes the frequency of vibration, and T the periodic 
time of a vibrating body, we have nT — l ; or, n — l/T. 

Amplitude. —It is the maximum distance to which a vibrating 
body moves from its mean position of rest, i.e., its maximum displace¬ 
ment during a vibration. In Fig. 124, General Physics, BG or BD is 
the amplitude of the oscillating bob of the pendulum. In Fig. 11, PE 
or OH is the amplitude. , 

Phase.—^The phase of a vibrating particle at any instant is the 
state of the particle in regard to its position and direction of motion 
in the path of vibration at that instant. Two particles moving exactly 
in the same way ore said to he in the same phase ; that* is, particles 
;which are at the same distance from their positions of rest, and are 
moving in the same direction, are said to be in same phase. Thus 
anything by which the direction of motion and displacement of a 
vihmting particle at an instant can be specified, will be a measure of 
itt p1ui9f:^that 
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A water particle A (Pig. 11) at the highest point of the crest of 
a water wave is in the 
same phase with the 

particle B B,t the highest 
point of the next crest, 
and no other particle 
between these two posi¬ 
tions are in the same Fig. 11 

phase. 

Phase may he expressed in three ways—(*) By the fraction of the 
period that elapses after the vibrating body passes throitgh some 
staniard position, say, the mean position of rest, in a given direction. 

Thus in Fig. 124, General Physics, the phase of the oseiUating 
bob at 0 in the direction BC is expressed by \T, and at D in the 
direction BD by f T, when B is its mean position of rest. 

(t«) By the angle (as 0 in Pig. 12) traced out by the generating point 
with reference to either of the co-crrdinate axes (vide Art. 12). Thus, 
the phase of the vibrating particle J/ is denoted by the angle 0 (Fig. 
12) traced out by the generating point P rotating along the circumfe¬ 
rence of the circle. Again, it will be observed that the phases 90’ and 
450® are the same, while phases 90* and 270° are opposite to each other. 

(Hi) The phase of two points on a wave are also expressed by their 
path difference, i.e. by the fraction of a wavelength. In Pig. 11, A and 
B are in the same phase the path difference being one wavelength 
and A, 0 are in opposite phases, their difference in path being half 
the wavelength. 

Wavelength.—It is the distance through which the wave motion 
travels in the time taken by the vibrating body or any of the particles 
of the medium of propagation, to make one complete vibration. It can 
also be defined as the least distant e between two particles in the same 
phase of vibration. 

In the case of a transverse wave the wavelength is the distance 
between one crest (or trough^ and the next crest (or trough) as AS or 
Cl? in Fig. 11.‘ In the case of a longitudinal wave it is the length 
occupied by a pulse of compression together^ with a pulse of rarefae- 
tion, as AC or JBZ) in Fig. 10. 
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Wave-front, Spherical waves and Ray.— The wave-front is de¬ 
fined as the envelope or trace drawn through all the points on a wave 
which are exactly in the same condition as regards displacement and 
direction of motion, i.e. in the same phase. Thus, a surface drawn 
along the crest of a water wave is a wave-front and also a surface 
drawn along troughs would be another wave-front. 

In a homogeneous medium a wave generated at a point travels out 
in all directions around the point with the same velocity. At any 
instant of time, the wave motion lies upon the suTface of a sphere 
whose centre is the generating point and radius equal to the product 
of the velocity and time. Such waves set up in a homogeneous 
medium due to the vibration of a point or a small sphere in it are 
called spherical waves. On this sphere the particles are all in the same 
phase of motion. This equi-phase surface is the wave-front at the 
time. At a very long distance from the source of disturbance, the 
spherical surface, over a limited region may be treated as plane. So 
the wave-front may be taken as plane, if the source of disturbance is 
at a very long distance. A normal drawn to the wave-front at any 
point indicates the direction of propagation of the wave and is known 
as a ray. 

Period. —The period of vibration is the time taken by a vibrating 
body to execute one complete vibration. 


10. Velocity of Sound Waves :—^It is measured by the distance 
travelled over by a sound wave in one second. If k denotes the wave¬ 
length of a sound wave and n the frequency of vibration, then, in one 
second there will be n complete vibrations and for each vibration the 
wave travels forward through a distance Therefore the total 
distance travelled in one second = »tk. Hence, if F be the velocity of 
propagation of the wave, we have, V = n\. 

Otherwise, velocity = travel le d C.* nT*!). 

time taken T 


Example 

J, body vibrating with a constant frequency sends waves JO cms. long 
thevugh a medium A and IS cms. long through another medium B, The 
of the waves in A is 90 cms. per sec. Find the velocity cf the waves 
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Am* Let V be the velocity of the wave in J3. Since velocity«fceqaency 
X wave>length, we have 90o=nxl0 where n is the frequency of vibration. 

n«9 per second. Again, for the medium V—n x 15 (n being constant in 
both the oaBes)‘r=9x 16 s 185 oma. per sec. 

11. Simple Harmonic Motion:—If a motion is repeated at 
regular' intervals of time, the motion is said to be periodic. Thus 
the motion of a particle, continuously moving round a circle, or an 
ellipse^ in constant time, is said to be periodic and in this sense, the 
motion of the earth round the sun is periodic. 

A vibratory or oscillatory motion is a periodic motion that 
reverses in direction. It has a position of rest at v iWhich the reversal 
in direction takes place. The motion of a pendulum is oscillatory. 

TTie simplest type of vihratcyry motion is that executed along a 
straight line hy a particle moving to-and-fro. If this vibratory linear 
motion he such that the acceleration of the moving particle is always 
directed towards a fixed point in its path and is always proportional to 
the displacement of the particle from that fixed point, the motion is 
called a Simple Harmonic Motion (also written as S.H.M.).* 

To understand the nature of a particle executing simple harmonic 
motion, let us imagine a particle P (Fig. 12) moving round a circle 
with uniform speed. The particle P is called the generating point 
s^nd the circle JiYJL'Y' round which it moves is known as the oircle 
of reference. 

Let PM be a perpendi¬ 
cular dropped from P on 
any fixed diameter XX' 
of the circle. Now as P 
moves once round the 
circle in the direction of 
the arrow and makes a 
complete revolution, the 
foot M of the perpendi¬ 
cular, PM, moves to-and- 
iro along the diameter 

* For details of simple harmonio motioii, oomposition of and the 

displaeement curves see the chapter on Simple Harmonio Motion In Qeneial 
l^sies (Chapter YJ). 
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JCJC from the starting point M up to X, then back to X' and there- 

\ 

from once again to the starting point M. 

This to-and-fro movement of M. about 0 along XX’ continues as P 
moves round the circle with a uniform speed. It can be proved that 
the acceleration of M is always directed to the mean position O 
and is proportional to its displacement measured from 0. The motion 
of M is thus a simple harmonic motion. So, if a point moves with a 
constant speed along the circumference of a circle, and if a second 
point moves along a fixed diameter of the circle so as to be always 
at the foot of the perpendicu ar drawn from the first point on the 
said diameter, then the motion of the second point is Simple 
Harmonic. 

12. Equation of a Simple Harmonic Motion :—Let jP be a 

point which is travelling in the direction of the arrow round the 
circumference of a circle (XX'P) of radius OP ( = a) with a uniform 
speed, and let XOX' and YO F' be two diameters of this circle at 
right angles to each other (Fig. 12). Let T be the period, ».s. the time 
for one complete revolution of P, and «« its angular velocity, i.e» the 
angle through which the radius OP revolves in 1 second. Then 

; or, T’=»2ni(i> ... ... (1) 

As P moves round the circle, the point AT, the foot of the perpen¬ 
dicular drawn from P on X OX', executes a S.H.M., and the frequency 
of vibration of M is the same as that of the point P. Hence the 
frequency of ilf is 

Let the time be counted from the instant when M is passing 
through its mean position O in the positive direction (t.s. from left 
to right, when it is crossing the line (I'Ol"). Let t be the time, which 
has elapsed since M was last at O, «.e. time taken by OP to make an 
angle B with i)Y. The angle B is called the phase of the vibrating 
particle M at that instant. 

Then, = We have, OM/OP —cos POM*cos (90° — &) =*sin d* 

The displa^||pent of P (i.e. 04/) is as = OP sin —a sin ... <2) 

. ’ . 2»r. 

*sa Bin sin -=,1 

T 

=*a sin 2 ffnt, where n is the frequency. 

N.B.—If time is recorded from an instant when the geaeratiug 
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point is P on the left of Y (t.e. M is also on the left of 0) to such an 
extent that the generating line OP makes an angle < with OYy then 
<. That iSt x — a sin (wit '"*<). This " which is the- 
phase at the commencement of itme, is called the epoch. The sign of 
the epoch may be positive or negative depending upon the position of 
the particle from which the time is measured. 

The greatest value of sin b is unity, hence the maximum value of 
X is a, which is therefore, the amplitude of vibration. Thus the 
displacement has a positive maximum value at A when B = 90“ and a 
negative maximum value at A' when —270“. 

The displacement of a body executing a S.H.M. is always given by- 
an equation like (2). 

13. Velocity and Acceleration in S. H. M. :— 

Velocity. —The velocity of M at any instant along XX’ is the. 
same as the component of the velocity of P parallel to XX’ (Fig. 12). 
Let PD be the tangent at f \ meeting X’X at D. The linear velocity 
of P at any instant is equal to v and is along the tangent PD.. 
The component of v parallel to AA', i.e. in the direction 0D=^ 
v cos PD0=o sin POD=o sin (90“-0) = 'W cos 6’. ... (3) 

Thus, the velocity of M is zero at A, where 0 = 90“ (cos 90"ss0X 
and also at A', where ^ —270^ The velocity is a maximum at 0^ 
where 6^ = 0“, and cos B^l (the maximum value of cos tf), and also it. 
is a maximum in the negative direction where ^ — 180“ ; and after a, 
complete swing, when $ — 360°, the velocity is again a maximum in 
the positive direction. Thus, tn one tomplete oscillation the velocities, 
of M are zero at the ends of the swing t.e, at X and X’ and maximum 
when passing through the ortgiit At 0 the velocity of M is parallel 
and so equal, to that of P. 

Acceleration—The gmerating • point P moving with constant 
speed round 0 has an acceleration directed towards 0, a- being, 

the radius of the circle of reference (Fig. 12). ^^ e acceleration of 
M is the component of the acceleration of P alonglMbA. Hence the. 
direction of the acceleration / of M is towards 0 and is given Ijy, 

f=^eoaPOM~'“’- sm0 ... (4,1 

a a 
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But because v is the linear velocity of P, {which describes the dis¬ 
tance 2na in time T, we have 2na=‘vT. 

So, or, v^ — to^a*. 


From (4), acceleration/of M=oi^a sin 6displacement...{^) 


Hence, 


acceleration of Jkf 
displacement of M P* 


=a constant. 


Thus, when a particle is describing a S.H.IVl., the ratio of the. 
•acceleration to the displacement is constant ; that is, when a particle M 
4)xecutes a S.H.M., %ts acceleration is proportional to its displacement 
UM and is directed towards a fired point O in the line of vibration. 

The acceleration of M depends upon the sine of an angle just as 
the displacement does, and so the maximum and minimum values of 
acceleration occur exactly at times as those of displacement.' 

14. Characteristics of, S.H.M.;—(0 The motion is periodic , 
<(i«) It is a vibratory (to-and>fro) motion ; {Hi) The motion takes place 
in a straight line ; {iv) The acceleration of the body executing a S.R.M. 
ts proportional to %ts displacement and is directed towards a fixed point 
sn the line of vibration. 



15. The Displacement curve of a S.H.M.:—The displacement 

oj of a particle execu¬ 
ting a simple har¬ 
monic motion is 
given by the equa¬ 
tion a; sin of. If 
we plot a curve to 
show the relation 
between x and t, the 
4 !urve will be a sine curve. Fig. 13 represents the displacements curve 
of 8 point M starting from 0 and moving with S.H.M. along YOY 
due to the point P moving from X with a uniform speed along the 
rircumferedce c^the circle having 0 as centre in the direction XY as 
shown in the fijiRre. Divide the circumference into any number of 
equal partsi say, eight, and draw straight lines through the points of 
<divuwons P, Y, P', etc. parallel to XOX\ If AB represents the 
^period T divide it into 8 equal parts. Th€ time (T/8} taken by P to 
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move through each part of the circumference will then be represented 
by each division of AH. Draw ordinates at the point 1. 2, 3« etc. 
that are equal to the displacements OM, OY, etc. In plotting the 
distances, the points below O should be taken as of sign opposite to 
those above O. Now joining the tips of these ordinate lines, the 
displacement curve is obtained which is identical with the well- 
known sine curve. 

N.B. —Dach particle in the medium transmitting a longitudinal 
sound wave executes a S.H.M. with time. So the time-displacement 
curve for each particle in the medium will also be a sine curve. The 
displacement, however, is in the line of propagation of the sound. 
The motion of the succeeding particles lying on the line of propaga¬ 
tion reckoned at the same instant of time will differ in phase from 
particle to particle. If the displacements of the particles at the 
same instant are plotted as the ordinate against their distances as 
abscissa (though they are in the same straight line), the graph will 
also be a sine curve. This type of displacement curve is known as 
the distance-displacement curve. 

16. Bxamples of S.H.Bf. :—The to-and-fro movement of one 
prong of a vibrating tuning fork, the movement of a point in a stret¬ 
ched string when the string is plucked sideways, and also the motion 
of the bob of a simple pendulum oscillating with a small amplitude, 
are some familiar examples of Simple Harmonic Motion. 

17. Importance of Simple Harmonic Motion :—^The Simple 
Harmonic Motion is of great importance in the study of sound since 
a vibration of this type gives only the sensation of a pure tone. Any 
other kind of vibration gives rise to a compound note which is 
composed of two or more simple tones. The importance of a tuning 
fork in sound lies in its unique property of giving a pure tone when 
sounded. All other known sources of sound give out, when sounded, 
complex notes which contain a number of tones. So when a sound 
of single frequency is required, a suitable tuning fork is used. 

18. Sound is a Wave Motion Sound is pAuced by the 
vihraiion of a sounding body, and the assumption that it is conveyed 
to the ear by means of waves is based on the consideration that the 

8,-27 (VOL. l) 
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characteristics of wave propagation do also apply to the case of traus'^ 
mission of sound. 

(1) A wave takes time to travel from one place to another. 

Sound also takes time to travel from one place to another, i.e. it 

has definite velocity. 

(2) A wave requires a medium to pass through. Sound also 
requires an elastic medium to pass through. 

The medium as a whole does not move but only allows the sound 
to pass through it. 

(3) Waves are, reflected or refracted obeying definite laws. 

Sound is also reflected or refracted according to the same laws. 

(4) Two sets of waves meeting each other at the same place of a 
m^ium at the same time may destory the effect of each other under 
certain conditions. This is the phenomenon of Interference. 

Sound also shows interference, as in the phenomena of beats, 
stationary vibrations, etc. 

(5) Sound can bend round an obstacle. Moreover, sounds of 
different acuteness or pitch show this effect by different amounts. 
The phenomenon is known as diffraction. Diffraction is possible 
owing to the wave .character of sound. Since sound of different 
acuteness have different wavelengths, the amount of diffraction caused 
by them should be different. 

(6) A wave of condensation started from a source has actually 
been photographically detected by K. W. Wood. The reality of 
$§ccndary wavelets, first conceived by Huygens in his wave theory, 
has thus been proved. 

(7) The phenomenon of polarisation is shown by transverse 
waves only. Light waves being transverse shown the phenomenon of 
polarisation but the fact that sound waves fail to show the pheno¬ 
menon of polarisation prove that the vibration in this case is 
longitudinal and not transverse. 

18 (a). Photoi^raphy of Sound wavra :— 

Toepler in ^867 suggested the possibility of photographing the 
sound waves taking help of the inhomOgeneity produced in the trans¬ 
parent air medium near a spark gap producing a sound. ' This method 
is known as the adidieren (or spark shi^ow) method. Many subse- 



WAVE MOTION 


25 


quent workers in tJbe field applied this method to photograph the 
* 

sound waves. In this method light from a spark gap O is focussed 
by an achromatic lens L of good quality on to the edge of a screen 
[Fig. 13('i)]. Another spark gap S producing sound is placed between 
the lens and the screen and a camera behind the screen is focussed 
on to The sound spreads out from S in a spherical pulse. The pulse 
is a thin layer of air having a very high density and refractive index 
(due to compression) relative to the surrounding air. In the absence of 
the sound wave, the field of the camera remains dark even when the 
gap G sparks, because direct light is cut off by the screen. But if 
sound is produced at S, light from G is deviated by the highly com¬ 
pressed shell of air (produced by the acoustical wave-front) and appears 
on the camera plate as a bright line on its dark background. For 


L 



the success of the experiment it is necessary to produce sound in a 
fraction of a second earlier than the light spark in G, This is so done 
by having the two gaps S and O in the same circuit with a condenser 
C in parallel with the gap G. The light spark is then delayed lor a 
while depending on the value of the capacitance. 

The method has also been used to demonstrate the reflection of a 
sound pulse. This method with certain modifications has been 
adopted by Davis and Kaye in the National Physical Laboratory for 
directly photographing the sound waves. By this method photographs 
of shock-waves due to projectiles moving at supersonic speeds and of 
explosion waves from the mouth of a tube have also been successfully 
taken. 

19. Expression for Progressive Wave Motion :—Assuming the 
motion of any particle on a progressive wave to be simple harmonic, 
the displacement of the particle at any instant % is given by either, 
y»a sin ox cos o^t, where a represents amplitude of vibration 
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of the particle (i.e, the amplitude of the fwave), <*»*= circular frequency 
'(or the pulsatance or the angular velocity) of the wave = 27rn, n being 
the frequency of the vibrating particle and is the phase of that 
particle. Bvidently in the case of a transverse wave, the displace¬ 
ment, V, will be normal to the direction of jiropagtion and in the case 
of a longitudinal wave it will be along the direction of wave propaga¬ 
tion. In the subsequent treatments the wave is supposed to be 
propagated along the ^-axis and in the case of a longitudinal 
progressive wave the displcement, y, which is along the -X-axis 
should not be confused with the displacement along the co-ordinate 
axis y. 


In the deduction of above displacement equation we suppose that 
vibrating particle starts its motion from the mean position. But if a 
particle starts vibrating from a distance x from the mean position in 
an exactly similar way as above, its phase is retarded by an initial 
phase or epoch corresponding to this displacement x. Since for a 
displacement of >, the phase changes by an angle 2;r, the phase 

change corresponding to the displacement x is < — Hence the 


jthase of the particle or the wave at the instant t is given by (a>t •()' 

2nx 




So the displacement equation at the instant is 

sin (cot —<)=a sin ... ... (l) 

(Considering only the sine type of the wave) 

Agp.m «>»» — =* 2ff» and nX=F, the velocity of propagation of 
the wave, we can write, 

sin sin 27r(J-5j 

■Or, y*“a sin ^(Vt^x) 

Or, y»a sin 

**a sin ^ ®t — 


(2) 

(3) 
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Equafiions (l\ (2), (3) and (4) represent only different forms of 
expression for the displacement- of a particle on a progressive wave. 
They represent as well the different forms of equation of a progre¬ 
ssive wave either longitudinal or transvei'se. 

If, instead of the sine fprm, we start with the cosine form of the 
displacement equation, exactly similar equations can be obtaiuefl, the 
sine functions in (l), (2), (3) and (4) being only replaced by the 
cosine functions. 

Notes :—(A) In order to show that the wave represented Vty the 
above expression is progressive in nature, let us consider equation 
(3). Suppose we consider the form of the wave after an interval 
8t. So t is to be replaced by Again as ^ is the velocity of 

the wave, the distance x is to be replaced by (a:-t-FSt). Patting 

these values in eqn. (3), we get, 7 /=a sin ^ 

<* sill -j^(Ft —x) again. So the disturbance at a place is repeated at a 

time St later and at a position F. St farther away frotq the source. So 
the form of the wave progresses as it does with time. Hence the 
wave is progressive in nature. 

(B) The equation deduced above represents a progressive simple 
harmonic wave in which no energy is dissipated during its propaga¬ 
tion through the medium. But when an actual wave is propagated 
through a medium, its amplitude' will gradually diminish due to the 
resisting effect of the viscous medium. A part of the energy will 
also be lost due to the alternate heating of the compressed layers. 
Absorption of enei^y in the medium always plays an important part 
in decreasing the amplitude of vibration. Due to the above reasons 
the amplitude a in the above expressions of the progressive wave will 
be modified as where b is a constant. Thus the wave gradually 

attenuates as a result of this gradual decrease of amplitude. Such a 

, V h 

wave whose am|>litude gradually attenuates is known as an 

altshnated or daoiDed prosrressiya wave. 
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20. Velocity and acceleration of a particle on the progressive 
wave:— 

The displacement equation of a vibrating particle at a distance x 
from the mean position at an instant t, is given by, 

sin o» f y 


Hence the rate of change of displacement or the velocity of the 
same particle at that instant is given by, 

cos ® ^ i — ... (1) 

This velocity (t») of the vibrating particle (particle reloeity) is 
quite different from the velocity of propagation V of the wave (wave 
velocity), the latter being solely dependent on the nature of the 

medium, whereas is, as apparent from eqn. (l), a function of t 

at 

and X. 


The slope of displacement curve is given by, 

I—v"«.-(.-!) .« 

Thus from (l) and (2), 

dt dx 


So the velocity of the vibrating pirticU on a progressive wave 
is V times the negative slope of the corresponding displacement curve. 

Again the acceleration of the vibrating particle at the instant, t, 
is given by, 

B3«»ca^X^ ... ••• 

The curvature of the displacement curve can be related to the 
above acceleration in the following manner. The curvature,* we know» 

is given by ^ (ne^ecting itninute terms in tb© mqpression *; vid» any 



WAVE MOTION 


29 


From ( 2 ) 


d^V ^ _ acu* 
’ dx* 7* 


sin CO 



Gl* 




Thus from eqns. (3) and (4), we have 

dt^ ^ dx^ 

Hence the aoeelBration of the vibrating particle is 
curvature of the displacement curve. 


.. ( 6 ) 
7* times the 


The equation (6) derived from the above simple considerations 
represents the differential equation of a wave motion. 


21. Energy of Progressive Wave :—we consider unit volume 
of the medium through which a progressive wave is transmitted, its 
mass is equal to the density, p of the medium. Since the velocity of 

the particles of the medium is cos c» —the kinetic 

energy per unit volume of the medium at any instant, is given by, 

“Jpa’to® cos’a>^(-~ ) ... ( 1 ) 


In a simple harmonic motion, the sum of the potential and kinetic 
energies of the vibrating body is constant throughout the motion and 
at the extremities of the path of vibrtition the energy is wholly 
potential whereas at the mean position it is wholly kinetic. So the 
maximum value of either of these energies represents the total 
energy at any position. 


So the maximum kinetic energy per unit volume, 

T7* (mBX.)=®ipo*o>*« ['.* cos*co —(max.)**l] 

*"the total energy per unit volume. 

This is commonly known as the energy density of the mdSium. 


22. Intensity of sound wave :—The intensity of a sound wave is 
measured hy the average rate of flow of energy through d unit area 
plaoed normal to the direction of propagation of the sound warn. To 
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cftlculftto the intensity of & sound wave let us consider e cylinder 

(Fig. 14) in the medium of cross- 
sectional area unity and of length F, 
where F ig the velocity of the sound 
wave, the axis of the cylinder being 
parallel to the direction of propaga¬ 
tion. The energy associated with the 
wave that crosses the section at A 
at the beginning of a particular 
second will reach B at the end of that second. During this interval 
of one second the whole cylinder AB will be filled with sound energy. 
Since the volume of the cylinder is 1X F = F and the energy density 
is |pa*a»s, the total energy contained in AB is ^pa**** F. This 
energy has evidently crossed the section at A in one second. So this 
IS the rate of flow of energy through a unit area of the medium which 
IS known as the intensity of a sound wave or its energy current. 

Thus intensity 2'**5pa*«^®F=>2*®n*po®F. ('.* » = 2»rn). 

Hence the intensity is directly proportional to (l) the density of 
the medium, (2) the wave-velocity, (3) the square of the frequency 
and (4) the square of the amplitude of the wave. 

Pressure of Sound Waves. —Whenever sound waves are incident 
on a solid wall they get reflected from the same and at the same time 
they exert a definite pressure on the wall. If the isothermal condition 
prevails during this process of impingement of the waves, the 
pressure exerted is found to be equal to the energy density. Thus 

where Jss intensity of the sound wave and F its velocity. As 



the process is not generally isothermal as has been suggested by 
Laplace, if the adiabatic condition is supposed to hold good, the 
pressure of sound waves is found to be equal to, 

^ 2 ‘ F ’ 

where Y is ^e ratio of the two specific heats of the gaseous medium. 


Queations ( Chapters I & II ) 

1, Exp^alii the meohaulam of the propagation ei Boand waves. How do yon 
demoUStfate that a medinm ta neoeaiaty foe the peo^^tlon of loand ? 

Utk. U. W63> 
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2. Cleuly distinguish between a transverse and a longitudinal wave. How 
do yon Inter that sound waves are longitudinal in nature ? 

[c/. Del. U. 1958 ; Nag. U. 1951} 

3. Ontline briefly the properties of longitudinal waves, [E.P.U. 1958] 

4. Dlstingnlsh between transverse and longitudinal waves. Which of these 

waves oannot exist in a gas and why 7 [c/. Bom. U. 1954] 

5. Deduce a mathematioal expression for a progressive wave. 

Galoulate the aooeleratlon of a vibrating particle on this wave. 

How can yon show that the wavs equation, you deduce, indioates a progre¬ 
ssive wave ? 

6. Oalonlate the energy density of a progressive wave motion. Hence find 
an expression for the intensity of sound. 

7. Define the Intensity of sound and clearly bring out tiie factors on which 
it depends. 

8. Show that the particles velocity ^ in the case of a plane progressive 

at 

wave Is given BC«*J09 derive the difisrential equation of a 

wave motion. [Baj. U. 19511 

9. What reasons ate there for believing that sound is conveyed by wave 

motion ? [Utk. U. 1951; C, U. 1958} 
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REFLECTION AND REFRACTION OF SOUND 

23. Sound and Light Compared :—When a disturbance occurs 
in open air, sound waves proceed radially outwards in all directions 
from the source as the centre, just as light radiates out from a centre 
in all directions around it. But there is a fundamental difference 
between the methods of their propagations. Sound is propagated in 
the form of longitudinal waves, whereas light is propagated in the 
form of transverse waves. The term rays of light is used to express 
the directions in which light waves proceed from a source. Similarly, 
any line, along which a sound wave is propagated, may be called a 
sound ray. These terms are, however, only a convenient way of 
representation and have no reference to the actual modes of 
propagation. Light waves are reflected from plane and spherical 
aurfaces obeying certain laws ; sound waves are also reflected accor¬ 
ding to the same law—vtjBr...that the angles of incidence and reflection 
are equal and that the incident and reflected rays and the normal at 
the point of Incidence are in the same iflane ; but conditions under 
which reflections of these two waves take place are widely different 
because the lengths of light waves and the lengths of sound waves 
are of widely different orders. It must also be marked that light 
■can travel through vacuum whereas sound waves require a material 
medium for their transmission. 

Under favourable conditions sound waves can also be rsfraoted 
like light-waves, and there may be also inter/erenet due to two waves 
of sound as due to two appropriate waves in the case of light. 
Moreover, the light rays being transverse in nature can be ptdariiei 
whereas the longitudinal sound waves can under no circumstances 
be polarised. 

Light from a luminous source is usually complex being composed 
of light rsys ot simple colonrs mixed up in some proportions. Sounds 
emitted by common sources "are also complex. The quality of a sound 
depends upon the number of simple tones present in the sound, their, 
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order, and also on their relative intensities. The colour of light, 
say, red or blue, depends upon the frequency of the waves produced ; 
similarly, the pitch of a sound depends on the frequency of vibration 
produced. 

Sound waves are detected by the auditory nerves of the ear while 
light waves are detected by the optic nerves. 

24. Reflection of Sound :—In order that appreciable reflection 
of a wave may take place from any surface, the area of the surface 
should be fairly large in comparison with the wavelength of the wave 
incident on it. Sound waves are much larger than light waves. The 
lowest audible note has got a wavelength of about half-an-inch 
and the highest audible note has got a wavelength of 32 ft.—for 
example the wavelength corresponding to the note G is nearly 4 ft. 
whereas the wavelengths of visible light are included between 16 and 
36 millionths of an inch. Consequently, it is evident that larger 
surfaces are required for complete reflection of sound waves than are 
required for light waves. On the other hand, the sound waves being 
larger do not require the reflecting surface to be so smooth as may 
be required for light waves. For this reason, a brick wall, a wooden 
board, a row of trees, or a hillside, all serve as reflectors of sound 
waves. The following experiment will illustrate the reflection of 
sound waves. 

(1) Reflection at a Plane Surface. —Fix a large plane wooden 
board AB vertically and place a long hollow tube T\ with its axis 
pointing to some point C on the 
board making a definite angle with 
the plane of the board (Fig. 15). 

Now place another similar tube T% 
with its axis pointing towards C, 

Hold a small watch just in front of 
the tube jTj and put your ear at the] 
end of the reciving tube T% which 
is turned with the point ^ as centre 
in all possible positions till the sound 
of the watch appears maximum, a Fig. oi Sooixd 

boAifd ^ beinii i]^ed between the tubes to cub olf the dircbt sound. 
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It will be fouud that sound obeys the same laws of reflection as light, 
viz.— 

(*) The angle of reflection is equals to the angle of incidence ; 
that iSi the axes of Ti and make equal angles with the normal to 
AB at 0. 

(*») The reflected sound ray, the incident ray, that is the axes of 
Ti and T 2 , and the normal at the point C of incidence on the board 
lie in one plane. 

(2) Reflection by Concave Surface. —Two large concave spherical 

mirrors M and M' 
are placed co-axially 
on a table facing 
each other (Fig. 16'. 
A watch is placed 
at the focus of one 
of them, M. The 

sound waves proceeding from the watch being reflected from the first 
mirror vTill fall on the second mirror,' and will be converged at the 
focus of M\ where the sound waves can be received by the ear E by 
means of a funnel tube. The ticking of the watch will be distinctly 
heard at the focus, and it will be practically inaudible at other points, 
or at the same point, by displacing the mirror a little. 

25. Practical Examples :—The principle of reflection of sound 
is applied in speaking tubes, ear-truupsis, doctors' stethoscopes, etc. 
In these cases the sound waves are reflected repeatedly from side to 
side of the tubes (Fig. 17h Here the sound waves cannot spread. So 
the energy of the waves, instead of being distributed through a rapidly 




Fig. 17—Befleotion in a Taba. 


iucrcasiug space, t^mains more or less confined within fchrf ttnnita n# 
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the tubes, and so an ear, placed at the distant end, can hear the 
sound distinctly. 

Reflection in an Anditorium. —Sometimes the rooms and halls 
of buildings with arched ceiling serve as reflectors of sound waves. 
The walls of large halls also often reflect the sound waves which 
interfere with the words of a speaker, and the effect is confusing. 
This may be avoided by the hanging up of screens and curtains which 
are bad reflectors for sound waves. The interference is also avoided 
to a certain extent when the hall is tilled with an audience whose 
bodies serve to damp the sound, and for this reason it is often easier 
to speak before a large audience than in an empty hall. On the other 
hand, it has been found that in the open air, where there is no echo, 
it is rather difiBcult to make oneself heard to a large crowd, and this 
is not so in a big hall as a certain amount of reflection helps in 
increasing the volume of sound. It has been practically seen that 
the effect is better when echo is heard nearly about 2 seconds after 
the original sound. 

In churches there is often a concave reflecting board above the 
pulpit which reflects the sound made by the preacher down to the 
congregation: 

If a source of sound is placed at the focus of a parabolic reflector, 
the sound rays are rendered partdlel whereby they can reach great 
distances. 

It is known to everyone that the hollow of the hand held at the 
back of the ear in a curved way serves to concentrate the sound waves 
and thus helps one to hear a distant sound. 

26. Echo ;—When Bound returns back after reflection from an 
ohtiacle^ it is called an echo. A speaker’s own words at a place are 
often repeated by reflection from a distant extended surface, such as a 
distant cliff,* a row of buildings,, a row of close trees, etc. The pheno¬ 
menon is known as an echo and is a very familiar example of the re¬ 
flection of sound waves. A sound made near a wall, or a hill-side will 
be reflected and heard as two distinct sounds, provided the distance 
between the observer and the reflecting surface is large enough to 
allow the reflected sound to reach him without interfering with the 
direct sound. The impression of a sound persists for about i\jth of a 
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second alter the exciting cause ceases to exist. This period may, there¬ 
fore, be regarded as the period of presistence of eensation of sound. Tak¬ 
ing the velocity of sound in air to be 1100 ft. per second approxi¬ 
mately, a sound wave can travel 110 ft. in Voth of a second. So, in 
order that the echo of a sound may be distinctly heard, the reflecting 
surface should be at a distance not less than 55 ft. from an observer, 
so that the reflected sound wave may reach the ear of the observer 
not earlier than TO^h of a second after the flrst sound is heard. 

Velocity of Sound by the Method of Echo. —By means of 
echoes it ts possible to obtain a rough estimate of the velocity of sound. 
Suppose you stand some hundreds of yards from a hill and try to And 
out the time between a shout and its echo. If you are 500 yds. from 
the hill and the echo comes back in 3 seconds, the sound has 
travelled twice 500 yds. or 3000 ft. in 3 seconds and therefore has 
travelled 1000 ft. in a second. So the velocity of sound is 1000 ft. 
per second. 

Series of Echoes. —Suppose a person at A is placed between two 
reflectors B and C situated at a distance of 330 ft. from each other, 
so that the distance AB is 110 ft. and AC, 220 ft. Now if a pistol is 
flred at the wave travels to B, is reflected and comes back to A in 
second. This reflected wave then travels to 0 and comes 
back to in 1*0 second after the first echo, i.e. -^o second 

from the beginning. The wave again travels to B and is reflected. 
This goes op. 

But in the beginning the sound wave also directly travels to C, 
and comes back to A, after reflection in fji second. It then goes to 
B and comes to A, second later and so on. So we get a series of 
echoes resulting from B, in ^q, tIj* 18. i p etc. second, and another 
series of echoes resulting from C in t8i roi tS* second. 

Articulate Sounds. —In the case of artUtdate sounds, however, 
the distance of the obstacle should be at least twice, that is, 110 ft. 
instead of 55 ft. as observed above. It is so. because a person cannot* 
pronounce more than 5 syllables distinctly in one second and the ear 
also cannot recognise them if more than 6 syllables are pronounced in 
one second. If a person pronounces a, he takes yth of a second for 
it by which time the sound can travel through 220 ft. taking the 
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Velocity of sound to be 1100 ft. per second. So, an echo will be heard 
only if the reflecting surface be at least at a distance of 110 ft. from, 
the obseiver. If the person pronounces any 5 syllables, say, a, 6, c, d 
and 0 , and if the reflecting surface be at a ,distance of 110 ft. then he 
will hear the echo of the first syllable just as he is about to pronounce 
the second syllable h. Similarly, the echoes of />, f, d, would come 
to him by ^th of the second just as he is about to pronounce the 
next one. So only the echo of the last syllable will be distinctly 
heard. This echo which enables us to hear only one syllable 
distinctly is called a mono-syllabic echo. If the reflecting surface 
be at a distance of two or three times, the echo will bo di-syllabic or 
tri-syllabic and so on. Evidently, if the distance be n times 110 ft., 
then the echo of the last n syllables can be heard. Echoes which 
enable us to hear two or more syllables are sometimes called poly¬ 
syllabic echoes. 


Examples 

, (1) A man stationed between two parallel cliffs fires a gun. Be hears the 
first eeho after two seconds and the next after 6 sees. What is his position 
between the cliffs and when he hears the third echo f 

Ans. Let V be the velocity of sotind in air, x the distance of one of the 
oliSs from the man and y the distance of the other cliff. Then, if the first echo 

2 SB 

be heard after two seconds, 

The sound wave will also be refieoted by the other cliff and come back after 
fi seconds. 6=?^^; or F-| y, or, 

That is, the position of the observer divides the distance between the cliffs 
in the ratio of 2 : 6. 

The third echo will be heard 7 stoands alter the firing of the gun for the 
sound wave reflected from either of the cliffs will be reflected from the other 
oUff and take 7 seconds to come to the man. 

(S) An engine m approaching a tunnel surmouiUed by a cliff, and emite a 
* short whistle when half a mile away. The echo reaches the engine after 
seconds. Calculate the speed of the engine assuming the velocity of sound to 
bs 1100 ft, per second, 

Ans. Let A be the first position, B the second position when the echo of 
the whistle is heard and 0 the position of the cliff. . 

Then, AO’**^ mile*-9640 ft. In 4} seconds the distance to be travelled by 
■oundwillOOK{««4g50ft. The distance (AO4-CB)w49b0 ft. 
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So HO-4950-2640-231O ft. and (2640 - 2310)»330 ft. 

This dlstanoa Is travelled by the train in 4| sees. 

380 v 3 

Speed of engine™ — ft. per sea.=s50 miles per hour. 

27. Echo Depth SoundiDg :—The phenomenon of reflection of 
sound has been applied in measuring the depth of the sea. For this 
purpose a hydrophone H (an under-water microphone) is placed under 
water at a depth d near one end of the ship and a small under-water 
charge C of some explosive is placed at the same depth d near the 
other end. Two sounds are received when the charge is fired, the 
€ound of explosion coming direct to the hydrophone and the echo of 
it coming a little later by reflection from the sea-bed, the receiver 
being suitably screened from the direct blow of the explosion. The 
instants of reception of the two sounds by the hydrophone are auto¬ 
matically recorded on a rotating drum by means of a stylus which 
begins to operate electrically just at the time of explosion. From the 
knowledge of the speed of rotation of the drum the time intervals 
4md t% secs., between the two receptions and the explosion are found. 
.Now if Fw be the velocity of sound in water, the distance between 

i/C is FwXti and the distance HB =*jBC=jc=» . Hence the 

2 

■true depth D at the position Will be given by 

AS is evident from the geometry of’Fig. 18(a). 

An instrument cons¬ 
tructed on the above 
principle known as a 
fathometer is used for 
depth sounding in oceans. 
Echo of /radio waves is used ' 
to explore the ionised layers 
of the upper atmosphere. 

28. &ho Proapect- 

ing :—This is nothing but 
a modified method of echo 



Fig l8(o) 
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pounding developed to find the depth of the mineral strata below the 
surface of the earth. In this method compressional waves (like 
those in earthquakes) are set up inside the hard layer of the earth’s 
crust by exploding some detonator just at the surface of this hard 
stratum at a known depth below the surface of the earth. The first 
set of these waves reach the detecting binaural geophones (small 
..seismographs) direct through the surface layer. Other sets of Waves 
partly reflected from the softer geological strata below and partly 
refracted from the upper layers are received by similar geophones 
placed . at different positions. From the records of these geophones 
valuable information regarding the xwsition of these mineral strata* 
their density and approximate nature etc. can be obtained. 

To understand the principle of echo-prospecting let us consider a 
surface of separation AB between a harder upper stratum and a softer 
geological lower stratum [Fig. 18(h)]. Let V\ and be the velocities 
of sound in the two media respectively. Let a compressional wave 
be emitted just on the surface of the harder stratum at 0. At AB 
the waves from 0 will be partly reflected and partly refracted accord¬ 
ing to the angle of incidence. The critical angle in this case is given 

by 0 c = sin” * —*. If the wave is incident at angle less than ^, it 


will be refracted at T 
(say) and will be wholly 
or partly reflected at the 
interface CD according to 
the nature of the layer 
below. Let OTQBS be 
the path of this compre¬ 
ssion ray. Let a second 
ray OP incident on AB 
at P at an angle greater 
than $thQ totally reflected 
same point S at which the 
atrSta OA and AD be Zj and Zg* then 
OPS is ^Zi/Ficos B\. and that for the 

■+2Z8/ra cos where sin ^/sin 
S“ 28 ~*^Vol, l) 



in the direction PS 
ray OT was received. 


so as to reach the 
If the thickness of 
the time to traverse the path 
path 0 TQ/ 2 S^ 4 B 2Z]/ri cos 9 
Ki 
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li 8 is near 0 the wave reflected from - the surface AB will reach 

8 earlier than the ray reflected from CD. But if 8 is shifted far 

away from 0, the ray ma Q reaches earlier (because of the fact that 

» 

the velocity of the sound or earthquake waves in the lower oil-bearing 
» 

strata is greater than near the surface, as has been shown by 
Jeffreys). In actual practice a geophoue at 8 receives three pulses 
one direct along 08 after an interval 08/Vi and the other two as 
indicated above. By shifting the position of S, the equality of time 
of reception of the first impulse and that of the third impulse is 
secured. Sometimes simultaneous reception of the second and third 
impulses is also ensured. Then equating the mathematical expressions 
for these time intervals (as shown above), 2i, 2$, F], Vs can be 
calculated, the angles 6i, $ being obtained with the help of binaural 
geophones. These data give valuable* information regarding the 
geological strata. 

29. Harmonie Echo :—The reflected sound (i.e. echo) depends 
predominantly on the nature and dimension of the reflector. It is 
often found that the echoes are not faithful reproductions of the 
original note particularly when it is a complex one. If the reflector 
be small, the reflected waves contain more of the higher frequencies 
of the complex note. This class of echoes where the upper com¬ 
ponents of a complex note predominate were investigated by Lord 
Bayleigh in 1873 and were named harmonie echoes by him. He found 
that in this reflected sound, the intensity varies inversely as the, 
fourth power of its wavelength and as such the phenomenon is similar 
to the scattering phenomenon in light. So it is sometimes caUed 
the seattering of sound. 

80. Mnsicftl Echo :—When a single pulse of vibration (as a clap 
of the hand) is successively reflected from a series of equispaced and 
identical obstacles, a succession of reflected pulses originate at regular 
intervals and form a sort of musical note. This is called a musical 
echo. A single clapping of hand near a fence of stakes or poles will 
Itroduce such a musical echo because these stakes being almost similar 
in sise and equispaced the clap will be reflected from each of them in 

V * • 

.Bucc0s0icm ,at regular intervals of time. So the man hearing this 
succession of reflected sounds* will have a perception of a musical 
'lony in it. 
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81. Wbisperinfif Gallery ;—In the circular ?*allery in the dome 
of St. Paul’s Cathedral in London, a whisper is transmitted round the 
surface of the gallery and is perfectly audible all around near the 
wall. This and similar other galleries are known as 'whispering 
galleries. Bayleigh explained this phenomenon of transmission of whis¬ 
pers to be due to a continued creeping of the sound round the gallery 
horizontally along the arc in front of the whisperer. Eaman and 
Sutherland by conducting experiments in St. Paul’s Cathedral also 
corroborated Rayleigh’s view point. Sabine ascribed the efficacy of 
the different whispering galleries to the inward slope of the wall 
which partly prevents the dissipation of sound from the roof of the 
building and keeps most of the waves down to the level of the 
gallery. 

82. Phase change* in the Reflected Longitudinal Waves:— 

Whenever a longitudinal wave passing through one medium meets 
another medium of different density, it will be partly reflected, hut 
the type of the refieoted wave will depmi upon the d ensity of the second 
medium. This can be understood from the following illustration :— 

Reflection at a rigid surface. — Let a number of light and heavy 
steel balls be arranged in one line, the light baUs representing the 
particles of a lighter medium and the heavy balls, those of a denser 
medium. If a forward push be given to one of the lighter balls,' it 
will strike the next ball, which in turn will strike its neighbour, and 
in this way, energy will be handed on from one to the other until 
the last light ball strikes a heavy ball Aft er the impact, the light 
ball will rebound and strike a ball just behind it, and thus set up a 
refieoted pulse backwards. It should be noticed that at the time of 
proceeding forward, one ball was pressing against another and it 
appeared as if a compression wave was moving onwards. 

After the impact, also, the same process is repeated backwards. 
Therefore the nature of the pulse is not changed. Similar thing 
happens in the case of longitudinal sound waves. When such a wave 
meets a fixed end or the surface of a denser mediunSt a wave of compres- 

*11 sbonia be noted that the phase change here relates to ^ pceuran of 
tiM wave. The displacement aotoally eofEers a phase revscsal at a rigid watt aad 
at a Cme bPBiidary BO phase change oocncB to It* 
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sion i$ reflected hack as a wave of eompresaion, and a wave of 
rarefaction is reflected back as a wave of rarefaction^—that i8% in 
reflection from a fixed and rigid surface^ there is no change of phase 
between the incident and the reflected wave of compression or 
rarefaction. 

Reflection at a yielding surface. —Now, in the above experi¬ 
ment, if a forward impulse be given to one of the heavy balls, the 
direction of motion of the heavy ball after impact with a light ball 
will remain the same, i.e. forward. But the second ball, being lighter 
than the striking heavy ball, after impact, will move with 
greater speed, so it will create rarefaction behind it. Consequently, 
tn the case of a longitudinal wave meeting a less dense medium^ the 
reflected wave suffers a reversal of type \ a compresed wave is reflected 
buck os a rarefied wave^ and vice ver^a, or in other words, the reflected 
and the incident waves will he in opposite phases. 

If both ends of a spiral are free, the pulse of condensation 
travelling to the other end is reflected along the same path as a pulse 
of larofaction. So also a pulse of rarefactions returns as a pulse of 
condensation. This phase change can also be shown from the 
consideration of stationary wave {vide Chap. IV). 



Fig. 19 

S3. Refraction c-f SoundWhen sound waves cross the 
bibundaTy separating two media in which the velocity of transmission 
in different, they are refracted obeying the same laws of refraction as 
^ ^or light. The refraction of sound may be demonstrated by talcing a 
i;le|iti^i^ped ihdU-rubber balloon filled with any gas* say* carbon 
whose density is different from that of air. In case the gas. 
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filling the balloon is of higher density, the lens will behave as a. 
converging one. But if the density of the gas in the balloon be less 
than that of air, the balloon, though apparently convex in shape, 
will behave as a diverging lens. Fig. 19 shows the conjugate foci 
positions of a sound source and its image formed by a converging 
acoustical lens of thf' aliove nature. 

Eubber prism filletl with various gases may also bo used for 
determining acoustic refractive indices of those gases. 'I’liis refractive 
index, as will he scon from Huygens’ priacipk*, is given by» 
^_ velocity of sm i od in air 

velocity of sound in the gas* 


(a) Effect of Temperature —As the density of '?.i. changes due 
to the change of temperature and so also the velocity of sound, it 
follows that the change of temperature of air causes refraction of 
sound waves. During the day time the lower lay»:rs of air are at a 
higher temperature than those hi‘;her uj). So the sound waves, as 
they travel, will be refracted upwards, i.c. their line of aclv^ance will 
be bent away from the ground and hence the ,intensity at a distance 
will be diminished due to this effect. On the other hand, at night 
time when the lower layers are colder than those above, the bending 
of the lice of advance will be towards the ground and the intensity 
will be increased. So, in this 
case, sound from a longer 
distance will be heard much 
more clearly than in day, time. 

When the air above is hotter, 
the air layers higher up in the 
, atmosphere will move faster 
and hence the plane wave- 
front WF of sound will be 
distorted. The upper part of 

WP will move' in hot air Pig. 19fa) 



rather more quickly than the lower part. So the wave-front after a 
time takes the new position [Pig. 19(a)] having a convexity 


upvrttrds. So • the lines ’of acoustic flux are direeiied towai^ds 

I p 

grounds. 
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(b) Effect of Wind.— A sound wave travels a longer distance in 
the direction of the wind than against it. 

This is due to refraction of sound. Each vertical column of air 
on the earth’s surface move during a strong wind, through a greater 
distance at the top than at the bottom. When the sound moves in 
the direction of the wind, the velocity of sound is augmented more 
in the upper layers than in the lower layers of such a column 

(Fig. 20). The direction of 
propagation of the sound 
being normal to the column, 
the sound bends downwards, 
i.e. there is a concentration 
of sound near the surface of 
the earth. 

If WF (Fig. 20) repre¬ 
sents the wave-front (plane) 
of a sound wave and the 
wind blows in the same 
direction as the propagation 
of sound, the upper portion of the wave-front travels quicker doe to 
wind velocity and the wave-front in the position W'F’ becomes 
convex upwards. So the sound 
i'ays bend downwards. 

When wind blows against 
the sound velocity of the 
sound is diminished more in 
the upper layers of the air 
than in the lower layers of 
each^,,Q^mn of air. So the 

sou^! is refracted upwards. _ ^ 

The'nature of the change in P P , 

the shape of the wave-front • 21 

and the correspoz^ng change in the direction of the rays am evident 

21 . 

# I* ^ ^ 

, of t soiiiid in ni^r atimpluro 

O-’' f ^ ^ 

Hiat the atmosphere is kidded ^io twodif^Mnol 
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regions namely Troposphart and * Stratotphere. The Troposphere 
extends upto a height of 12 Kilometres. In this region the tempera¬ 
ture falls at the rate of per Kilometres ascent. In the Stratosphere 
the temperature remains fairly constant (at about -■ 53*0 up to a 
certain height, about 17 Km.) above which it begins to increase. So 
when a sound ray travels higher and higher up in the atmosphere its 
velocity continuously diminishes in the Troposphere till it reaches 
the Stratosphere. If the ray proceeds obliquely, it will bend towards 
the normal in each refraction at the successive layers of gradually 
decreasing temperatures. In the Stratosphere the inclination at first 
remains constant due to the constancy of temperature of the region 
At still higher altitudes the temperature increases and as a result the 
velocity of the sound ray also increases. So the ray now begins to 
bend away from the normal towards the horizontal surface and 
will finally become parallel to the horizontal at a certain height. 
Then it bends downwards and finally comes back on to the surface of 
,the earth. If, however, a ray proceeds normally upwards, there is 
no bending due to refraction. But the ray will be considerably 
deprived of its energy contents. Moreover, in the upper atmosphere 
the pressure being very small, the mean free paths of the particles 
are of the same order as the vibration amplitude of the sound waves. 
So a large fraction of the sound energy will be scaiitered by these 
particles in all directions. So by gradual scattering the sound waves 
die out completely and do not return back to the earth's surface. 

34. Total internal Reflection of sonnd :—Sound waves are 
also found to be totally reflected in a denser medium in course of its 
passage from an acoustically denser to a rarer medium when the angle 
of incidence at the interface is greater than a limiting angle. This 
limiting angle is generally known as the oritical angle for the two 
media under consideration. The phenomenon is exactly similar to 
the corresponding optical phenomenon. In the case of a total 
reflection the entire energy of the sound wave is turned back in the 
same medium and none penetrates into the.second. The total internal 
reflection takes place when the angle of incidence, «, is greater than 

catical angle, where ^ being the refraction 
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index of the denser medium with respect to * the ligliter ope. 
. ^ ^ Velocity in the denser medium 

■ Yelocity in the rarer medium F'* 


If we consider an interface of air and water, air is acoustically 
a denser medium than water, V being much greater than F'. -F (in water) 
is 1440 metres per sec. while F'(in air) is only 340 metres per sec. 


sin $e 
JHence 


_ 34 0 
1440' 
= 13 • 6 ^ 


This explains why the utterances of the “bathers with their mouth 
close to the water surface can be clearly heard on the shore. The 
.phenomenon has its important applications in echo prospecting where¬ 
in sound waves totally reflected internally from geological strata can 
be clearly detected from convenient directions. 


85> Huygens' Principle and explanation of Reflection and 
Refraction:— 

If S (Pig. 22) be a sound source, the disturbance produced at S 
according to the wave theory spreads out uniformly in an isotropic 
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witii the same velocity as in the case of the wave travelling from 
S to AB, provided, of course, the medium remain the same. The 
envelope of these secondary wavelets, i.e. the spherical surface whose 
trace AjPi touches all these spheres, is the new wave-front at the 
end of the period envisaged. The wave travels outwards from /I 
to succeeding fronts as it did from AB to AjBi. Evidently the wave- 
front at any point moves in the direction of the normal to the 
wave-front at that i)oint. 


(a) Reflection.—According to Huygens’ method ' of-constructirm 
the laws of reflection of sound are deduced below by taking jihe case 
of reflection of a plane wave-front at a plane surface. 


Let be a reflecting surface and AF be a plane wave-front 

travelling in the 

direction CA and 

incident obliquely 
onXY(Fig. 23). As 
each point of AF 
reaches XF in 

succession, the point 
struck becomes a 

centre of disturbance 
from which spherical 
waves start. 



Fig. 23-Reflection on the Wave Theory. 

In the time t taken by F to reach E, the wave from 


^ will travel a distance = 7^, where V is the velocity of propagation 
of the original wave-front. Now with the centre A and radius AB 
( = 70 describe a sphere. From E draw a plane EB tangential to 
the sphere and at right angles to the plane of the paper. Then EB ia 
the reflected wave-front travelling in the direction* AB. 

Now an the triangles AEB and EFA, AB^FE—VU AE is common 
and AABE^ lEFA^^(f.. /. The two triangles are equal in all 

respects. 

Hence lABB^ LEAF ... W 

Here CA^ which is perpendicular to the incident wave-front and 
which “the ditection of the incident wave. rCp^ents an 
aoUntf at the point of‘incidence -4, and ABy the dire^ionia 
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which the reflected plane wave travels, represents a rtfleeted 

eovnd ray. 

To prove that the angle of incidence is equal to the angle of reflee 
tion, draw perpendicular to XFat 4. Because AN is perpendi¬ 
cular to the plane AE and AB is perpendicular to the plane we 
have, Z AEB=^ A NAB ; 

and because AN and CA are perpendicular to 413 and AF respectively 

we have, /.EAF== AN AO. 

But from (1), A AEB =■ A EAF. 

ANAC^ANAB. t 

« # 

Thus the angle of inoidenee is equal to the angle of reflection. 

Again, the incident ray GA and the reflected ray AB lie in the 
same plane as the normal AN which is in the plane of the paper. 
Thus both the laws of reflection are deduced from the wave theory. 

(b) Refraction.—Let XY be the trace of a plane surface 
separating two acoustical media, of different * densities (Fig. 24). 
.and AB be a plane wave-front travelling in the first medium in the, 

direction EA with- velo- 
city F. When the wave- 
front AB meets the refrac¬ 
ting surface XY obliquely 
Y at 4, the particle at A is 
disturbed and according 
to Huygens it becomes a 
new centre of disturbance 
from which the generated 
Fig. Si-Refraction on the Wave Theory. wavelets spread out into 

the second medium with a velocity F', say. 



In the time t, say, taken by B to reach C, a point on the separat¬ 
ing Surface XY. let AD he the distance traversed by the wavelet from 
A in the second medium. Now with centre 4 and radius 4DC*® F't) 
describe a sphere. From C draw a plane tangential to this sphere 
wnd at^the right angles to the plane of the paper. Then CD t6pres^|8 
^he nstcact^ wave-front and it traveis in the direction 40* , 

'Which is perpendMar to the wifve^frbnt <01^ rsprmbts thi 

**■ ^ <■ '■'** ' ' ■ ' - 1 J V* , , ^ 
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refracted sound ray^ and similarly EAt •which is perpendicular to the 
wave-front AB in the air, represents the inoidsni sound r<vy. 

Now because EA is perpendicular to the plane AB and NA is 
perpendicular to dC, Z.EAN^ ABAC \ and ADAN*^ AACD 
(*.* AN' and AD are perpendiculars to AC and DC respectively). 

If the As EAN and DAN' are denoted by • and r respectively, 
we have, 


sin * _ sin EAN _^ sin BAC ^ BC 
sin r sin DAN' sin ACD AU ’ AO 

^BC _Vi _V 

AD n V 


a constant. 


Thus, ihs sine of the angle of incidence bears a canstant ratio to 
the sine of the angle of refreustion, and this verifies second law of 
refraction. This constant is called the refractive index f* of the 
Second medium with respect to the first. The first law of refraction 
follows from the -fact that EAt AD and NAN' all lie in the plane of 
the paper. 


Questions (Chapter III) 

1. Dednoe the laws of reflection and refraction of soand from Hnygene* 
principle. 

How do yon demonstrate the' reflection and refraction of eotind In the 
laboratory ? 

2. Explain the formation of echoes. ‘ Why is snooeesion of echoes eometlmee 
heard r 

What do yon mean by a harmonic echo ? 

3. Write notes on :— 

(1) A whlsperiDg gallery, (2) Mosidlal echo, (3) Echo sounding, (4) Echo 
prospecting, (t) Total Internal reflection of sonnd. 

4. Inscribe experiments to show that sonnd waves are reflected, refracted 

and can also Interfere. (Bom. U. 1941) 

B. Write notes on phase change of reflection, (C. U. 1956) 

6. Explain the prodnction of echo. 

A man fires a gon on the sea shore in front of a line of cliffs. A man 
standing 30Q feet away frbm the gun and equidistant from the oliffa noticed that 
the e<fliio takes twice ae long to reach him as does tha direct tepcrt. Hnd by 
oaleculation or graphically the distance of the gun from the cliffs, {0. XT. 1939) 

{Am. aWSfsitl • , 
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7. A oannon ia plaoei 560 yards from a long petpendienlat line of smooth 
cliffs. An observer at the same distance from the cliffs hears the oannon shot 
4 seconds after he sees the flash. If the velocity of sonnd is ItOO ft. par second 
when he will hear the echo from the cliffs r 

[Ana. 1 sec. after hearing the direct report] 

8. Explain with figare how the sound waves are refracted due to the wind 
and also due to the variation of temperature. 

9. An observer at a certain distance from a cliff notes that the Interval 

between the sound he makes and its echo is 8 secs. He walks 550 ft. nearer 
and the oorrespooding interval reduces to 2 secs. Find (a) the velocity of sound* 
(6) the obaervet'd original distance from the cliff. (C. U. 1966) 

[.dns. (a) 1100 ft>/seo. s (6) 1650 ft.] 

10. .Explain the prodnotiqn of echo. Explain how this can be utilised in 

measuring the depth of the sea. (C. U. 1966) 



CHAPTER IV 


INTERACTION OF SOUND WAVES 

36. Principle of Superposition and Interference of Sound :— 

Whe two systems of waves travel through the same medium 
simultaneously, the actual disturbance at any point of the medium at 
any instant is the resultant of the component disturbances produced by 
the waves separately, i.e. the actual displaoemmt of a particle at anil 
point in the medium is the vector sum of the displacements which the 
waves would separately produce. This is known as the principle of 
enperpoeition . It holds good also for other vector quantities like 
velocity, acceleration, etc. associated with the waves but not for the 
scalar quantities like intensity, energy etc. The principle gives us a 
ready method of finding the resultant effect of displacement, velocity 
or acceleration at a point in the medium when two waves simultane¬ 
ously reach there. This resultant is obtained by apidying the vector 
law. If the compressions of the two waves arrive simultaneously at 
the same point, i.e. if they are in the same phase^ then they will 
combine to produce large compressions ; and similarly two rarefac¬ 
tions arriving at the same point at the same instant will intensify the 
rarefaction. But if the two waves are exactly similar^ and if condi¬ 
tions are such that the compressions of one wave fall upon the rare- 
factions of the other, t.«. if they are in opposite phase, then they 
completely annul one another and the result will be the absence of 
any disturbance in the medium at that place at that instant and the 
two sound wq^ves, in such a case, will produce silence. This is the 
prineiple of toierference of sound. 

By dropping two stones into a pond simultaneously at twQ neigh¬ 
bouring pointa, two sets of ripples are produced and when thesS 
ripples meet one another, a definite interference pattern is observed. 
Some lines can he seen along which the water particles are undistur¬ 
bed and there are other intermediate lines along which a matsimum 
distdrbiuice occurs* Similarly, for sound waves, the compressions of 
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one set may serve to neutralise rarefactions of another set at some 
jioints of a medium and to reinforce the compressions of the other 
set at other points of the medium. 

87. Stationary Waves:— Whan tufo sets of progressive waveSt 
having the same amplitude and periods hvJt travelling in opposite 
aireeUons with the same velooity meet each other in a confined space, 
the result of their superposition is a set of waves, which only expand and 
shrink but do not proceed in either direction. Tf^se waves are called 
stationary waves. They are so called because they remain confined 
in the region in which they are produced and are non-prc^ressive in 
chaiseter. Moreover, the nature of vibration at each position alone 
such a wave is fixed. 

Stationary vibrations may be longitudinal as well as transverse in 
character. In the case of an organ pipe the longitudinal waves travell¬ 
ing from one end of it get reflected from the other end and travel 
back. These direct and reflected waves, identical in character but 
opposite in direction of travel, have also the same velgoity and so they 
produce longitudinal stationary waves within the organ pipe. When 
a string stretched on a sonometer between two bridges is plucked, the 
transverse vibrations travel along the string and being reflected from 
the bridges travel in the opposite direction with the same velocity. 
The direct and the reflected disturbances are identical in character, 
but travelling in opposite directions produce stationary vibrations 
transverse in character which remain confined within the string 
between the bridges. 

Unlike in a progressive wave, here the particles in the confined 
space lying along a line do not successively pass through similar 
movement, hut each particle vibrates in a simple harmonic manner 
with an amplitude which is fixed tor it. The amplitude is minimum at 
equidiBtant fixed positions along the confined space, i.e. the partides 
at such positions are x>ormanently almost at rest. Such positions are 
called podos. From one node to the next, the amplitude of vibr^ion 
of the successive paidiicles gradually increases to a nuaimum (double 
of the for each eofistituent wave) midway between the two 

no4es, imd then decreases to a minimum at the next node, but the 
piart^l^ l^ween the two consecutive nodes are always vflbrated ip 
tiitrhe ^iie ^ phase. 27ho pputi^s of maximum amiditude aru isalled 
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antinodes. If the displacement is positive in the regioh between two 
consecutive nodes, the displacement is negative in the region between 



Figo 29 —Formation of Stationary wavea 


the next two nodes, i.e. the particles between two consecutive nodes 
differ in phase by ISO"* from the particles between th^ next , two 
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consecutive nodes. The positions of the nodes and antinodes are fixed 
and their features are invariable. This distance between two conse¬ 
cutive nodes (or between two consecutive antinodes) is equal to half 
■the wavelength of either of the two superposing waves. 

(a) Graphical Representation of Stationary Waves.— 

In the first diagram of Fig. 25 is shown graphically the super¬ 
position of two identical transverse simple harmonic progressive 
waves travelling in opposite directions the displacements of which 
are in phase at all points. The full curve represents the resultant 
wave obtained by adding the ordinates, i.e. the displacements of the 
two dotted curves. The second diagram in the figure shows the two 
waves and their resultant, at a time JtT later than the first ; that is, 
•each wave has advanced one-eighth of a wavelength (x), one to the 
right and the other to the left. The third diagram shows the waves 
%T later than the second, ue. iZ* later than the first and one of the 
dotted curves has moved to the right farther than the preceding 
one and the other to the left farther than the preceding one. 
The dotted curves exactly neutralize one another and the resulting 
disturl)ance is represented by a straight line. Similarly, the fourth 
*nd the fifth diagrams represent the waves and their resultants 
respectively after times ^3? and JT. By taking time §7*, fT, etc., 
it will be seen that the same t changes are produced in the reverse 
order. 

Note that the points of the full curves marked N through which 
dotted vertical lines pass are always at rest. These points are the 
nodes. The points midway between the node are the antino Us or 
loops. These are points of maximum disturbance. . The resultant 
disturbance simply shows a change of form from instant to instant 
as given by the full curve, but there is no forward or backward 
motion of the wave as a whole.* Such waves in which the pjsitions 
of the nodes and antinodes are fixed are called Stationairy waves. 

(b) Mathematioal analysis of Stationary or Standing wavea.^ 

When two progressive waves of identical period (heUce frequency) 
and amplitude travel along the same straight line but in opposite 
directions the resultant wave will be stationary in character. Th» 
:^n be analytically shown in the following way^ * 
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The equation of displacement of a progressive wave moving in the 
positive direction of is represented by, 

... ... a) 

The equation of a similar progressive wave of same period and 
amplitude but moving in the negative direction of m is given by, 

sin ... ... ( 2 ) 

If these two waves are made to superpose, the resultant displace- 

ment at an instant t is given by, 

• ^ 

= ^ a sin to t - ^j+a sin 


' 2 a cos sin a>t 


s* 2 a cos “ sin a>t 

A 

= 2 a cos -- - sin —tt* 

A I 


... ( 3 ) 

... (4) 


The equation (3) or (4) evidently represents a stationary wave. 

That this resultant wave is stationary is evident from the fact that 

here y varies as the sine function of t and as the cosine function of x 

and as such if t is changed by ^ f, it is not possible to change x by 

an amount independent of t so that y once agftin takes up the same 

value as before. So the nature of displacement at a particular instant 
... • 

is stationary and the disturbance is no longer a progressive one. 


In either of the above equations the sine function containing t is 

e'vidently periodic in nature and hence tho amplitude of the result- 

, • • u o 2 ir 3 j Ty __k 3^ .. ( 2 n+l)k 

ant waves is given by 2a cos Hence if ® ’ —' 4 — 

i,e. when x is an odd multiple of ^ the amplitude vanishes. Hence 

4 

here, 2 /■*0 for all values of t. These are the positions of the node* 
occurring at inte^als of distance equal to 

Again when >.#.» when x is aero or 4ny even 


1) 




, ? ' 
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multiple of ~ • the amplitude is maximum either in the positive or in 
4 

the negative direction (i.e.f 2a). Hence ± 2a sin 

These positions spaced midway between the nodes correspond to 
the positions of the antinodes where the maximum f amplitude is t^ice 
that of the constituent progressive waves, * e. either + 2a or - 2a. 

88. Velocity and Acceleration of a particle on the Stationary 
Wave ;—Since the displacement of a particle on a stationary wave is 
given by, 

ys=2a COB — sm 

the velocity of the vibrating particle is, 

— "2 aw COB cos o>i. 
dt V 

The aceeleraticyn of same particle is given by, 

=“ - 2ao>^ cos — sin o>t. 
de“ T 

The slope of the displacement curve of the stationary wave, 


ie. 


dy 2ao> . 

^ *s — sin - 7 > sm oit 

dx V y 


and its curvature is 


dx' 


2aw^ (ojB . 

■-cos — sm w< 

• JL 

>■' dt*' 


• d^y ^ d^y 

* * dx^ 


Note : Change of Phase by Reflection :— 

Let the displacement, ^i, of the incident wave be, 


Vi—o sin 


of the wave reflected from an yielding or rigid surface and 
'in the opposite sense he.' 



■‘-‘ 'a'?',,!' .V'.’’ 
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Va ** wa sin « 


where m is an unknown factor arising out of reflection. 

At a;*0, the resultant displacement, 

*»(l+w) a sin 0 )^ ... (l) 

Again if we consider a length dx of the medium of unit cross-sec¬ 
tional area wherein increased, pressure Ap causes a slight change 
in displacement —dp, we can write the volume strain due to a stress 

A 2? to be —3^. 

ax 

Hence the volume elasticity is jEf= — * 


or, Ap 


.dx 


E'i 

For the incident wave Api= -- cosw 

JFnmo 

and for the reflected wave Apa—-^— cos o) 


H) 

(•+?> 


So when a; = 0, total pressure change, Ap—Apj + Apa 


== (1 - cos tot 


( 2 ) 


'At a rigid surface, p*0. 


m' 


— 1 and A p — 




cos tut. 


But at an yielding surface, Ap*®0, and sin wt. 

Thus on reflection from a rigid wall, there is a change of phase 
It of the displacement but not of pressure and due to reflection from a 
free end the displacement suffers no change of phase but the pressure 


does. 

Pressure Variations at nodes and antinodes of a Stationary 
Wave ;— 

As the variation of pressure- Ap in a sound wave is given by 
^j,*-A;^(Art. 38. Note), and y, the displacement in a standing 


«y.isgiv.n b,v-2«co8?f5sin|^«.by correlating thcBc relation. 

tba preunte variation, at the ■oi.i and ahOBoJw of, a 
'prqsp^^^e wave:. .v-v' 
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rr dv 4*a . 2jr.r . 2* . 

Here, --^sm-sin^ t. 

diP A. T 

• 2»a; . 2rr . 

. . Ap» --- sin --- Bin —~i. 


So the amplitude of this iiressure variation is 

A 

\ k /rt„ I \ 

At the nodal 


sin 


points, a;“ 7 , — ..^; hence, sin-«=1. 

4 4 ■ 4 A 


The amplitude of pressure variation at the nodes is 4«6 Ij&/X 
and is maximum at these points. 

At the antinodes, a;s*0,X„..^ ; hence, sin ^^=0. 

2 2 A 

Hence the amplitude of pressure variation is minimum at these 
points. 


89. Progressive and Stationary Waves eompared :— 


ProgresBive Waves 
(t) All particles of the medium 
•execute periodic motions about 
'their mean positions, and have 
identical motions (with the dis- 
'tance from the source increasing, 
the amplitude will, however, 
decrease gradually from one 
particle to the next). 


Stationary Waves 

(>) All particles of the medium 
(except at some equidistant iioiuts) 
execute periodic motions having 
amplitudes which are fixed for 
them. From a definite particle 
along the line of propagation the 
amplitude increases gradually 
from a minimum to a maximum 
at some other definite particle and 
then decreases in the same 
fashion to a minimum again. This 
is repeated throughout. The points 
where the amplitude is minimum 
are called nodes and the points 
(midway between the nodes), 
where the amplitude is maximnm, 
are called antinodes. The period 
of motion for .the particles is the 
same as that of the 
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Progreisvoe Wam^ 

{U) The wave travels onward 
with a definite velocity and* the 
disturbance is transferred from 
particle to particle in the direc¬ 
tion of propagation. 


(tii) The movement of one 
particle begins just a little later 
than its predecessor, or, in other 
words, the phases- of the particles 
change continuously from one 
particle to the next. 

(iv) Each particle of the me¬ 
dium in turn goes through a simi¬ 
lar -movement, similar changes 
of pressure, density, etc. as a 
complete wave passes through it 
and is restored to its initial condi¬ 
tion after the periodic time. 

(u) In a complete vibration 
there is no instant when all the 
particles are stationary. 


Stationary Waves 

in) The wave is. not bodily 
transferred from one part of the 
medium to another ; and the com¬ 
pressions and rarefactions or the 
crests and troughs, in the case of 
longitudinal waves or transverse 
waves as the case may be, merely 
appear and disappear without 
progressing in either direction. 

(itt) At any instant all the 
particles in any one segment, ».«. 
between two consecutive nodes or 
antinodes, are in the same phase, 
but the particles in two consecu¬ 
tive segments are in opposite 
phases. 

(iv) The iiarticles at nodes 
undergo maximum change of pres¬ 
sure and density while those at 
antinodes undei^o minimum 
change of pressure and density 
throughout a iwjriodic motion. 

t 

(v) Twice in each complete 
vibration all the particles are at 
rest at the same moment. 


40. Interference of Sound :—As has been already mentiont^, 
that if two sound waves of same amplitude and frequency are 
made to superpose, under certain conditions the resultant sound 
will be intensified. while under certain other conditions they will 
produce silence. This phenomenon is known as ini»rfm‘8nos of 
MOmd, The phenomenon is similar to thkt in optics wil^; the ^ 
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. difference tiiat in optical interference the interfering trains 

must have their origins in the 
same source whereas in acousti¬ 
cal interference this condition of 
coherence is not essential and 
interference may take place even 
between sounds emitted from 
different sources. But the ampli¬ 
tude and frequency conditions 
must be nearly satisfied. 

Let S\ and (Big. 26) be 
two sources emitting sound 
waves of the same frequency and amplitude. When the waves from 
Sx and S 2 reach the point P, they are to traverse unequal paths. 
So a path difference d is- introduced between them where S 9 N 

’SzP'^SiP, Hence a phase difference is introduced be¬ 

tween the two waves (displacement type). If this phase difference 
be zero or even multiples of n, the two may be supposed to be in the 
same phase and as a result the two waves will reinforce each other. 
Again if this phase difference be an odd multiple of ir, the two waves 
meet in opposite phases at P and hence they produce almost a silence 
there. 

So the condition of reinforcement, is, 

or 2nff where n is zero or an integer, 
and that of destructive interference is 

<^={2n-l-l) It where n is zero or an integer. 



ConditioQB for Interference of two Sounds.— 


In order that two wave trains may successfully interfere the 
following conditions must be fulfilled by them :— 

■ \ (1) Component waves must have the same frequency and 


.it’- 


otniditude. . • « 

{^) The two waves should be similar with regard to their 


The ;dia^ceinecdffi censed by them must be in the same lino* 
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41. BiQierimental Demonstration of Aeoustioal Interferenee ;— 

(a) Quincke’s tube. —Two separate sources producing waves 
satisfying the conditions for interference cannot be realised in 
practice. That is why, in practice, the waves from a single source are 
divided at a point and 
made to reunite again 
at some other region 
after travelling paths 
of different lengths. 

Quincke based his 
arrangement on this 
principle, and his appa- 27 

ratus consisted of a mouth-piece A connected to the two limbs B and 
0 which combine again into one tube EF against which the ear is 
placed (Fig. 27). D is a sliding tube, by drawing it in or out the 
length of the path AC DE can be suitably altered. A vibrating tuning 
fork T is held at A and the resulting sound at F is heard. When the 
sliding tube is at D, the paths ABE and ACDE are equal so that the 
two waves passing through them meet in the same phase at F and 
produce a maximum sound. The path ACDE is then increased by 
drawing out the sliding tube D until a position Di is obtained when a 
minimum sound is produced. The difference in path between ACDE 
and AODiE is half the wavelength. By further drawing out the tube 
D from 0| to Da, again a maximum sound is obtained, the shift so 
made being equal to half the wavelength again. Thus the full wave- 

a 

length of the sound used is obtained. 


(b) The formation of stationary waves.— 

This is another way of demonstrating the interference of sound.- 
In instruments like organ pipes, sonometers, etc. stationary waves are 
formed due to interferenee between the incident and the reflected 
waves. At certain positions the displacements of these two' waves are 
always in opposite phases and the resultant displacements are zerp/ 
bhere. These 4*^ the nodes of the stationary wave. At the antinodes 
the two displacements are sometimes in the same phase and some¬ 
times in the opposite phases. So here the displacement varies from 
a to zsro «:eording as the phase difference permits^ . 
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(e) Interference of Sound with a Tuning Fork.— 

When the two prongs a and h of the tuning fork are nearest, 
together they compress the air between them and hence set up a 
rarefaction on the other side of each prong. Exactly r/2 earlier, 
where T is the period of vibration of the fork, the effect was just the 
. 0 |iposite. A rarefaction existed between the receding prongs while 
a compression was formed in front of each of them. The alternate 

compressions and rarefactions 
created between a and b 
advance in a direction perpen¬ 
dicular to ah and those created 
on the other sides of the 
prongs spread out along ah 
(Pig. 28). These sound waves 
interfere and produce silence 
along the directions shown by 
the dotted lines. They may be 
detected by slowly rotating the 
fork near -the ear when 4 
distinct positions (« a. along the 
Unet of stlanca) of minimum sound can be exactly located. If an air 
column resonant with the fork is taken and the fork -slowly rotated, 
minimu m gound will be heard when the lines of silence pass along 
the ain column. 



42. Beats :—^When two sounds preferably of the same type and 
intensity but with slightly different frequencies are produced 
together, a fluctuation of loudness (waxing and waning of sound) 
occurs at any place in the neighbourhood of the sources of sound due 
to the mutual inter¬ 
ference of two notes. 

In the resulting 
iMmnd-wave the 
epmpoi^ent waves 
jmiodieidly rein- 
each other at 



.Ihstani of time 


mg, iS-TFomaUdu of Baahi. 



iie^roy pther bthet, instant of thhn io Ihh 

. . ’ ' ' ^ 1’ J j,-. *; .vti 
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sound heard possesses a characteristic throbbing or beating effect. 
Thii phenomenon «s known as beats. 

(a) Graphical method. —In Fig. 29, the dotted curves represent 
two wave systems (arranged on the same axis)* produced • by 
two vibrating forks of slightly different frequencies. At 
the beginning of a given second, the two forks are swinging 
together so that they simultaneously send out condensations, 
and the result of the two condensations will produce a double 
effect upon the ear (as at A in Fig. ,29). But as the frequencies 
of the forks differ, the subsequent effects upon the ear is 
represented by the continuous curve, which is the result of combining 
these two wave systems, and is obtained by finding the vector sum of 
the separate displacements, as time passes. 

It is evident from the nature of the continuous curve that its 

m 

amplitude varies in a periodic manner, being maximum at A and C, 
and minimum at B, due to which there is a periodic change in the 
intensity of the sound heard. At A, when the vibrations are in the 
tame phase, the resultant displacement is the sum of the displace¬ 
ments of the two component waves, and at these are in opposite 
phases, and the resultant displacement is given by their difference. 
As the loudness depends upon the amplitude of vibration, the sound 
heard for small intervals corresponding to instants A and C, is the 
loudest when the amplitudes are maximum, and it is minimum at B 
when the amplitude is minimum. Such fluctuations of loudness of 
the sound are known as beats. 

Suppose two tubing forks having frequencies 256 and. 267 per 
second respectively, are sounded together. If. at the beginning of a 
given sound they vibrate in the same phase so that the compressions 
or rarefactions of the corresponding waves reach the ear together, the 
sound will be strengthened. Half a second later when one makes 12S 
and the other 128^ vibrations, they will be in the opposite phaseti i.e,- 
a compression of one wave will unite with a rarefaction of the other 
and will tend to produce silence. At the end of one second they will 
again be in the same phase and the sound will be augmented, and by 
this time, one fork will gain one vibraiaon over the other.. Thu#, in 
the resultent sound the observer wiU hear the mazlxnum of loudness . 
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.»t every interval of one second. Similarly, a minimam of loudness 
will be beard at an interval of one second. As we may consider a 
aingle beat to occupy the interval between two consecutive maxima 
or minima, ih$ heat produced in the above case is one in each second. It 
is evident, therefore, that when two sounds of nearly the same vibra¬ 
tion frequencies are heard together, the number of beats per second 
is equal to the difference of the frequencies of the two vibrating 
sources. Thus, if nj and w . (»| >n^) be the frequencies of the two 
sources then the number of beats per second is equal to (w| — n 2 )* 
Thus, the number of beats heard per second is numerically equal to the 
differertoe in frequencies of the two sounds. 

(b) Analytical method.—Suppose two sounds of slightly 

^^fiferent frequencies are produced together. Let the smaller of the 
two frequencies be ni and the other greater than it by n. Assuming 
that they start with the same phase, displacements produced by the 
two wave systems at a point at some instant of time t will be given by, 
yi*»a sin and yg—sin 2/7(w|-+-«)<.• 

By the principle of superposition, the resultant displacement will 
be given by, 

sin sin 2Jr{ni+»)i 

==sin 2 nn\t{h cos 2;r nt+a) hft cos %nn\t. sin 2 nnt. 

This equation represents a wave equation which mav be condensed 
into the form y^F sin (2lr»|^+«<), where i?’is its amplitude and •<, 
the epoch. The values of and < can be found by comparing the 
two equations and equating the coefficients of sin 2 nnxt and 
cos 2rtn\t. That is, 

F COB < — h cos 2w»t + /7, and F sin <.=*6 sin 2nnt. 


By squaring both sides and adding, 

jfr'aai* sin* 2*«f+6* cos* 2*»t + 2a6 cos2ir»f 4'fl* 


! a* h* -f 2a^> oos 2 


Also, 


tan <’ 


b sin 2irnt 


(V 

( 2 ) 




■■ » 

'y " 


b cos 2irnt'fa 

It is evident from (1) the amplitude of the resultant wave varies 
with time. . It assumes maximum and minimum values as fellows'-: 

J V 

m 

‘ I ’ i , t ' ' f ' 

whin i • 4 -, cos 2*»f« J, F wa- 5 (minimum), 
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3 5 7 

similar is tbe case when 4®*—, ' etc- ; 

2n 2n 2n 

when i = 0, cos 2»ni = l, fmaximum) ; 

also when cos 2»wt®*l, F—a+b (maximum). 
n 

2 3 4 

Similar will be the case when -.etc. 

n n n 

Thus in ah interval of - second, two maxima and an intermediate 

n 

minimum take place. Similarly, it can be shown that between two 

minimum sounds, a maximum occurs in a period of - sec. So the 

n 

number of beaU (two successive maxima or two successive minima 
produce one beating effect) per sec. is eqtial to the diffefenoe of the 
frequencies^ (ni+n)—nj=w. If the two wave trains have identical 
amplitudes, i.e. if a ~ h, the amplitude of the resultant wave varies 
from’ 0 to 2a. The resultant wave, v=F sin (*2wwjt+<), has a frequency 
»i and its phase difference with the original vibration is not a 
constant but changes with t. 

43. Tunios Instroments : —It should be remembered that beats' 
can be heard only when frequencies of the notes are nearly equal 
to each other ; if their difference is greater than 15 or 16, separate 
beats cannot be heard and a discordant unpleasant noise is the result. 
It is for the above reason that musical instruments are tuned by means 
of beats. If beats Are heard between the first overtone of a lower 
note and its octave, say, in the case of a piano or organ, it is a sure 
test that the instrument needs tuning. Beats are not heard when the 
frequencies of the two sounds are exactly equal. 

44. Detwmination of the Frequency of a Fork by the method 

of Beats': —^Two forks having nearly the same frequency are mounted 
on sounding boxes and sounded together. The number of beats 
in any time is counted by means of a stop watch, and from this, 
the number of beats per second is determined, which is equal to 
the difierence of the frequencies of the forks. By knowing the 
Vibratiw freqnwcy of one of them, that of the other csm. be detm^mined. 
fxt hnm vMh 0 r the of iU ffbm Mh anil h» higUr or Umm 
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than thai of othWf one of the pronge of the given fork ie loaded with a 
little wax, and the number of beats per second is again determined. 
The frequency of the fork is diminished by loading its prong. Hence 
if the number of beats per second obtained after loading the fork is 
greater than the number obtained before, the frequency of the given 
fork must be less than that of the known fork ; if the number be less, 
then the frequency of the unknown fork is greater than that of the 
known fork. 

N.B. —The frequency of a fork may be increased by filing it. 

The uses of beats are in (o) finding frequency ; (b) tuning 
instruments. 

45. Beats and Interference compared :—Beats occur when the 
amplitudes of vibration of two waves travelling in the same direction 
are almost or exactly equal. In interference, the amplitudes of the 
two waves moving either in the same or in the opposite direction 
should be nearly equal. The displacement at any point due to the two 
wave-trains must be collinear in beats as well as in interference. In 
beats the frequencies of the two notes must not be equal but should 

♦be nearly so, whereas in interference the frequencies of the two notes 
must be identical. In interference the positions of maxima and minima 
are fixed so that the phase difference between two waves at any'point 
remains constant. But in beats the phase difference between the 
waves at a point changes continually from 0 to ar. In interference, as 
the pattern is fixed, the amplitude at a point remains constant but it 
varies from point to point. In beats the pattern of maxima and 
minima moves with the velocity of sound and due to its progressive 
nature the amplitude at a point varies from a maximum to a minimum 
with time. - 

46. Combinational Tone :—When two tones of frequencies n\ 

^nd are produced simultaneously and preferably act* on the same 
jjiystem. the resultant sound is found to consist of tones of various 
frequaucies over and above the original ones (i.e. nx and and their 
overtones. These additional tones are fonad to possess frequencies 
which may be obtained as a result of combination of m and in 
vi^us trays, e,g, (*l| -i-2»i) etc, 

<4 them may have a high intensity as well, AU these tones jmps 
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known as combinational tons. The tone of frequency (n|was 
first observed by Sorge and later Tartini and has been named by* 
Helmholtz as the dt#arenc 0 tone. The tone of frequency (ni+n^) has 
been termed as the summation tone. The tone which are overtones of 
the fundamentals, i.e. of' frequencies 2n| and 2ns» called self- 
combinatxon tones. All these different ty()e8 have been included 
under the general name of comlnnational tone. 

Lagrange and Young suggested that the difference tones and the 
beats are identical. It is only when the beats are produced with 
sufficient rapidity that a new tone—called a befit tone is recognised. 
Accordingly it should only have a subjective existence. Only when 
number of beats are formed at a rate greater than 16 per sec. that 
the new tone (beat tone) will be perceived as a separate one. This 
beat tone theory was discarded by Helmholtz in view of his observation 
of tones of frequencies (ni The formation of such summation 

tones and other types of combinational tones were explained partly 
by Helmholtz in his intensity theory. Here he assumes that the 
superposing tones are produced with a great force and as such have 
large amplitudes. The corresponding restoring force does not linearly 
vary with the displacement. It is rather of the form, /—ax+hx^ + eaj* 
. Here the terms containing the even power of x introduce the 
asymmetry because with the change of sign of x they do not change. 

Under the joint action of two forces the restoring force may be 
supposed to be linearly proportional to the sum of the displacements 
due to the two forces only when they are very small. But when these 
displacements are large their higher powers cannot be neglected which 
become rather prominent, thereby producing combinational tones. 
Considering the restoring force to be proportional only to the first and 
second powers of the displacement. Helmholtz has shown that due to 
double forcing (on account of two different sound sources), the frequen¬ 
cies n], ns, 2ni, 2ns> nj+n8 and ni'-ns can be obtained theo¬ 
retically.* Analysis with higher powers of displacement reveals the 

* Both in the caM of large' amplitade vibmtions as well »• In asyaunetelo 
▼IhEations, the reetoring force la of the form oa+'b-a** neglecting the terli9So<nu 
teindog higher powexa of displacement. So If siieh 'a yibtati)D|E f^yslem he i^nbfeotad 
to the joixit aothni of’ two periodic foroea, jkhe eone^^ndiag\eqiiath}|| of 
.^tlitt'hegifenl^k ,"V' 
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existence of a large number of these combinational tones. According 
to this theory the intensity of the dif^rence tones will be of the same 
order as that of the summation tones. But actual experiment shows 
that the difference tones are generally more intense. 

The experiments of Edser and Bucker using a double siren, and 
Michelson’s interferometer conclusively established the objective 
existence of the combinational tones. The sounds from a double siren 
were concentrated by a horn on to a light plate attached to one prong 
of a mounted tuning fork. The other prong carried one of the mirrors 
of Michelson's interferometer, wherein a steady band system was 
secured by the usual arrangements. When the the natural frequency of 
the fork was so chosen as to correspond to tone of the expected fre¬ 
quencies of the combinational tones, it began to vibrate and the 


»M-l^+ax+6x*— Foos nit + G cob {nat-8); 

cos njf+fif 008 (tiai—S) 


... ( 1 ) 


vAero Hss6/m,/«:?!, j7=»^ aud n,, represent the oircalar 

M tn m 

frequencies of the impressed forces. ^ 

Ignoring the free vibrations for the time being and considering only the term 
InvclviDg the first power of the displaoement (i.e. w*x), we get, 

^;^+«*X“/oo8 ni<+p cos (nat-«) ... ... ... (2) 

al* 

whose eolation will evidently be of the form, 

x—d 008 njf + H COB (naf—d). 

v^abstitnting thMe valnes in (9), we get, and Bae -2-- 

, w*—Wi-* »•—n," 

Patting thig value In the JSTx" term, the suEgested eolation will be of the 
form* 


X ssA 008 +B 008 (na<—d)+C-i-D 

+B oos 2(n,i-3)+Fi ooe dni+nalf—dl-j-Gj oos [(Wi—naJ<+S] ... (S) 

EvaloetiUg eahstitating the results in equating to the 

oi* o* 

Sk* t«m, we get 


0—^ W+B-). D 

py-"-- 


XA* 




.. JB— 


JTB’ 






— ilJSS 


i> evident thM ai^ a netfit of donhla teeolng Iha reiultaiit 

•i# +*•«) aod{**1 "**t»)* 
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steadiness of the fringes was disturbed. In this way the existence of 
summation and difference tones was proved and the ohjectiviiy of the 
combinational tone established. 

The main objection to Helmholtz’s theory is that the large inten* 
sity of the primary, necessary for the production of difference tone- 
(or combinational tone in general), is not actually corroborated by 
experimental evidences. 

Waetzmann introduced a general theory of aeymmeiry wherein he 
tried to reconcile the beat tone theory’ and the intensity theory of 
Helmholtz. He also established the objectivity of the combinational 
tone by the introduction of his theory. If an asymmetrically loaded 
membrane be subjected to double forcing, the resultant vibration can 
be photographed with the help of sand particles sprinkled on the- 
membrane'. This vibration can be shown by actual Fourier analysis 
to consist of tones of frequencies nj, ng, n\““n% and 7 ^ 1 ,+ns, etc. Thus. 
Waetzmann supposed the combinational tone to be produced by an 
asymmetrically loaded membrane under the joint action of two forces.^ 
The drum*skin of the ear being loaded on one side by the bones, it- 
. may be considered as an asymmetric system. So under the action of 
two external forces {i.e. two sound waves) the combinational tones, 
are subjectively proflueed in our ears. 

■47. Dlffraetion of Sound: Acoustical shadow :—The bending 
of the wave at the edges of an obstacle is known as diffraction.. 
In light, we know that whenever an obstacle is placed in the* 
path, of the rays, a defined shadow of the obstacle is formed. On. 
careful examination it is found that there is some amount of blurring 
at the bounding lines of the shadow.^. This is due to bending of the 
rays at the edges of the obstacle, i.e. due to diffraction of light. In 
the case of sound the effect is. more pronounced. If in a closed rooin» 
one of the windows be slightly opened, the sound outside will readily 
spread out in all the nooks and corners of the room due to the 
considerable diffraction .effect in sound. This is because of the larger' 
wavelengths of sound waves. It is for this reason, the shadows of the 
aeousUeal ohsktoles are never as well defined as the optical shadows. 
Moreover, due to their larger wavelengths sound nan easily bendl 
round big obstacles without casting any ehidow. But if tW' 
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be very big compared to wavelength an ill-dehned acoustical shadow 

way be obtained. To have an acoustical shadow of a moderately sized 

obstacle. tJie sound waves must be of smaller wavelengths. 

Just as light waves can be made to form definite diffraction 

pattern when passed through a ruled grating, sound waves of shorter 

wavelengths can also ho diffracted by a suitable grating of larger 

grating space (1 cm. or more). The wavelength of sound has been 
# * 
successfully determined by this method. 

The action of megaphones provides us with an interesting example 

of acoustical diffraction. The sound coming out of the open end of 

a conical megaphone spreads out. The amount of this spreading is 

greater, the smaller the opening compared with the wavelength. This 

is due to the diffraction of the sound waves at the edge of the narrow 

* 

opening. If, however, the opening be large compared with the wave¬ 
length, the diffraction is less and hence the sound spreads out to a 
lesser degree. So the directive property of the megaphone increases. 

Szamples 

(I) A set of 94 tun%ng forks 4s arranged 4n a sertes of increaatng frequency, 
if each fork froduem 4 heats v>%th the preceding one and the last fork sounds 

the octave oj the ftrst, calculate the frequenetes of the first and the last fork. 

(Bom. U. 1954) 

Ans. Bino« the fieqoenoy dilfaieaoa between two oonaeontiTe fdrks ie 4 and 
ae there are 24 forks In all, the difference in fregnenoy between the let and the 
last fork la 4x23—92. Again from the given condition of the problem the 
Ireqnenoy of the last fork la double that of the first. So if n be the frequency of 
the Brat fork that of the last will be 2n. Hence the difference Is 2n--na>n. 

.*. «—92—the freqnency of the first fork and Sn»184«ithe frequanoy of 
the last fork. 

(9) Oaloulate the velocity of sound tn a gas in which two wavef of Ungfh 
40 and 60'6 cm produce 6 beats per sec, 

Ans. We know w\«f> where v is the velocity of the aound wave, X its wave 


length and n ita frequency. 


(Pat. U. 1959) 


For the lat wave n^ XSO-F or wifi fo* the 2nd wave, x50'5<m7. 


60 


. Here, »» > 

••• -.-.-e-’' 


O^S 

2695 


F»6x2x3S25»m./aeQ.m30300oiik.peciee. 
>^303 nstiea per see. 


1 
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Questions ( Chapter IV ) 

I. State the chief oharaoterlsties of startionary waves showing partlcnlarly 

bow they difiei from progressive waves. [0. U. 1936 ; cf. 0. U. 1988] 

3. Derive an aaalytloal expression for stationary wave and dednoe its 
eharaoteristloB. [E. F. U. 1953 : cf. Baj. U. 1949] 

3. Clearly distlogaish between progressive and stationary wave. 

(Utk. U. 1965 ; cf. C. U. 1963] 

A wave is propagating along a row of partioles from a sonroa having B. H. M. 
Find an expression for the displaoemant y of a particle at a distance x from the 
source at time t. Hence show that every particle auooessively attains all the 
phases that slmnltaneoualy exist in the row of particles. (0. U- 1937) 

4. Write notes on stationary waves, (0. U. 1956) 

5. Dednoe equations of the progressive wave and of the stationary wave and 
from the latter derive the characteristic properties of stationary waves, 

(A. U. 1935, '44) 

6. Distinguish between (al transverse and longitudinal waves. (6) stationary 
and progressive waves. Which of these waves cannot exist in a gas and why ? 

(Bom. U. 1964) 

7. Explain by means of a diagram the produotlon of beats. (0. U. 1984) 

8. Qive mathematical investigation of the production of beats. 

(cf. Utk. U. 1966) (cf. C. D. I963i (All. U. 1954) 

9. Write a short note on combinational tone. (All. U. 1932 ; 0. U, 19S3) 

10. Write short notes on the following (a) Interference of sound waves, 
(b) beats and (c) combinational tones. How can the existence of these 

phenomena be shown ? (cf. C. U. 1964) 

II. Two tuning forks A and B are sounded together and 8 beats per second 
are heard. A is ,in resonance with a column of air, 32 cms. long in a pipe 
closed at one end and B is similarly in resonance when the length of the column 
is Increased by one centimetre. Calculate the frequency of the forks. 

(C. U. 1960) 

[Ana, 364 ; 266 vibs./seo.] 

IS. An organ pipe produces 8 beats per sec. when sounded with a fork of 
266 vibrations per sec. the fork giving the lower note. How much must be the 
length of the pipe altered to bring it in unison with the fork ? (O. U. 1968) 

[Ans. Increased by 1/33] 

13. Explain the difierenoe observed when sunlight enters through an open 
window and when the audible sound waves enter through the same. What is 
an aooustioel shadow 7 

14. Sixty-four tuning forks are arranged in order of increasing frequency 
and any two suooeasive forks give four iwata per second when sounded tc^ether. 
If the last fork gives the octave of the first, calculate the frequency of the latter. 

(C, U. 1946) 

[Ana. 252] 
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FREE AND FORCED VIBRATION ; RESONANCE 


48. Free Vibration :—^Whenever a body emits sound, it 
vibrates. If it vibratos with a single period witliout any external 
interference, the vibration is said to be free vibration. Even a system 
of bodies connected together may possess a single vibration ijeriod 
which should also be termed as the free or natural period of vibra- 
tion. A tuning fork when struck and left to 'itself will vibrate with 
its natural frequency. 

Though in the above definition of natural period the vibration is 
supposed to be unrestricted in the true sense, no such vibration is 
ever possible. The medium offers a definite resisting or damping 
effect on the vibration. Even the elastic projierty of the vibrating 
body sots up a kind of internal friction so that all actual vibrations 
are always damped. Rut it can be shown that if the damping forces 
be not consideiably large, its effect on the natural frequency is very 
small and as a consequence the frequency of vibration of the body 
even in the case of a resisted or damjied motion may very well be 
taken to be its natural frequency of vibration. 

Free or tinresieted VibrafioD (Mathematieal Analysis).— 

Here evidently the motion is simple harmonic in nature. The 
equation of motion of a vibrating particle of mass m may be written 

as 

+aaj**0. 

dt 


where m 


d*x 

dt^ 


is the inertial force and ax is the restoring force propor¬ 


tional to displacement.t 

when . 

dt* ^ m ' 

The solution of the equation will be of the form sin (eo<48) 
where A and 8 are two constants (vide General Physics, Chap. VI). 

Here the period o/oifNralson is evidently given by, because 
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after each interval offor ts»~or its iimltiples)t the value of 

X will be repeated. This is the natural psrioi of vibration of the 
body. The natwal/rsQuency of the undamped motion is consequently 

• 1 1 CO • 

given by » = ^ 

49. Damped Oscillations (Mathematical Analysis):—^Wheii 
a body of mass m, vibrates in a medium which exerts a damp¬ 
ing force on the body, the equation of motion will have to be 
modified. As the resisting force is found to be proportional to 

dv 

velocity, we can write it as b~ where fe is a damping constant. This 

dt 

force acts against the inertial force m—^due to its motion. Over 

dt 

and above a restoring force, oa;, proportional to the displacement and 
also directed opposite to the inertial force comes into play, where 
the constant a is the restoring force per unit displacement. 

So the equation of motion may be written as, 
d^ X 

or. ; 

di* m dt m 

or, ^—+24^-+co* 2 C “0 ... . . ... (I)* 

dt* dt 

where 24=—“the resisting force per unit mass per unit velocity 

m 

and eD®—- “the restoring force per unit mass per unit displacement. 
m 

Let the trial solution of (l) be 

then, TO As** and ”^“TO*./le"'*. 

dt dV* 

Substituting in (1), A«***(to*+ 2ftTO+co*)”0. 

Hence to® + 2km +w* “ 0. 

.’. TO“ -k± —CO®. 

• Bo the general solution of equation (l) becomes, 

• Sa a . k 




... ( 2 > 



74 


OOLL&OK fHYBlQB 


Depending on the conditions of damping, this solution talces three 
<listmct forms. 

(*) If the damping he very large, i.e! if k>w. is 

positive. Here the displacement x has two terms both diminishing 
exiionentially and as such the displacement quickly falls to zero and no 
vibration is executed. This is called dead beat or over-damped motion 
. SkS is found in a dead beat moving coil galvanometer. 

(m) When k—to, 

the solution is of the form x~ 

— * * 

Ce a**’ 

This represents a non-oscillatory motion Which is critically 
•damped. 

(m) When /c<w, — coS is imaginary. 

Let »J— 0 )^ be written as where »= ^/ — 1 and /S* = co^ — A;*. 

= Oid“*‘ sin + ^ 

where (7i and 3 are new constants. 

The equation evidently represents a damped harmonic motion. 
The amplitude of the vibration is Ce""** which dies off exponentially 
with time. The natural frequency of the damped vibration is here 
instead of the latter being the natural frequency of an 

undamped free oscillation. Since - Jc'* and k is generally 

Tery small, numerically and w are nearly identical for most of 
the cases. 


Example 

If the frequency of 4he damped vibration of a body be 200 c p.e and the 

oecillatwn, dies away to - of its former an^litude in 1 second^ calculate the 

frequency of itefree vibration, 

Ans. At an Instant, t, the amplitade**0 ie~h t. 

After 1 second this will 

.*, Fromthe given condition, 

0 
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Again ^» an-Xfrequency =a»x 400. x 160000=1679200 nearly. 

V «**=^*+fc*« 1579201, Or, w= >/£ 579201 . 

•*. The freanenOT of tree vihretinn-=-^~^ ^15793()1 

an- ^ “4^* 

= 200 c.p.s. very nearly. 

50. Forced Vibration : Renonancn (General Ideas) :—Forced 
Vibration.—Whenever a body or a system is made to vibrate, 
its amplitude gradually diminishes due to the presence of damp¬ 
ing forces and the vibrations will finally stop. So in order to 
maintain ^Jbis vibration an external force must be impressed on the 
body perh^g/hallv so that the energy loss due to damping may be 
replenished. 

This is why the motion of the pendulum in a clock is maintained 
by a wound spring attached to it and the vibration of the stringed 
instruments maintained by continually exciting tliem. 

When an external periodic force is applied to the body capable 
of vibration, and if the pirind of the force is not the same as the free 
period of the hoiu% the body at first tends to vibrate in its own way 
but will ultimately vibrate with a period equal to that of the applied 
force. Such vibrations of the body are called farced vibrations. 

If a vibrating tuning fork is held by the stem in the hand, the 
sound will be almost inaudible even from a small distance, but, if the 
stem be lightly pressed on a table, the sound is much intensified. The 
reason is that vibrations of the fork are communicated to the table 
which is thus forced to vibrate at the same rate. Due to the vibrations 
of the table a large volume of the air in contact is made to vibrate, 
and the waves thus set up are added to those originating from the 
fork, and consequently, the sound becomes louder. 

The diaphragm of a gramophone sound box is a common example 
of forced vibration, where the diaphragm vibrates with frequencies 
corresponding to the tones conveyed from the record. The vibration 
from the sounding boards of musical instruments like violin, piano, 
etc. are also forced vibrations. The sounding board of a violin is fiirsi 
set into forced vibration by the vibration of the strings, and then the 
large mass of air inside the board also vibrates and intensifies the 
sound. 
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Resonance.—^When a body is forced to vibrate due to a periodic 
external force applied to it. it vibrates witli a very small amplitude, 
if the period of the applied force is different from that of the natural 
period of the body ; but when these two periods are the same, the 
body vibrates with a much greater amplitude. The latter phenomenon 
is known as resonance. Thus resonance is a p'irtioular case of forced 
vibr'iUon and is produced when one body forces vibration on a second 
body whose natural frequency of vibration is equal to that of the first. 
The principles of forced vibration and resonance may be illustrated 
by the following experiment due to Barton. 

* 

An India-rubber cord CC (Fig. 30) three to four metresjj^ length 
is horizontally stretched between two rigid supports. The cord should 

be rather a bit 
^oosely stretched. 
A pendulum of 
heavy bob i A is 
suspended from 
a point on this 
cord. The pen¬ 
dulum is known 
as the driver pen¬ 
s'ig. 30 dulum or simply 

the driver. A few other simple pendulums are also suspended from 
different positions of the cord. The bobs of these pendulum should 
be small paper-cones (because heavy bobs would bring in complexity 
in their vibrations which would no more be forced but rather coupled 
in nature). When the driver pendulum is set to vibration, a periodic 
force is applied to the elastic cord OC which begins to vibrate 
coperiodically with A. The pendulums Pi. P 2 ....Pe at first move 
rather irregularly but ultimately begin to vibrate with the same 
period as the driver and each with a constant amplitude depending on 
its length. So the periodicity of the vibration of A is forced on each 
of the pendulums. Among these pendulums if any one has its effective 
l^gth identical with that of A, it is found that the forcing is almost 
nd it readily begins to vibrate with the frequency of the 
is because the lengths of both being identical, the natural 





FREE AND FORCED VIBRATION : RESONANCE 


77 


frequency of vibration of the *pendulum in question is same as the 
frequency of the driver and hence the former quickly responds to the 
driving force. This is an example of resonant vibration. In case the 
driven body or pendulum resonates with driver, the amplitude of the 
former may sometimes exceed that of the latter. It is due to such 
resonant vibrations that a suspension bridge was reported to have 

f 

given way on account of a large swing set up therein when a battalion 
of soldiers were trying to cross the bridge with the regular marching 
order. So the soldiers are now-a-days ordered to break step while 
crossing a suspension bridge. 


Again if two musical instruments are tuned to the same frequency 
and if one of them is sounded, the second is automatically excited, 
when placed close by. Similarly, a ship at sea may be thrown into 
dangerous oscillation when the period of the striking waves tallies 
with the natural period of vibration of the ship. 


51. Forced Vibration and Resonance (Afathematical 
Analysis) ;—It has already been stated that the vibrations of a 
body or a system in a resisting medium gradually die out due to the 
damping effect of the medium and a periodic external force is to be 
impressed on it in order to maintain its oscillations. Let us now 
analytically consider the effect of this impressed periodic force on 
the motion of the body or the system. 


The equation of motion in the resisting medium will be as before, 


4^^ + 6^+o®=rsmp< 
dt* dt 


2 * 


where F sin pt is the periodic force of period and of frequency 


This equation can be rewritten as, 

+ / sin pt ... ••• ... (l) 

dt* dt 


where 24- -^damping force per unit mass per unit velocity. 
in 


^‘a/m and H -natural frequency of free vibration of the body* 
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/ evidently, being —, the amplitude of the impressed force per unit 
mass. 

Let the particular solution of nqn. (l) he A sin (pt -«t). 

Then ix/dt’-Ap cos (pt - k) cnj - Ap^ sin (pi - «). 

Putting in ( 1 ), - Ap^ sia (pt-<) ip cos + 0 }'^ A 

sin ipt-~<)»f sin [(pt - «c)-f*<] 

**/ sin (pt ~<k) cos <+/cos (pt ■ <) sin "C.. 

Since this equation is valid for all values of t, when (pt-«)s= 0 , 
we have, 2t.4p-/sin < ... ... ^ 2 ) 

and when {pt-<)*:, 7 / 2 . =/cos-c ( 3 ) 

Hence tan . T}jjg gj^gg ^ ^.jjg solution. 

Again squaring and adding ( 2 ) and ( 8 ), 

/*“ A®{(cf)* - p®)®-f j 


or, A^ 


^/(a,»-pS) 2 + 4 fc 2 p* • 

Thus A and «c being known the particular solution is completely 
determined by the relation » A sin (pt - <). 

Again since F sin pt is periodic in nature, in between its maximum 
and minimum values (+if^ and -i*^) it will pass through the transi¬ 
tion state when it reduces to zero. 

Hence the complete solution of (l) will contain a complementary 
solution, which is nothing- but the solution of the equation, 

0 . 


dt^ ^ ® 


This complementary solution, as has been found earlier, is of the 
form, sin (^f+i), where . 

Hence complete solution of (1) is given by, 

sin (^t4*8)Hr A sin (pt-«i) ... ... ( 4 ) 

«« comment 

the first Uannmt term gtedmJlv 

exponential factor and fK** 4. ^ because of the 

.^oeaey in ti» steady state 
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*Note :—As has been already stated, since the vibrating system- 
vibrates in a resisting medium, the vibrations would gradually die out 
due to dissipation of energy. But when a periodic impressed force 
acts on the system, this external force would re})lenish this dissipated 
energy and the vibrations of tlie system would continue as usual. Or 
in other words, when a steady state of forced vibration has been 
attained, the average rate of energy loss due to the existence of the 
dissipative force is equal to the average rate of energy supply by the 
impressed force. This fact may be established by the simple 
mathematical analysis given below. 

We know that the general equation of motion of the forced vibrat¬ 
ing system in a resisting medium is given by 

TO^+h^+aa:»i?’sin pt. 
dt 

or, +24^+■»’*=/sin pi. 
dt 

__ • d-'?* ■ 

Here the dissipative force is h~^hx. 

at 


Hence energy loss due to dissipation per see. 

j'xxr 

=srate of work done by the dissipative force — - j} 

at 

s= ih.% X displacement) sss-j- {bx X x) 
dt dt 

dt 

because fca is constant so long as » remains .constant. 

We know that the steady displacement, 


x=A 8 in(pt —■c)*® 


/sin (pt~ <) 


* 

where w, p, k and < have the same meaning as given above, 
. . pf cos (pt- _ F cos {pt-<) 

Where F«^fm and t(“*-|>*)®+4^V3^ 

P 


( 1 ) 


(2) 
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This z is generally known as the impedance of the system. 
From (l) and (2), 


—.cc’ (pt-<) 


dt 

d'W F® 

Taking the average over a period ,—~ 


... (S) 


dt z' 

Again the rate of energy supply by the forcing system for the external 
impressed force) is, in the steady state, given by, 

sin pt. —C'r) «• F.x. sin pi. 
di dt 

substituting from eqn. (2), 

dW, _F* 


— sin pi. cos (pt - <) 


dt e 

F® . T 

—[sin pi cos pt cos < + sin* pt sin < J. 
z 

d'W F* 

Taking the average over a period,-—-— — I-sin < 

dt z 

_^p _ -h _ 

But sin «c— + ” toQoi* -p’*)* ■+ 4fc*p*]^ 


P 


h 

SO • 

z ' 

dlT, F» 

j a** s 

dt a 


(4) 


Thus from (3) and (4) we find that in the steady sUte of forced 
vibration the rate of energy dissipated by the dissipating force is 
equal to the rate of energy replenished by the forcing system. 

Amplitude Resonance. —In the steady state of motion the 
amplitude of the forced vibration is A*® ~ 

Amplitude resonance occurs when this amplitude of the forced 
tflhifation has the maximum value. 
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A is maximum when the denominator is minimum, t.e. 

when, f- + : 

dp 

or, when — 4{o>* — p*)p + 8A;*p = 0 ; 

i.e. when (o>* = ; 

or, p*=a)* —2A*. 

So the amplitude resonance occurs when the forcing frequency 
Q>/27r is slightly lower than the natural frequency of free vibration of 
the body. 

Velocity Resonance. —But by resonance we commonly mean that 
particular phenomenon wherein the energy taken in to maintain 

the forced oscillation is a maximum. Since the kinetic energy of a. 

vibrating body is greatest when its velocity is maximum, the resonance 
in general indicates the velocity resonance (or energy resonance). 

In the steady state of vibration, 

x = 4 sin (pt—<). 

The velocity, cos (pf ” 

at 

Hence the velocity amplitude =* AP— —^=.=4- - 

VU*-p')‘ + 4J;V’‘ 

This is maximum when =*p* or, «>=p and the maximum value 
of the velocity amplitude will be //24. 

So when the forcing frequency is equal to the natural frequency 
of the free vibration of the body, the oscillation of the body is main¬ 
tained by the impressed force and the resonomee is said to occur. 

At resonance the phase of the forced vibration lags behind the 

driving force by an angle •c*tan'"*—s^^^»*tan“^ ?^satan“^ “ 

When p is small, «c is also small. As p increases, < also gradually 
increases till at resonance the above value x/2 is attained. Above the 
resonant frequency, as p tends to infinity, < tends to n. If the damping 
force be negligibly small (i. 0 . if A’-*o) at resonance frequency, both 
the amplitude and the velocity tend to infinity. As k has always a 
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definite value, however small it may be, the ideal condition of infinite 
« 

amplitude is never realised in practice. 

52. Sharpness of Resonance :—At the resonance frequency 

( i.e. p/2»=* of the system, the energy intake being a maximum, 

the response is also greatest. The response is generally definei as the 
ratio of the energy intake of the forced system at any arbitrary value 
of the frequency to the marimum energy intake at a resonance: Accord¬ 
ing to Barton response is the kinetic energy per unit force. 

The energy intake is given by where ra is the velocity 

amplitude. 

♦ Its maximum value at resonance is given by , where 

—velocity amplitude at resonance. 



The response is given by, 

(o,s_p» )» + 4i«p» 


Bmax Vm 

^_4^’_ 

’ 4A:* (w® — p*)^-b4A:''p’* 


When resonance occurs fo=»p, and we have, 

E . ■ . 

^=»1, i.e. the resjionse is cent per cent. The system is then said 

■t/max 


to be tuned. The difference (a>®“-p®), generally known as the 
mistuning and is evidently proportional to the mistuning ratio p/tO' 



Fig. 81 


Now if the energy intake be 
plotted against the mistuning 
or simply p/oj. we' get curves of 
the nature shown in' Fig. 31. 

When -sti ( pas to ) the 

O) 

energy is maximum, hence 

also the response. When - is 

<0 

greater than unity i.e. p > o>, 
the curves slope down. Similar 

is the case when ^ is less 

to 

than unity, the sloping here 
being on the opposite direction. 
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It is found that the less is the damping of the system, the steeper will 
be the energy intake curve [as in curve (l)]. When the damping is 
zero, the energy intake curve cuts the £l-axis at infinity at resonance. 
As the damping gradually increases the curves become more fiat. 
Now the steepness of these resonance curves determines the sharp¬ 
ness of resonance. So the sharpness of resonance is determined by 
the rate of change of energy intake with mistuning. As is evident 
from the curves the smaller the damping the sharper will be the 
resonance. Mathematically, the sharpness of resonance may be mea¬ 
sured by the amount by which the ratio ta/p deviates from unity 
while the response falls to half its resonance value. As at resonance 
response is unity, half its value is evidently g. 

•• (co*-p*)»'-r4;fcV 2’ 

or, “P*)* —^h^p^ \ or, — p* = ± 2kp. 


P® = o>* ± 2^p = a>* + ^ ; 

or, p = co(^l±^^^ =oo±-^. 

\ Cu 

Hence vo—p. 1 + — ) ; or, — = 1 ± —. 

\ cu/ p m 


Thus the ratio — is a measure of the sharpness of resonance. 

CO 

The smaller h is and the greater the natural frequency, the sharper is 
the resonance. 


If we start from Barton’s definition of response, exactly similar 
conclusions regarding the sharpness can be arrived at. 

Again if we xdot amplitude against the corresi)ondiug p/co, almost 
a similar set of curves will be obtained. But here at p*co (t.e, pita 
= l) the maxima of the amplitudes would not lie, which will be 
shifted slightly to the p>£t* side. So the curves will be slightly 
asymmetrical. Sharpness in case of amplitude resonance is also 
found to be controlled by the same factor, damping. The smaller the 
damping the shaxi)er will be the amplitude resonance. 

If a tuning fork be sounded on an air column it will respond but 
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the sound will die out as soon as the fork is removed. This is due 
to a considerable damping effect. It is due to this damping that the 
resonance curve is rather flatter near the maximum region (see 
curves of medium and heavy damping). So the same column may 
respond to other frequencies near about the resonant frequency. 
But if two tuning forks of identical frequency be mounted on two 
resonance boxes (see next article) with their open ends facmg each 
other and if one of them be excited, the other is also found to vibrate 
readily in response. Now if the original fork be touched so as to 
stop its vibration, the second one will still continue its vibration as 
the damping effect is negligibly small. Here the resonance is so 
sharp because of negligible damping that even if one of the forks -be 
slightly loaded by wax, it would no more respond to the vibration 
of the other. 

f 

53. Applications of the Principle of Resonance :—The principle 
of resonance has many applications in various branches of Physics. 
A few of those aiiplications—^particularly those associated with 
acoustical phenomena are given below. 

(1) Sounding (or Resonance) Boxes. —Tuning forks are often 
mouniied on hollow wooden boxes (Fig. 32), called sounding or reso¬ 
nance boxes. The sizes of these boxes 
are so arranged that the enclosed 
mass ol air has a free vibration whose 
natural period is the same as that oi 
the fork. When the fork is ^struck, it 
seta the wood into iorced vibration oi 
the same period, and this agrees with 
the natural period of vibration of the 
enclosed mass of air ; so the sound 
becomes louder due to resonance. 

Here the enez^ of the vibrating fork is quickly used up in setting 
irhe wood with the enclosed air into vibration, whereby loudneSs is 

of sound. The action does nOt Violate 
of energy. . Ihstrizm^its 

always provide with;ia';|Ktga-' 


at the cc^t of duration 




Fig. 3']— Besouance Box. 
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hollow wooden' board, known as a soiiodiog board whose principle of 
action is similar to what is explained above. When the handle of a 
tuning fork vibrating feebly is held on a table, the sound is intensi¬ 
fied. Here the intensification is due to the vibration of a large volume 
of air which is made to vibrate by the forced vibration of the table. 

(2) Resonators. —The greats German scientist Helmholtz (1821- 
1894) constructed globes of brass, each having a large aperture B at 
the end of a small cylindrical extension called the neck for receiving 
sound waves and a smaU one A, called the pip, at the other side 
against which the ear is placed (Fig. 33). He utilised the principle of 
resonance in his investigations on the quality 
of notes emitted by various sources. These 
globes of various sizes are called Helmholtz 
resonators. In a given set of these resonators 
the size of each resonator is such that it can 
respond to a tone of a given fixed frequency 
and the tuning is so perfect that the particular 
tone,- if present in a complex note, can b& picked up with distinctness,, 
by placing the ear at the small aperture A. 

The natural frequency of each of such resonators depends on the 
volume of thef air contained in the globe, the length and the cross- 
sectional area of the neck. Bo when the frequency of any component 
of a complex tone corresponds to this natural frequency resonance 
will be set up and the resonator would respond to it. The natural 
frequency of a resonator may be easily calculated in the following 
way. 

When the air in the resonator is set to vibration, it is the air ia 
the nock B that vibrates rather much more rapidly and that inside 
the globe may be supposed to be practically steady. Sut due to the 
vibiration in the neck the gas inside | the globe is also subjected tn 
adiabatic compressions and rarefactions. Let p be the density of the 
Aif , ^ the volume of the resonator, I the length of the neck and s ita 

cross-sectional area. 

- Tien, mass of air in the neck 

^p{K>Se due to a slight release of pressure, the pir in the neck is 
5ntrWsz^ through a distance x. If p be the pressure ini^ 
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the neck and po that outside then (p - po) is the pressure change. So 
the corresponding force acting on the neck = (p--po)». 

' ■■■ ( 1 ) 

But as the adiabatic condition prevails during the rarefaction, 

y y 

p(i}+sx) =^PoV .where 7 is the ratio of the two specific heats 
-of air. 


. . p 1+ -)'*Po ; 
V. V / 


or. p-po 


_ yp8X 


V 


Hence equation (l) takes the form, 


pi 


or. 


_ yps 
dt* V 

d*x _ _Ysp 


X ; 


X 


„ ... ... ... (2) 

di* vlp 

This equation represents a S.H.M. whose time period is. 


’T=^2n^[ i.e., the frequency of vibration, 

V vl p 

But^ ^ = the velocity of sound *c (say). 

^ P 

/I. 


Thus the natural frequency of vibration of such a resonator 
-depends on the length and cross-sectional area of the neck and the 
total volume of the air enclosed in it. The ratio s/l is often called the 
aeoustioal conductivity of the neck. So different sizes of resonators 
•can be constructed with different frequencies so that a complex sound 
may be analysed with their help. 

Acouatie Filters :—These are acoustical arrangements for filtering 

# 

out or sorting out tones of certain frequencies allowing others to pass 
through them. By proper arrangements the filters may be made to 
transmit high frequencies only or any desired band of frequency. A 
^mmon type of filter is the Helmholtz’s resonator which filters out 
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all other frequencies excepting its own characteristic one. Stewart has 
devised acoustical filters which consist of uniform transmission pipes 
with side branches fitted to them at different convenient positions. 
The sound wave passing through the main pipe will divide into two 
parts at the junction of a side-tube. The portion going down the 
side-tube after reflection gets back to the junction. By proper adjust¬ 
ment of the length of this side-tube, this reflected component is made 
to superpose on the incident wave with a path difference of >/2 and a 
minimum can be produced at the junction at all times. High 
frequency transmission is effected with a uniform straight pipe fitted 
with side-tube at regular intervals. Similarly low frequency or any 
other band frequency filters have been constructed by special designs 
of the transmission tube. 


The filters are useful in purifying notes in scientific experiments 
and' are successfully' applied in filtering out the scietching sound of 
the needle in gramophones. The motor vehicles also employ such 
filters to muffle the sound from the exhaust. 


(8) Resonance of Air-Column.— The air-column 
within a tube may also be made to vibrate by 
resonance, when a vibrating tuning fork is held 
close to the upper end of the tube. 

Take a vibrating tuning fork A and hold it hori¬ 
zontally as shown in the figure, over a taU glass jar 
B (Fig. 34). Now gradually pour water into the jar 
and note that for a certain length ED of the air- 
column inside the jar a maximum sound is heard. 
Pour more water in and the sound disappears. This 
strengthening of the sound is called rescnaneet which, 
in this case, takes place when the period of vibration 



of the tuning fork is equal to the natural period of 
vibration of the enclosed column of air. 

It will be found that, for forks having fdifferent 


Ffg. 84— 
Beaonant Alx- 


colomn. 


frequencies of vibration, the lengths of the air-column giving 
maximum resonance will be different. It will be greater or less as 



the frequency of vibration of the fork is lower or higher. 

(4) The Principle of Resonance In Wireless.—In the reception 


S-31-{V0L. l) 
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of wireless waves sent by a transmitting station, the oscillating elec> 
trical circuit in the receiving station must Vje set in unison with the 
oscillating circuit in the transmitting one. This is called the tuning 
of the receiving set. Here the sharpness of resonance is sufficiently 
pronounced so that a slight mistuning causes an indistinct reproduc¬ 
tion whereas when the tuning is perfect the reproduction becomes 
very distinct and pronounced. 

64. A Coupled System :—^When two or more vibrating systems 
are so connected as to react on each other, the whole system, is said 
to be mechanically coupled. In a coupled system, the energy is trans¬ 
ferred from one component to another wliereupon a change in the 
natural frequency of the components occurs. At resonance, the 
energy-transfer from one component to the other is very great and 
almost complete so that the first component temporarily comes to 
rest while the second one acquires the maximum energy. Then 
begins the retransfer of energy and the process is repeated tiU the 
components finally come to rest due to the continuous, dissipation of 
energy caused by the resistance of the medium. 

The phenomenon of coupled vibration may be illustrated by two 
identical pendulum of heavy bobs hung from a thick flexible cord. If 

pendulum Pi be given a swing. 
P's readily takes up the oscilla¬ 
tion because of the equality of 
their natural frequencies (Fig. 
35). The energy of the swing 
of Ps is supplied by Pj through 
the cord. According to 
Newton’s third law P* exerts 
an opposing periodic force on 
Pi and at a particular stage 
this opposing force will com- 
^pletely destory the gradually decreasing oscillations of Pi. Then the 
oeillations of Pa will again freshly force now oscillations on Pi and 
tho state of affairs will be reversed, t.«. Fs will again come to rest, 
^is alternate energy transfer goes cm tiU the vibrations of both Pi 
are stepped, ^he rapidity with which the oscillations o| 
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one pendulum increases at the expense of those of the other is deter¬ 
mined by the degree of coupling. When the supporting cord is tight, 
the coupling is said to be loo%e or small, but when the cord is rather 
slack the coupling becomes more tight or predominant 

Most of the musical instruments may be considered to be coupled 
systems, some elements of them being sharply tuned while the others 
are allowed to have a flat resonance curve. 


Questions (Chapter V) 

1. Write notes on forced and free vibrations. (0. U. 1955, *56) 

S. Explain clearly what yon mean by free and forced vibrations. Disonsa 
the phenomena of resonance and give some of its practical applications. 

(Bom. U. 1943) 

5. Write a short essay on resonance, pointing ont how the snbjeot may be 

experimentally illustrated. <0. tJ. 1933) 

4. Discuss mathematically the phenomenon of forced vibration and explain 
the phenomenon of sharpness of resonance. (Nag. U. 196S) 

6. A system executing a damped simple harmonic motion is subjected to an 

external periodic force having a frequency somewhat different from its own 
natural frequency without damping. Investigate the forced vibration and obtain 
the condition of resonance. Illustrate it by an example. (All. U. 1968) 

6. Write notes on Helmholtz's resonator. (Nag. U. 1955) 

. 7. Why the faint sound from a tuniug fork becomes quite loud on placing 
the same upon a table top ? (0. U. 1941) 

8. Write notes on coupled vibration. 

9. Describe some of the applications of the principle of resonance in tha 
practical field. 
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VELOCITY OF SOUND ; DOPPLER EFFECT 

55. Velocity of a longitudiDal wave through an elastic 
jnedium :—Since the sound waves are longitudinal in nature, the 
velocity of sound in an elastic medium will be identical with the 
velocity of propagation of a longitudinal wave in such a medium. 
Let us take the general case of propagation of a longitudinal wave 
in an elastic medium, fluid or solid, and find out an expression for the 
velocity of these waves in such a medium. 

Consider a tube of the 
medium of unit cross-section 
and let A and B represent 
two sections of the tube 
perpendicular to its axis. 
Suppose initially in the un¬ 
disturbed condition these 
planes are at distances x and 
iC+Sx from some arbitrary 
zero position. Evidently the 
volume of the medium 
enclosed between these 
planes is ^xy.l — 8x and the mass of the material therein is 6xXp 
where p is the density of the material. 

Now, suppose, due to the application of an excess pressure p 
above the normal, acting along the positive direction of x, a longitu- 
•dinal plane wave is set up in the medium. As a result of this excess 
pressure p, the section A is displaced to A*. The corresponding excess 

pressure on J3 is p-h~ Saj which displaces B to B* wherefrom the 

ctx • 

pressure is transferred on to the adjacent section of the medium and 
as such due to reaction an opposing pressure is set up in 
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the direction from B' to A’ acting in the negative direction of r. Let 
the displacement of A to A! be y (along the direction of «). Then the 

displacement of B to B'will be given by v+4^53;. These displace- 

dx 

ments cause a change in the length of the medium enclosed between 
the planes. 


/ftl 

The original length is S.r and the final length is Sa? -b 

dx 

dv 

Hence the change in the length of the column of medium =» -S®. 

d r 

Since the cross-sectional area is unity, this also represents the 
change in volume, the original volume being Sr. 

Thus the expression ^8iB/S.r=^ represents the change in volume 

ffic ® r 

per unit vtjlume in the medium and also the change in length per 

unit length of the medium. Thus is the strain produced in the 

dx 

medium (volume strain in a fluid or a longitudinal strain in a solid 
bar) due to a stress p which is equal to the applied external excess 
pressure. But if p be positive the strain will be negative because a 
compression causes a diminution in volume or length. 

dZt/ 

Hence putting a negative sign to - and taking p to be positive, 

dtC 

the modulus of elasticity, E (volume or longitudinal as the case may 
be) can be written as. 


siren _ P _ -nAv 

--—- ; or, 

strain dx 

^ dr 


( 1 ) 




-Ep- Ep^Sx 

dr dx^ 


... ( 2 > 


This pressure acts in the direction from B* to A' due to the 
reaction. 
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Hence the excees pressure acting on the medium is it—~&r, from 


egns. (l) and (2). 


Ac^ 


d^y 


This force acting per unit area gives an acceleration-—^ to 

dt* 


the 


molecules of the medium along the axis of the tube. Since the mass 
of the medium in the enclosed space = fa;.p, the force acting on it 
d^y 


is p lx. 


di^ ’ 


Hence these two forces must be identical according to Newton’s 
second law. 

••• 


or. 


dx* 

^ d^y 
At* P Ax^ 


(3) 


, , . E - 

This is the D' Alembert’s form of the wave equation. Putting — — F’^, 

P 

eqn. (3) reduces to 3 ^= F*^^ ... ... (4) 

dt* dx* 

This differential equation is satisfied if 

y^f(Vt“x), where /"is a function. 

Since 42 =-r(r«- r), 


dx 


dx^ 


end ^y.r^V*f"(Vt-T). 

Oil at 

Similarly, y—/(Ft-fa;) also satisfies the above equation. 

So the general solution for eqn. (4) should be 

y-/,(Fi-3-)+/a(Fi-4'*) .(5) 

where f\ and /a may be identical or different functions. The first 
function, f\(Vi — x) of the solution shows that y at any place and time 
is exactly repeated if t increases by St and a; by F X $.s'. it represents 
. ft disturbance travelling in the positive direction of x with a velocity 
Bimilarly, the second function represents a disturbance travelling 
the negative direction of x alto with an identical velocity V, 
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Thus the velocity of propagation of the wave is given by F— -Je/p, 
In a fluid medium K = the volume elasticity K, and in a solid rod« 
^“Young’s modulus Y. 

[An Alternative Method.—An expression for the velocity of 
propagation of a plane longitudinal wave through a medium of fluid 
or of solid, may also he deduced in the following simple way. 


Let ns consider a long tube of the medium of cross-sectional 
area *9 and let AB represent 
a thin section of the medium 
at the left-hand extremity of 
the tube. Initially the medium 
is under normal conditions. 

But when a plane compres- 
sional wave is incident on 
the section A R, the latter is 
gradually transferred from layer to layer with a velocity, V equal to 
that of the incident longitudinal wave. So at the end of t seconds, 
the first compression received hy A R moves to A'B' through a distance 
Vt. During this time the medium of the first layer AB moves through 
ut to the position tJh, where u is the velocity of the medium along the 
axis of the tube due to its vibrational motion. 

t 

So the medium which originally occupied a- volume Vt X R, now 
after t seconds occupies a volume 11 ) 1 x 8 . As the mass of the 
medium is the same in both cases, we can write, VtSPQ^(V—u)tSPt 
where Pq and p are the initial and the final densities of the medium. 



Pig. 37 


compressed. This compression is 


Again supposing the medium in the initial state to be steady its 
momentum was zero. So the final momentum of the medium represents 
its momentum change in t seconds. 

This final momentum 

The extra force applied on the medium 


= the rate of change of momentum 

t> 


—(V^u)pSu ... (l) 

If p be the excess pressure applied on the medium due to the 
incident wave, the above extra force is px 8 

pS»(r-tt)P»S ; or, p»(r-tt)p» ... (2) 
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In the case of propagation through a fluid medium, this pressure 
causes a change in the volume of the fluid and as such the volume 
elasticity comes into play. If the volume elasticity be written as A:, 
then, 




_ __P _^ 

change in volume vtS 


original volume 

. _uk 

• • P tt • 


WS 


Putting in ( 2 ), (V—u)pu=^. 



Since u is very small compared to V, we get, Pp ; 


or, V 


- 


... (3) 


In the case of a medium in the form of a solid rod the pressure 
in eqn. (2) causes a change in the length of rod and the longitudinal 
elasticity comes into play. The modulus of this elasticity, Y 

(Young’s modulus)®*' 


P 


^ Vt 


change i n len gth 
original length 

^ I V ^ V 

Yh 

Substituting in eqn. (2), we get, «(F— m)pm. 

TT 

Neglecting u in comparison to F, y'^Yp ; 


or, 




( 1 ) 


Bepresenting both the moduli! k and Y by the 'general term £>» we 

get 


Fressure variation in a longitudinal wave.— 

^com relation (l) of Art. 55, we know that the' pressure variation 
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p (or Ap) in a longitudinal wave propagated through a medium of 
co-efficient of elasticity E, is 

ax 

In a longitudinal wave the displacement. ?/. is given by, 

y — a sin Vt- x) ... ... ... (l) 

A 


• dy _ 2na 2^/r* 

. . --■=— - cos - {Tf —a;;. 

dx X A 


„ 2irnE ■. 

Hence, - cos ~{Vt — x) 

A A 


= .( 2 ) 

Prom relation (l) and (2), it is evident that the phase of the 
pressure variation (p) in a sound wave is ahead of that of the 

displacement y by^. So when y = 0,p is and is maximum and 

when y — a (i.e. max.), falls to zero. 

66. Newton’s relation for the Velocity of Sound in Air: 

The relation V “ s/Elp, was first deduced for gases by Newton. 
He assumed that during the propagation of sound in a gaseous 
medium, the compressions and rarefactions occur rather slowly. So 
any slight heat produced due to compressions is readily dissipated in 
the surroundings. Again, the cooling produced due to rarefaction ia 
compensated for by the heat absorbed from the surroundings. The- 
processes being supposed to be slow these dissipations and compensa¬ 
tions are almost in step with the compressions and rarefactions. So 
the temperature remains unaffected in the processes, which may, 
therefore, be supposed to be isothermal according to Newton s 
assumption. 

In the case of gases, stress is the change in pressure per unit area 
and idrain is the corresponding change in volume produced per un4t 

volume. 

Consider a gas of volume V c.c. under a pressure P dynes per unit 
area. Let the pressure be now increased by a very small amount p 
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per unit area, and let the volume be consequently diminished by a 
'Small amount w, the temperature remaining constant. 

Then, the isothermal bulk elasticity, 

gj. stress _increase of force per unit area 

strain consequent decrease of volume per unit volume 


v/7 V 


• • • 


( 1 ) 


Newton assumed that when aonnd travels through a gas, the change 
of pressure takes place under isothermal condition, i.e, it takes place so 
slowly that there is no change of temperature of the medium. So we 
have, according to Boyle’s law, 

PV^iP ^p\V ~v)^PV-^pV-vP -pv. 

Since in the case of sound waves the changes in pressure and 
volume are very small, p and v are very small, and so the product pv 
is negligible. 

pV— vP \ or, pVfv—P. = P, from eqn. (l). 

Thus the isothermal elasticity of a gas is equal to its pressure. 

[The' same result may be arrived at by applying calculus as 
follows : 

The hulk modulus 

V dv 


For isothermal condition, constant. 

Differentiating with respect to v, v-/" 

av 

Hence, according to Newton the velocity 


+p"*0, or,-v5^«p«B] 
av 

V of sound in gas is given 


by 



. Calculation of the Velocity of Sound in Air at N.T.P. —Normal 
pressure is the pressure exerted by a column of mercury 76 cms. in 
height at 0*C. at the sea-level at 46’ latitude, i.e. P=®76X 13’596X 
980*6 dynes/cm.—1*013 X 10 ® dynes/cm.*. 

Again, density of air at O^C*0*001293 gm8./c.c. 

. 'Velocity of sound at N^.T.P.■■ ^9806 — ggQ 

met^^cee. (approximately). But this value of the velocity of sound 
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®t 0 C. is not in agreement with the value obtained by actual experi¬ 
ment. which is 332 metres per second. 

57. Laplaee*B Correction (isothermal and adiabatic Elastici¬ 
ties) : The calculation of the elasticity of a gas, according to 
Newton, involved Boyles law according to which changes of pressure 
and volume of a given mass of gas take place at a constant tempera¬ 
ture. Newton assumed that the change in the air taking place in 
wave-motion had no effect on the tempeiature, i.e. the changes were 
isothermal. About 20 years later .Laplace pointed out in 1817 that 
the changes of jjressure, when sound waves travel through a gas, are 
so rapid, and the radiating and conducting powers of a gas are so poor 
that equalisation of temperature is improbable. So Newton’s assump¬ 
tion that the temj^rature remains constant is not correct. According 
to him the changes that take place in a gas when sound waves travel 
through them are adiabatic, i.e. no heat enters the gas from outside, 
or leaves it from inside. That is, Laplace held that the alternate 
compressions and raiefactions take place so rapidly that the heat 
developed in the compressed layer remains fully conffned to the 
compressed layer and has no time to be dissipated into the entire 
body of the gas, and similarly the coH caused in the rarefied layer 
cannot be compensated for by flow of heat into it from other layers. 
So Boyle s law does not apply to this case. Laplace’s viewpoint was 
later on supported by Stokes from theoretical considerations also. 

[When sound travels in air, or in any other gas, the-particles of 
the gas are suddenly compressed at the condensed part of the wave, 
and suddenly separated at the rarefied part of the wave. If a gas is 
compressed, or allowed to expand, suddenly, its temperature, rises or 
falls momentarily, and, with the rise or fall of temperature, the gas 
expands or contracts. Now consider the effects of changes of tempera¬ 
ture on the elasticity of a gas. During compression the temperature of 
the gas rises owing to which the volume of it tends to increase and so 
a greater increase of pressure is necessary to produce a given diminu¬ 
tion of volume than what is Inecessary if the temperature of the gas 
remained constant (i.e. if Boyle’s law held good) during the compre¬ 
ssion. So the elasticity in the first case (when temperature increases) 
is gteater than that in the second (when temperature is constant). 
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Similarly, during rarefaction the temperature of a gas falls owing to 
which the volume of it tends to diminish, and so a greater diminution 
of pressure is necessary to produce a given increase in volume than 
what is necessary if the temperature of the gas remained constant. 
So, here also the elasticity is greater than that in the isothermal case. 
Considering the above, Laplace said that the value for the elasticity E 
under adinhaiic conditions should be used in the Newton’s formula 
for the velocity of sound.] 

It is known that the relation between the pressure P and volume 
of a certain mass of gas under adiabatic conditions is given by 
PF*'' —constant. 


where 


Cp ^ sp. ht. of the gas at con stant p ressure 
C, sp. ht. of the gas at constant volume 


The value of 7 for a di~atomic gas like oxygen, nitrogen, or air is 
1’41 (for a tri-atomic gas like COa it is 1*33). Now suppose the 
pressure of any particular layer of air is increased adiabatically by a 
small amount p by which the volume is decreased by a small amount 
V *, then, we have, 

PF’=(p+p)(r-«)’'=r'(/>+p)(i-l)’ 


- r’'(p+p)[ 1 - r|++.] 


(by the Binomial theorem). 
But as (v/F) is very small, higher powers of it are still smaller and 
can be neglected. So we hav?, 


p=(p+p) 


= p-y^-r^+p, whence 

But since p and v are each small, pv is very small aui can be 
neglected. 


So,p*y^’; or, 


V 


.pv 


So the adiabatic elasticity TP. 
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This shows that the adiabatic elasticity of a gas is y times the 
isothermal elasticity P. 

[By applying calculus* we get the result in the following way 

dv 

y 

For adiabatic condition, pv ~ const. 

Hence differentiating with respect to v, v', , ; 

dv 

or, — — Yp «jB]. 

dv 

Therefore, the formula for the velocity of sound in air with 
Laplace’s correction becomes, ^ 

Hence the value of the velocity of sound in air 

A /iTi >rp , 
ss \ -metres per sec. 

p 

*280x s/r41*»332'6 metres per sec. 

57(a). Relation between the velocity of Sound in a gas and 
the mean velocity of the molecules :— 

We know that the velocity of sound in a gaseous medium is F, 
where F* = 

P ♦ 

Again, fromf kinetic theory we know that where C is the 

root mean square velocity of the gas molecules. Hence 

r.,f. 

But according to the kinetic theory, C*= -0^*, where Cm is the 

8 

mean velocity of the molecules. 

This relation shows that velocity of sound in a gaseous medium 
is of the same order of magnitude as the mean velooity of the molecules. 

58. Effect of Pressure, Temperature, Humidity and Wind on 
the Velocity of Sound in a Gas :— 
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(1) Effect of Pressure :—If temperature remains constant, a 
change of pressure does not affect the velocity of sound through a ^as. 
Let Pi and P 2 be the pressures of a given mass of a gas, Vi and V 2 
the volumes, and Pj'and Ps the corresponding densities. Temperature 
being constant, we have, by Boyle’s law, Pi^i 


or. 


Pi 

P* 


^ . 
Di' 


But volume varies inversely as density, i.«. ~ — . 

Vi Ps 

because VaPa^ViPj — mass = a constant. 

Tj Pi I Pi Pa 

Hence 7 -- — - ; or, —- =■ = a constant. 

1 * Pi Pi P 2 

Therefore, in the fonnula V » ^^--.i-P, the fraction ^ remains 

P P 


unchanged. Hence, the velocity of sound in a gas is independent of any 
change of pressure when temperature remains constant. 


( 2 ) Effect of Temperature.—With change of temiierature, there 
is a change of density and so the velocity of sound should be diffe¬ 
rent. Let Pq and p* be the density of a gas at O^C. and fC. respec¬ 
tively. Then by Charles’ law, 


Po^P.d+^O. 


where -t^coefif. 


of cubical • expansion of the gas 


_ 1 _ 

273' 


That 

Pi 


1 . f_ _ 2734 -t 
273 273 


( 1 ) 


Let Fo and F| be the velocities of sound in the gas at O^O. and 
respectively and let the pressure of the gas have the same value P 
So we have. 

' « „ /FilP ir . /filP 

Fq — 4 ^———, and Fi“i^ 


Ptf 


P# 





whap . 2r and To are ^e absolute temperatures correspondii]^ to i*0. 
aud ^^(7. re^otively. ^ 
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Therefore the velocity of sound in a gas ii directly proportional to 
the square root of its absolute temperature. That is, velocity of sound 
in a gas increases with the rise of the temperature. 

We have, from eqns. (l) and (2) above, 

V$~Vq ^ 273 

containing t* and higher powers of /. 

In the case of air, Fo = 332 metres per second. 

Vt =332 (n— J" t ') metres per second. 

' 54o ' 

• = (332 + 0'61t) metres per second. 

Hence, for each centigrade degree rise in temperature, the velocity 
of sound in air increases by about O'Gl metre or 61 cms. (or about 2 /(.} 
per second, 

(3) Effect of Humidity .—The density of water vapour is lesa 
than the density of dry air at ordinary temperatures in the ratio of 
0‘622 : 1. Therefore, the presence of water vapour in the air lowers 
the density of air and so increases the velocity of sound in it. Hence,, 
for a given temperature, the velocity of sound in damp air is greater 
than that in dry air. 

Correction for the Presence of Moisture in the observed 
Value of the Velocity of Sound in Air. 

If Fm= velocity in moist air at pressure P mm. and temperature t'^C.,, 
velocity in dry air at pressure 760 mm. and temperature 
density of moist air at pressure P mm. and temperature 
Pa ^ density of dry air at pressure 760 mm. and temperature t’C.% 

then. 

Now, if /= saturation iiressure of water vapour at we have- 
Pfii=mass of 1 c.c. of moist air at pressure P mm. and temperature 
t^O.^mass of 1 c.c. of dry air at pressure (P'^f) mm. and temperature 
t*C.+mas8 of 1 C.C. of moisture at pressure f mm. and temperature t'C. 
(Dalton's law). 

We know that the mass of 1 c c. of water vapoar»0‘6S12Xma8s of 
1 C.C. of dry air. 
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Now because the density of a gas at a constant temperature varies 
directly as its pressure, we have 

p»- + 0‘622X-^X<>^ = |^0 (P-/+0-622X/) 


(P-0-378/) 


- Pd 
760 

V 4 ^ / 760 XP,, . 

PxPrf ‘ 


m 




* 378 ^. 


1 - 0 - 3784 - 


( 1 ) 


(4) Effect of Wind. —The velocity of sound is affected by 
velocity of the medium, i.e. if wind blows it affects the velocity of 
£ound in air. If the wind blows in the direction of sound propagation, 
the velocity of the latter will be observed as F+«) where w is the 
wind velocity. If w be directed oppositely to F, the observed velocity 
will be V'~ w. If the wind blows in an inclined direction, w shall be 
replaced by the proper component. 

'*'69. Aconatieat Resistance and Impedance:—The propagation 
of sound through a mass of gas contained in a tube is somewhat 
analogous to the flow of electricity through a conducting wire. As an 
electric current flows only when a potential difference is established 
between the ends of the wire, so does an acoustical disturbance pass 
from one end of the tube to the other when a pressure difference exists 
between the ends. Again, as in a direct current circuit, the ratio of 

the potential difference E to the current strength ( is called the 


•electrical resistance, so is the ratio of the steady pressure excess (^) 
to the particle velocity^—j of the medium known as the aGOU&iical 

resistance. This resistance arises due to the viscosity of the medium* 
«nd is comparatively small in gases. But in a liquid or a solid medium 
acoustical resistance is rather more pronounced. 


If the disturbance in a tube is supposed to be propagated in the 
of the X-axis, which is also the direction of the axis of the 
0 0, it nl, distance » from the origin the longitudinal displace- 
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ment of the particle be y (also along X-axis), the excess pressure in 

tube -will be given by p— [Vide eqn. (l). Art. 55]. 

dx 


But the particle velocity is 


dy_ 
dt' 


dy 

dx 


dr 

dt 


— c. 


7 ^ (c = vel. of sound). 
dx 


The acoustical resistance i?o= . ^=c* ^ = cp, 

dy/dt 0 p c a 

c “ -Jhiip). 

For air this acoustical resistance at N.T.P. is about 41 whereas 
for water it is three thousand times greater. The acoustical resistance 
is also found to obey Ohm’s law just like the electrical resistance. 

When the applied pressure is alternating in nature, over and 
above the viscosity, the frequency also plays an important i)art in 
opposing the movement of the gas. If the viscous .resistance in air 
be neglected and if the displacement, along the X-axis be 

considered along the axis of a tube of cross-sectional area A, then the 
volume displacement X= Ay. 

Hence the particle velocity = — ^ 

^ ^ dt A dt 


The acoustical impedance Z in such a case 


relation 


P 


sin wti 


iX 

dt ' 


is defined by the 


Neglecting the viscous forces, if we consider a cylindrical volume 
of a gas of cross-sectional area A and of mass m to be subjected to an 
alternating force F sin wt, the differential equation of the forced 
vibration can be written as, 

f sin - • ... (1) 


where h * the elastic restoring force per unit displacement. 


Since volume displacement, V 



1 d^X 
dt* A dt* ■ 


Moreover, the alternating pressure excess, p sin wt 


,F sin Vft 

. . 

A 


S. 32r-(Vol. I) 
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Substituting in eqn. (l), we get, 


m d^X ^kX 


4* dt*- ■ Si-"*”” - ■ ■ (2) 

Case (I). When the inertia is predominant and the restoring 

force negligible, (A=*0), eqn. (2) takes the form,^ sin wt, 

A. dt"* 

Integr.tmg. ^ 4^= 

il* dt w 

. *. Acoustical impedance, Z** " ?^ ** 

dX/dt 


where L * 


m 

A* 


is the aeotisttcaZ inductance or inertaiwe. 


Case (II). When the elastic force is predominant and to=#, 
k 


A* 


X^P sin wt. 


kdX 

A^di 


DiHerentiating with respect to t, 

• cos wt^ A _ 1 

* * TXfdf A^w Cw 

ja 

where C^-r- is the acoustical eapaeitance. 


^WP COB IVt, 


Case (III). When both m and k are finite. 
dX^p cos tot 
dt 1 


Cw 


— I/fO 


(3) 


where the acoustical imp9daiu.s% Z=*;~ * Lw, 

Cw 


the inertance and the 


capacitance acting in opposition to each other. 

For resonance, the denominator of eqn. (3) is minimum. 



or, to* 


=* 

LC m A m 


lOo*. 


where to» represents the fiafltral circular frequency (pulsatanee) of the 
mediuiq, 

iw) AltornatiTe Dednetion of the eEpreision for iBtensItjr 
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of plane Bound wave :—We know that the intensity of sound ia 
defined as the amount of energy that is transmitted across unit area 
I)er second. Since pressure indicates the force j)er unit area, the 
intensity will evidently he given by the product of the excess pressure 

p and the particle velocity 

di 

the rate of energy flow per unit area is, 

dW_ dy . • i. i # 

-7~ V’j'' instant /. 

ut dt 

From the expression of acoustical resistance we know, 


dt Pc 


When the average taken over a iieriod, we get intensity, /. 

J=i?« and I=P*. 

\dt } Pc 

whereand ^ represent the mean square values ef the particle 
\dt) 


velocity and the excess pressure. 

Since y^a sin and cos — cos wt, 



Hence yn? (where i^m —the max. particle velosity). 

Similarly, p* * ?pm* and I’^^Pmlpc * i ^ , 

where Pm ^he maximum excess pressure. 

Since and we have 
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Here c is the velocity of sound which is the same as V used in 
Art. 22. 

60. (a) The Velocity of Sound in Different Gases :—We know 


that the velocity of sound in air, U where pm is the density 

of air and Fa the velocity of sound in it. Under similar condition 
of pressure and temperature, the velocity of sound in another 
di-atomic gas (for which .the value of Y is the same), say hydrogen, is, 


F, 


yP • Ff! = jph 

VI-*17, V 


Ph ' p 

So the velocity of sound in a gas is inversely proportional to the 
square root of its density. Thus if Fq, F/^ be the velocities, and Po, 
P*, the densities of oxygen and hydrogen respectively under the same 
conditions of temperature and pressure, 


1 '. ^ Po ^ 16 i' 

(b) Velocity of Sound in a Mixture of Gases.— 

If P and y be the pressure and the ratio of the two specific heats 
of the mixture, the velocity of sound in the mixture of gases will as 
usual be given by F— -JyP/P where p, the density of the mixture is 
given by 


p » PiPi+p gP8-f paP3 + .. - 

P 


and the ratio of specific heats T by, 

p/(r -1) -- D+Ps/C*, -1) ‘ p>Hy> -1)+... 

where Pi, p<...etc„ Pi, P3.*.etc., and Vj, 7*...etc. refer to the 
■constituent gases. 

61. Experimental Determination of the Velocity of Sound 
in Air:— 

(a) Open-air Method. —Some members of the Paris Academy 
first determined the velocity of sound in open air in 1738. Their 
findings show that the velocity of sound (*) does not depend upon any 
■changes of atmospheric pressure ; (ii) increases with temperature and 
; (i*i) increases in the direction of the wind and decreases 
against it. According to the Dutch physicists Moll, Van Beck and 



VELOCITY OP SOUND : DOPPLER EFFECT 


107 


others, the velocity of sound at O’C. is 332*26 metres per sec. Bravaift 
and Martins determined tjhe velocity of sound along a slope, the 
difference of altitude between Faulhorn, the upper stitiozi and the 
Lake of Briez, the lower station, being 2079 mccres while their 

distance was 9860 metres. They found velocity eoiTocted to O’O. to 

• • 

be 332'37 metres per sec. During the Arctic expeditions of Parry 
and Oreely, the experiments were done at very low t.’mperatures and 
almost the same result was found. 

AraffO did the following experiment in 1829 : Two observers were 
stationed on the tojjs of two hills several miles apart. One of them 
was i>rovidei with a gun while the other had accurate stop-watch. 
The first man fired his gun, the second man started his watch on 
seeing the flash and kept a continuous record of the time until the 
sound of the firing was heard. A large number of observatious under 
similar atmospheric conditions were taken and the mean value {t 
secs.) of the recoi’Jed times was taken. If x ft. is the distance between 
the two stations, the velocity of sound (r) is given by, 

v — .r/t ft. per sec. 

Such determinations are liable to two principal errors, (l) the' 

error dnp to the Wind velocity, and (2) the personal eiiuHion the 
observer. 

The first error is that the velocity of sound is affected, though 
slightly, by the velocity by the wind, it being greater in the direction 
of the wind and less against it. It is corrected by the meth'ii of red- 
prooul observations in which both the observers are provided with & 
gun and a stop-watch. When one fires, the other records the time and 
vice verm. Suppose t\ and *2 are the mean values of the time recorded 
by the first and the second observer respectively. If the wind is 
blowing in the direction of the second station from the first at the 
rate of e ft./sec. 

and V-c=aj/(9. 

V *1 ti / 

Thus the effect of the wind is eliminated. 

The second error is that every man is apt to delay some fraction 
of second to start the watch after he actually sees the flash of the 
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£rmg and this delay period various from person to person and is a 
personal factor of the person making the exx>enment. This error can 
be avoided by making electrical arrangements for the recording of the 
exact moment of the gun-fire at one station and for the reception of 
the sound at the ot]]er. 

(b) Rej^nanlt’s Method.— 

Begnault took procaiitionaiy measures against both the eirors 
mentioned above and in 1804 determined the velocity of sound at 
Versailles^ To avoid the personal equation of the observer electrical 
devices were adopted. 

The apparatus used by lieguault is shown in I'^ig. 38. Two such 

arrangements were used at two 
stations. In the figure D re¬ 
presents the drum of a chrono¬ 
graph rotated at a constant known 
speed. As it rotates it advances 
along its axis. S is a pen or 
stylus which strikes against D and 
makes a mark there when attracted 
by an electromagnet which 
can be actuated by the current 
from the battery B when the cir¬ 
cuit is closed. The circuit is normally closed through the line FWF 
extending up to the firing station. The portions BMC along with 
the drum attachments are installed at the receiving station. C is a 
conical wooden receiver at the narrow end of which there is a 
Tibrating thin metallic diaphragm. This is connected in parallel to 
the main circuit and normally the connecting rod i?, is slightly 
out of contact. But as the diaphragm vibrates, the contact is 
established with B. 

To start with the experiment the circuit BFW MB is closed by 
plugging in the key and connecting the gap at IF by means of a piece 
of metallic wire. The stylus records its continuous mark on D. Now 
at the sending station the musssle of the gun is directed towards W 
and the gnn, &red. The circuit is thereby disconnected and the moment 
of firiz^iff recorded on D by the discontinuity in the stylus mark. 
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Again as soon as report of the firing reaches the receiving station* it 
is received by the wooden cone 0 wherein the membrane is set to 
vibration. This temporarily completes the BMCB circuit and the 
stylus is again pressed against the drum and makes a mark there. 
Now from a knowledge of the si>eed of rotation and axial movement 
of the dium, the time interval between the firing and the reception of 
the corresponding sound can be computed from the positions of dis¬ 
continuity of the stylus mark and its reappearance on the drum at 
tlie instant of reception. The distance between W and JR being 
accurately measured the velocity of sound can be found. In actual 
experiment a reciprocal observation is taken with the second set of a 
similar apparatus and the wind effect is tiius eliminated. Begnault 
carried out his experiment for two different distances 1230 metres and 
2445 metres respectively and found that the velocity of sound slightly 
varies with the loudness of a report. In his actual calculations 
Begnault even accounted for the slight error which may arise due to 
the inertial lag of the component parts of the apparatus. 

(c) Hebb's Telephone Method.-- 

At the suggestion of Michelson, Hebb in 1905 and later in 1919 
determined the velocity of sound by the arrangements described 
below. The principle of the measurement lies In determining the 
wavelength X of sound emitted from a source whose frequency n is 
known. The velocity V is then given by nX, 

In the actual arrangements and Mg are two paraboloidal 
mirrors of plaster of Paris arranged coaxially. Fi and are the foci 
of the two mirrors. A whistle whose fundamental frequency was pre¬ 
viously determined by comparing it with a standard fork, was blown 
steadily at Fi so that its frequency remains constant. Tj and are 
two telephone transmitters placed at Fi and F^. These are connected 
to the primaries Fj and P 3 of a special type of induction coil through 
two batteries. The secondary of the coil is connected to telephone 
receiver Tg. An adjustable rheostat (r) is connected in the circuit of 
Ti in order to make the sounds received in T$ from Ti and Tj of 
equal intensities. When the whistle is sounded, Ti directly receives 
the sound and Tg receives it after two reflections as indicated in 
the figure (Pig. 39). Due to the extra path Fi M\MgFg traversed 
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by the reflected sound there will be a phase difference between the 
two sounds and their resultant effect will be heard at T%. Now 



Flg. 39 


since the amplitudes or intensities have been adjusted to the almost 
the same in both the components, it is possible to adjust the phase 
by shifting M 2 to different positions like JM'j etc. so that 

alternate destruction and rein- 
l , forcement of sound in is 

obtained. The position of 
destruction of sound ■ f .e. of 
j \ / \ / \ / minimum intensity can be 

\ / \;nl \ / more accurately detected by 

^ Ts than that of reinforcement. 

-Now plotting these maxima M 

Pig, 4 q and minima^m) as indicated by 

Ti against the corresponding 
shifts of the mirror ilf*, a graph as shown in Fig, 40 m^y be 
obtained. The wavelength. of sound is evidently the distance 
between two successive minima or maxima. Thus knowing the 
distance between two successive minima in the curve and from a 
previous determination of n of the sound emitted by the whistle, the 
velocity of sound can be obtained from the relation F^nA. 

The velocity obtained by Hebb corrected to 0®C. comes to 331*29 
metres per sec. Later experiments of Hebb gave the velocity at 0*^0. 
as S91*44 meti'es per sec. 
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(d) Laboratory Methods.— 

(i) By resonance of air column (vide Chap. VIII). 

(«0 By Kundt’s tube method (vide Qhap. VIIl). 

(e) Recent Determinations. - 

Esclangon in 1917 modified Regnaulfc’s method for an accurate- 
determination of the velocity of sound. The sound of the gun-fire was 
received by a tuned hot wire microphone whose hot wire formed an 
arm of balanced Wheatstone’s bridge, tlje detecting galvanometer in 
the circuit being an Einthoven string galvanometer. When the sound 
was received by the microphone the bridge was out of balance and a 
kick was recorded hy the galvanometer. The value of V at 0®C. 
obtained hy this method is 330'9 metres per sec. 

Angerer and Ladenburg in 1922 redetermined V hy a similar 
method. In 192,5 Pierce made a precise determination of F in air by 
using high frequency sound and found that V changes with the 
frequency of the source The mean value of the velocity of sound in 
dry air at S. T. P. may be taken to be 331 metres per sec. for all 
practical purixrses. 

62. (a) Dependepce of the Velocity of Propagation on the 
amplitude and frequency.— 

In Hegnault’s experiment with a distance of 1280 metres the 
velocity of sound in air obtained was 331'37 metres/sec. But with a 
distance of 2445 metres lie found that the velocity of sound in air 
was 330‘7 metres per sec. This discrepancy was accounted for hy 
supposing that at a near distance the report of the gun was more 
intense while at the greater distance it was of weaker intensity. 8o 
it may be said that the velocity is a function of the intensity. It 
seems to be rather reasonable because a high intensity sound produces 
a greater compression in the air which produces a greater heating 
efifect and hence a higher temperature. So the velocity of sound is 
also proportionately increased. 

Since V depends only on the properties of the medium namely 
7* P and p, the frequency of the source of sound has nothing to do 
with the velocity of propagation. Since if n is varied ^ will 

be accordingly adjusted so as to retain the constancy of V, Pierce’a 
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obBervaiioa that V changes with n in the high frequency regions 
probably suggests that the adiabatic condition, as suggested by Laplace, 
does not exactly represent the thermal state of the medium during the 
ftropagaiion of a high frequency sound wave. 

(b) Anomalous Propagation of Explosive Sounds :— 

[n the propagation of sounds produced by large explosions, the 
following anomalies have been noticed :— 

Tn the neighbourhood of the source abnormally large velocities 
are produced which are generally attended with a considerably large 
air movement. Next appears a xone of normal velocities and then a 
zone of eomphts silence. Lastly, in the fourth zone the sound reappears 
■with the usual intensity but after an unusually long interval. 

Various theories have been put forward to account for these anoma¬ 
lies. But the latest theory known as the temperature theory seems to 
be in a position to explain most of the above facts. According to this 
theory, after the initial fall in temperature with altitude, at about 
17 kms. above the earth’s surface the temperature of the atmosphere 
begins to rise. It reaches the surface value (nearly 15®0.) again at 
about 35 kms. At 60 kms. the temperature becomes as high as 70°C. 
On the assumption of this reversal of the temperature gralient, the 
above anomalies may be mostly explained because due to the variation 
of densities of the different layers the sound rays will be bent down 
from the upper atmosphere and reach the fourth zone after a long 
interval and thereby create an intervening zone of silence (See Art. 33). 
The validity of the above assumptions has also been partly established 
by certain observations on meteors. 

63. The Velocity of Sound in Water :—(a) The velocity of 
sound in water was determined by Colladon and Strum in 1825 in the 
lake of Greneva, where a large bell, hung below the surface of water 
from the side of a boat was struck by a hammer. The sound was 
received through a sort of ear^tmmpet fixed in the water to another 
boat, which was placed at a distance of 2 miles. There was an 
arrangement in the first boat such that, at the instant the hammer 
^va8 struck, a charge of gunpowder was ignited giving a flash in the 
air which i^uld be seen by the observer in the second boat. The 
interval between the flash and tlie report was noted by a 8top*wmteh 
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and the velocity was calculated in the usual way. The value of F” at 
8*0. was found to be 1435 metres per sec. 

(6) Radio-acoustic method was adopted for determining the 
velocity of sound in water by' A. B. Wood and Browne in 1922 in 
collaboration with the Admiralty. A similar method was also used by 
Stephenson in 1923 in .\merica. Stephenson denoted a bomb at a 
depth of 10 metres of water and simultaneously sent a radio-signal. 
This signal as well as tlie sound signal were recorded on a photo¬ 
graphic plate with the help of microphone and string galvanometer 
arrangements at 5 different stations equidistant from the source. The 
velocity thus determined was 1453'5 metres ])er sec. which agrees 
well with the theoretical value. 

(c) Knndt’s Tube method has also been used for determining the 
velocity of sound in liquids. 

Theoretical CalculatioD.— 


Velocity of sound in water, Vw 

water, density = I gm. per c.c. 
dynes per sq. qm. 




For 


adiabatic elasticity* 
density 

and adiabatic elasticity ” 2*1 X10'** 




21X10^0 

1 


cms. per sec. = 1449 metres per second. 


This agrees fairly well with the ex.perimental result. Note that 
this is nearly 4 times the velocity of sound in air. 

64. The Velocity of Sound in Solids :—Sound travels much 
faster in solids than in air. The velocity of sound in cast iron was 
determined by Biot by striking with a hammer one end of a long 
series of cast iron pipes of total length L metres joined end to end. 
^The sound travels through the walls of the pipes and through the 
air inside them with unequal speeds. An observer at the other end 


* In all ordinary moaflarements on the elasticity of liquids feothermal 
elaitioity is obtained. Adiabatic elastioity is y times tbl* isothermal valne Mr, 
Bat V, the ratio of epeotfio heats of a liquid cannot be obtained by ordinary 
methods. It is obtained from the thermodynamio relation Cp^0p'»»<*7TSt 
and a knowiedgs of Op from ezperitoents. Here < is the volnme ooeff. and T 
tha ahsotnte tempecainre. 
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noied the interval between the sounds transmitted by the metal and 
that by the air. The interval between the sounds was t seconds. 


Therefore, if F**velocity of sound in cast iron, and F^ that in 
air, the time taken by sound to travel L metres through cast iron 


= LIV^ and that through air — 


Fi F 


Assuming the value of the velocity of sound in air at the particular 
temperature, the velocity in cast iron was determined, but the result 
was not quite accurate. The velocity obtained was only 3500 
metres/sec. 


Theoretical Calculation. —When a compression wave is trans¬ 
mitted along a solid rod, its velocity is given by F - n/F/p, where Y 
Young’s modulus of elasticity for that material. For annealed 
steel, y*»21‘4 >c 10’ * dynes per sq. cm. and p = 7*63 gms./c.c. 


J 


21 - 4 >^ 10 '^ 
7*63 


cms. per sec. = 5291 metres per second. 


The present accepted value of the velocity of sound in iron is 6130 
metres per second. 

(a) The Velocity of Sound in Other Forms of Solids. —The 

velocity of transverse waves in soUds, when in the form of a string, 
can be experimentally determined in the laboratory bv a sonometer. 
When the solid is in the form of a rod, the velocity of sound is con¬ 
veniently determined by Kundt’s method {vide Chapter III) which is 
based on the principle of resonance. 

From the table of velocities of sound 4t will be seen that sound 
travels faster in solids and liquids than in air. If the ear is applied 
to one end of a long wooden or metal board while somebody lightly 
scratches the other end, the sound of the scratching will be clearly 
heard, but it may not be audible when the ear is removed from 
contact with the board, «.«. when sound travels through air. 

SimUarly, any sound made under water may be easily beard at a 
considerable distance by means of a submerged hydrophone {vide 
Art. 65) which is an nnder-water microphone receiver with,a sensitive 
metal diaphragm for recording sound waves. But sounds do not retsdily 
pass from o»s modimn to another when the media differ greaUy in 
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dentiiy. For this reason, when your ears are under water you will 
not be able to hear the shouts of people around you made in air. 

The sounds made by a running horse's hoofs will be heai*d from 
a very long distance if the ear is apjilied ,to the ground though they 
may be inaudible when the listener is standing up, and similarly the 
ear in contact with a railway line will catch the sounds of an 
approaching train long before they can be heard by others. This 
principle is applied by the water works inspector in detecting leaks 
in the water mains under the street. This is done by applying rod 
to the ground above the pipe anvl pressing the ear to the rod. that 
is, by making a continuous solid connection from the pipe to the ear, 
the sound of water running in the pipe will be readily audible. 

The princiide may be a^iplied for preventing sound from ]>assing 
from one room to another of a building by making cavity walls, that 

is, walls with an air space between them. 

/ 

65. The Hydrophone :—It is a microphone receiver used for 
reception of sound under water and for finding the direction of a 
sound. It is largely used in echo depth sounding, location of submer-- 
ged objects and ice-bergs by 
methods of echo-sounding, 
location of submarines by 
the method of sound ranging 
in the sea-water and similar 
acts of sound-reception 
under water. 

Ordinarily, it is a carbon- 
granule tyi)e of transmitter 
adapted for use undter water. 

It consists of a heavy 
annular metallic ring R 
provided with a central thin 
diaphragm D made also of ^^8- Hydrophone, 

metal. One end of a stylus 5 is fixed to the centre of the diaphragm 
and the other end to a carbon-granule box C. The diaphragm D and 
the back-end B of the box are separately joined to two wires from a 
cable by 'vdiich' the receiver is dipped into the sea. The ends of the 
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wires at the other end of the cable are connected in series to a head¬ 
phone and a battery of cells. The back side of the ring R is provided 
with a screen B, called the baj[!le*(or the deaf side), since it cuts oh' 
the reception of sound at that end. The movement of the diaphragm, 
due to the incidence of any vibratory disturbance on it, causes a 
fluctuation of resistance in the carbon-granule box and so of the 
current in the headphone circuit. For correct reception of sound, the 
receiver is rotated in all possible directions until the maximum sound 
is heard in the headphone. The direction of the sound is normal to 
the plane of the diaphragm at this position. 

66. Sound Ranging :—In war engagements the position of an 
enemy gun can be located by noting the times taken by the report of 
the gun to reach several sound-detecting stations. 

These stations are usually selected on a common base line at a 
distance of some miles from the enemy front line, separated from 
each other by intervals of few hundred yards. Each station is 
provided with a hot-wire microphone which is a sensitive electrical 
apparatus for detecting sounds. These microphones are electrically 
connected to a central station where the instant of reception of sound 
by each microphone is automatically recorded. 

SupiK>se there are three different stations A, B and C (Pig. 42). If 

the report of the gun reaches 
R, t Seconds later than it 
reaches then taking V for 
the velocity of sound, the gun 
at Q must be Fx t farther from 
B than from At or (OB^GA) 
~F.t. If, again, the report 
reaches 0, second later than 
at d, then — If now circles with radii V.t and F,<| 

respectively are drawn with centres B and C, the gun G will be at 
the centre of a circle passing through A and touching each of these 
two circles. This new circle is usually drawn by trial and its centre 
represents the position of the gun. 

The Uja^^e of the above two equations suggests that the source 
of souuift? must lie on the point of intersection of two hyperbolas*- 


G 



Fig. 42—Location of a Gun. 
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one having its foci at A and B, the difference of the foeal distances 
being Vt and the other having its foci at A and 0, the difference of 
the focal distances here being Ft|. The actual procedure is raucii 
simplified by the fact that the source distance is large compared with 
the distance between the microphones so that in the neighbourhood 
of the source the hyperbolas may bo identified with their asymptotes. 
So the geometrical method as described above, which was adopted in 
earlier sound ranging devices, is justified. Now-a-days, however, 
quicker mechanical devices have been devised wherein six micro¬ 
phones are stationed at different positions. Each of them gives an 
electrical record of the reception in its own galvanometer unit. These 
records (six spots) are registered on a photofilm on which hundredths 
of a second are accurately impressed photographically. Prom these 
records the source can be quickly located by a direct method with 
reference to a map. 

67. Determination of Ship’s Position :—In foggy weather when 
a ship finds it difiicalt to get its hearing, it sends out simultaneously 
two signals,—a wireless signal and another under water sound signal 
—to the stations on the coast, which are suitably equipiied for their 
reception and which in turn inform the ship by wireless the interval 
between receptions of the two signals. Thus, if the interval is t secs, at 
the station A., then the ship is F'Xfc ft. from A, while an interval of 
t\ secs, at B would indicate that the ship is at a distance of F'X^i 
ft. from B, where the velocity of sound in sea-water is V ft./sec. 
Therefore, the ship’s position will be obtained by intersecting arcs 
drawn on the^chart with centres A and B and of radii (F'Xt) ft. and 
(F'xt|) ft. respectively. 


Examples 


(ij CcUoulaU the wloetty uf sound in a%r at iO' C. whan ihs fratsuro o/ 
the atmosphere m 76 cme. 

A sound is emitted by a source at one end of an iron tube 9S0 meiret long 
and two sounds are heard at the other end at an interval of fS mm. Find 
the velocity of somd in iron. 






Ans ,; We know that, 
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The velocity of eoand in air at O^C. and 76 oms. presenre. 

/ ^ 18 _ 8t pgj eeo. *882‘5 metres per sec. 

V -uoug 4 

The velooity of soand at lO'^O «332'5+0‘6l x metres per sec. 

If V be the velocity of soand in Iron expressed In metres pir sec., the time 
taken by the sound ti travel 95 ) metres along the iron tube is 950/F seo. The 
’time taken hy the sound to travel through the same distance in air at iO’C. is 
950/3.18-6 seo. 

Tne velocity of sound in solids is greater than that io air : hence the time 
taken by the sound to (ravel through the iron of the tube is smaller then the 
time taken to travel through the air inside the tube. 

/. whence F=ai07*92 metres per sec. 

S3S6 V 

{8) Assuming that the velocity of sound in air at N.T.P. is 1090 ft (sec., 
Jind the velocity at iOi'O and 70 cm. pressure. {/. U. 1958) 

Ans. : As the velocity of sound is independent of pressnre, the temp, effect 
is only to be considered here. 

/. Vi -Fo (1+<« »=Fo(l+4<fl=1090 (1+4.0*00167x60) = 1185 ft./seo. 

13) The wavelength of the note emitted by a tuning fork of frequency 518 is 
55'6 cm. in air at 17'G. If the density of air at N.T.P. is 1"893 gm,per litres 
calculate the ratio of the two specifse heats of air. 

Ans.: Since F=nX, the vel. of sound at l7''(7=F=612x66*5 cm./sec. 


But. 


278 


a7d+17 


•Jm- ’*•=715’'“2 x*®'- 


Again, F,- 
B‘001298 gm. per o.o 


^Here P—76x13*6 x 980 dynes/cm.* and 1*898/1000 


7 X p _ 97 \ X 5ia» X 66*6* X •001298 , 
P 990 X 7b X 18 tf X 9aO ^ 


{4) CiUeulate the velocity of sound in air at lOtfO. if the density of air at 
N T.P. is 0 001293 gm.ic c. and the specific heat of air at constant pressure ss 
0’2tl7 and that at constant volume is 01715. 


Ans .: The veio« i»y n! sound, V^ f 1^. 

\ P 

Hern > =^ 13*6x980 dynes/cm.* and p»0 001298 gm./o.o. 
0*1716 


a • 


'-7 


24 17x76x13-6x980 
l7ibXU-U01293 


at 0“O. 


But 

Vo 



978-HOQ^ 
278 



378 * ‘fAll X 76X 1S*6 x 9‘>0 
278 X 1715x0001293 


=88a80 om./aeo. 
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68. Doppler Effect :—If there is a change in the relative 
motion of a source of sound and the observer, the apparent frequency 
of the note as heard by the observer seem to differ from that emitted 
by the source. It is found that the pitch of the whistle of a train 
appears to rise when the train approaches the hearer and to fall as the 
engine recedes from him. Similar effect is noticed when the observer 
in a running motor car passes a warning bell on a side road. Such 
apparent change i in the xiitch of a note as i)erceived by the observer 
due to the relative motion of the source, the observer or the medium is 
called the Doppler Effect after the name of Christain Doppler (1803-52). 
Doppler first applied this principle to explain the colour of the stars. 
It was later found to apply equally to all wave motions and was 
successfully applied to acoustics. It is with the help of this pheno¬ 
menon that the traffic police can put a check on high speed driving in 
big cities because from a knowledge of the frequency change of horns 
the velocities of the vehicles can be ascertained. 

A general explanation of the phenomenon can be put forward 
from Huygen’s principle. If the source be fixed, the positions of the 
wave-fronts drawn at intervals of one period will be so many concentric 




Fig. 43 Fig. 44 

spheres, the successive ones being one wavelength apart each as shown 
in Fig. 43. Now if the source S moves towards the observer at 0 due 
to its motion towards the observer this equidistant wave-fronts will be 
crowded in the region between S and O as shown in Fig. 44, where 
the gradual shift of S is indicated by 1, 2, 3. 4. The circles 1, 2, 3, 4 
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indicate the wave-fronts emitted from the source at those shifted 
positions. As a result of this crowding, the wavelengths will be 
shorter and the frequency will be higher. Similarly, if the source move 
away from the observer at O' the wavelengths between the S and O' 
increase and the frequency falls. Similar will be the explanation for 
the motion of the observer/ or the medium when the source itself 
remains stationary. The actual calculation of this change in frequency 
under different conditions may be done as follows ;— 

(a) Source moving, observer at rest. —Here we suppose that 
A H the observer is at rest at O 

^____ ____■ . .1 a 

f, I*n wfyeg > 1 .Q , and the medium {*.e. wind) 

j has neither any velocity. If 

^ -J*——^-vi)-- n lae the frequency of the 

^ source, then supposing it to 

Fig. 46 be at rest the number of 

waves sent by it per second will be n which will occupy a space equal 
to the velocity V of sound in length. This length is represented by 

T’ 

AB in Fig. Here n= ^ . But if the source 5 moves towards tlie 

observer 0 with a velocity F,, by the time the first impulse of 
emitted sound reaches B at the end of the second, S moves to S' at 
a' as shown in the lower portion of the same figure. So all the n 
waves emitted by the source in one second will he confined within the 
region A'J3*(F—Fj). So the original wavelength A wiU he altered 

to V due to the clustering of the waves. Here^'=s.. *. Now 

n 

since the velocity of sound remains unaltered, the frequency of the 
note will be correspondingly altered to n, where 

If the source moves away from the observer, F, will be negative 
and hence eqn. (1} will take the form. 


n (2; 

Thus while the source approaches the observer, the frequency 
ifuhreaseji and while it recedes, the frequency falls. 
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If tJie medium moves (i.e. if wind blows) in the direction of the* 
sound with a velocity then due to tiie motion of the medium the 
effective velocity will be increased from F to 

Eqn. (l) will take the form. 


n'~». 


r+F., 

F+F„-F. • 


If the wind blows in the opposite direction, Vm. i» nagative with) 
respect to F and hence. 


n — 


F-f 


m 


F* F„-F. • 


(b) Source Stationary, observer moving.— Let the soorce* 

emitting the sound with a velocity F at a frequency n be fixed at S 
and let the observer 0 move with a velocity F© in the same direction 
as F. If the observer were fixed at I/, then in 1 second all the n waves 
starting from *S' would have 
reached him in the plane BO. 

But as in this interval of 1 sec. 
the observer moves from O to 
O' through a distance Vg, all 
the waves emitted cannot reach 
him during this interval. The 
waves limited within the shaded space of length I o cannot reach the 
observer within 1 sec. 

Now since the source and the m€jdium are stationary there cannot 
be any change in ^ in the space. Hence the frequency or number of 

waves emitted is« = ^. Out of this number, the moving observer 

does not receive the waved contained in the shaded region whose 

number is ^ Fo. So the total number of waves reaching the- 

observer per second which is identical with the apparent frequency 
of the note received by him will be given by 



- \ — 


91 


> f» - 9*1 n. 


V-V. 


( 1 > 
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If the mobion of the observer be towards the source, Fo will be 
negative and hence. 


n 


V+Vo 


(4) 


In case the wind blows with the sound, eqn. (3) will be modified as 

F -bF,, Vo 
V+V^ ’ 


n “n- 


■where F,rt= velocity of the medium or wind. 

When the wind blows against the sound, 

V- ^F- V„ Vo 
“ V-Vm ' 

(c) Both source and observer moving.—Suppose that the 
•velocity of the source, la, and that of the observer Vo be in the 
direction of the velocity F of the sound reaching the observer and 
that the medium is stationary. 

If the observer be supposed stationary for the time being, the 
changed wavelength of the sound waves caused by the motion of the 
source is given by, 

TT„ TT 

[vide case (a)J 




n 


and the corresponding changed frequency is. 


n 


' 71 - 


F-Fa* 

Now when we consider the motion of the observer together with 
that of the source, we can suppose that the source is now a stationary 
one emitting a sound of this changed frequency n. So due to the 
motion of the. observer the new altered frequency n will be given by, 

—~ [vide case (fc)]. 

Substituting the value of n' we get. 


V-Vc 


■« F Fq 

' "F-F. ” F F~Fa ■" 

If the motion of the observer or the source be negative there will 
Ite only % corresponding change in the sign of the quantity 
^uantiti^>m expression (5), 


or 
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Now, if the velocity of wind be considernd, the effective 
velocity of sound should be F+F,^, when ¥„ is in favour of F. 

The altered frequency duo to the simultaneous motions of wind, 
observer and source, all in the same direction, is therefore given by, 

r+F«-F, 

If I tn be oppositely directei to 1 , its sign will be negative in 
expression (6). 

(d) Soaree moving at an angle to the line joining the source 
and the observer— 


n 




( 6 > 


Let 0 [Pig. 46(o)] be the stationary position of an observer and 
let the source iS be moving with a velocity F, in a diiection SQ, 


making an angle < with SO. The velocity component along SO is 
F* cos <. The observer will therefore hear a note of higher frequency 
n' which is given by, 


n 


V 

—=-• 

F— Vt cos < 


where F is the velocity of sound and n is the frequency of the soundi 


emitted. 

As the source gradually 
approaches N, the perpendi¬ 
cular drawn from 0 on SQ, 
< gradually increases and n' 
also increases till at N where 
cos < being 0, n becomes 
same as n. When the source 
reaches jR on the other side 
of N, the velocity component 


O 



F, cos ff will act along OB and hence the frequency of the sonnSL 
apparently heard by the observer will be, 

_F_ 

”“”f+F. costf* 

69. Experimental Verification ani Application of pqppler*a 
Principle :—Doppler’s principle was experimentally teste3 by Ballot 
and Bussel in 1846 and later in 1861 by Mach. The easiest method 
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adopted is. however, that due to Konig. He took two tuning forks of 
nearly equal frequencies mounted on two resonance boxes. When both 
of them were stationary, tiicy produced only four heats when set to 
vibration. Then on keeping one of the forks fixed in position the 
aecond one was moved either towards or away from the stationary 
observer. This produced a change in the number of heats heard which 
'^as evidently due to the fork being moved. From a knowledge of tha 
change in the number of beats, the frequency change could be 
oalculated and hence the Dopi>ler’s principle was verified. 

Doppler applied this principle to find out the velocities of moving 
heavenly bodies from a knowledge of the frequency shift of the light 
colour change) emitted by them. The principle also successfully 
explains the finite breadth of a spectral line. With the help of this 
princqiile the speed of rotation of the sun can he calculated from the 
spectrum of light coming from the periphery of the sun. Tha 
differential rotations of the inner and outer edges of the Saturn’s 
rings have also been ascertained with the help of this principle. [For 
applications in Optics, refer to Art. 99. Physical Optics, CoUeg# 
Physics, Vol. HI.] 


Examples 


(2) What it th» appar$nt frequency of the sound of a whistle of fre¬ 
quency 600 from an engine which is approaching a stationary observer at J0 
metres per see. t {Velocity ofsound'^SSS metres per sec.) 

Ans^ : Here FfN«0 and V t »10 metres per see. 

F4-P1--- V 

Apparent freqnenoy, . 

V-rVfn— y s 

' -600Xg||^^~-60o 5<|~-619 (approximately) per see. 

(9) Oalmdafe the apparent frequency if the note of a whistle of fregueney 
MOOO per see. is heard from a train which is approsehiny a etation atitfifsee. 
eehera the whistle is blown (velocity of smnd • IlOO fUsee .) 

4wi>: Here 7 1 “O, 7ia"0, and F©* -44 ft./sec. 


Apparent freqnenoy, n^^nyXJL^SLl!^-. 

V-tVm’y* 

-MOO » K 1^- tlW) P« 


lJ.OP^—0 
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(3) An «ngin» approaehss a bridge at 5 ft. p«r see. tohiU $oundin(i a 
whistle of frequeney 500 e. p. s. The sound is reflected from the bridge 
Calculate the frequency of the beats heard by a stationary observer behind 
the engine ( F =1100 ft.fsee.), 

Ans.: Binoe tfas engiae is receding from the observer, its appirent freqaenoy 
ae heard by him is. 


iRO-t-o 


X600. 


As the engine approaches the bridge, the image of the engine may also be 
supposed to approach towards the bridge and hence to the observer. So the 
pitch of the reflected sound will be, 


n,- L1!1®^x500. 

HOO-6 


fhe beat frequenoy=“W,—tt'==500x1100^— pet sec. 


(4) A train passing an observer at 80 miles per hour is sounding its 
whistle. Determine the interval (ratio of the frequencies) between O^e notes 
heard as the engine approaches and recedes (VssilSO ftjsec.). 

Ans .: 80 miles per hout<s: I ft./Beo. 

When the engine approaches the observer, the apparent frequency is, 

_ V _ 1120 _nao 

'* "F- F. “"1120 -117-33” 1002 6T 


When the engine recedes, the corresponding apparent frequency Is 

_F 1120 1130 

• “ F+F* “*1120 +117*3i“* I237-83 * 


Henoo the 


required interval is 


*i 


“l002*o7 


1*23 (approx.). 


(d) An engine in a cutting between two ridges, is whistling when its velocity 
is USOlh of the velocity of sound in air. Compare the frequencies of the echoes from 
the ridges to an observer between them. 


Ane. : Here F $ =~, where Fasfvel. of sound in air. 

20 

Let A and B ba the two ridges 

When the engine recedes from the observer and approaches the ridge A, its 
Image seems to approach the observer due to reflection from So the frequency 
of the echo from A la 


n«-*n. X 


F-F, 




F- 


10 


20 

19* 


Again* tiaoe the engine recedes Item B, the aocrMpimdiiitg Itnege -wtU 
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recede from B and hence frczn the obseivor. 
B will be, 




V-VVt 


tfl_ 


F+ 


20 


So the frequency of the eoho from 



/, 1*1058 (approx,), 

n, 19 

(d) Calculate the velocity at which a source of frequency 10 thousand jaer 
second should ofproach an observer at rest in order to produce a Doppler*s effect 
of 200 fer second. (0 U. 1954) 

Ans. : We know when the obaerver in at rest and (he aonroe approaches 
him, the altered frequency ia given by, 


n 


V 

F-Fi’ 


Here n«> 10000 and n'sBi0OO0-|-20O. Taking the velocity of sound in air 
as 1130 ft./sec., we have, 

10300 = ~ X lOOOO 

1120-F, 

or 1120-Fr«—XIOOO; or, F* *1120^ 1-^). 

103 V 102/ 

Fj“ 21*9 fi/aeo. 

(7) A person standing on one side of a road blows a whistle which has a 
frequency of 600, A cyclist passes at 10 miles per hour. What does the frequency 
of the whistle appear lobe to the cyclist before and after passing f Velocity of sound 
inair">ll00 ftlsec. {Bihar, Suppl, 136S) 

Ans ,: Velocity of the oyollBt=*Fo»»i?^t^---ft./aoc. 

60 x 80 8 


When the oyolist approaches the whiatlei the apparent frequency, 
n,-.nE±I^»600xy??^»608 vlb./8eo. 

Y IxvU ^ 

When the oyolist reoedea from' the whistle, the apparent frequency, 

n, «n.^zEe. -600 X 692 nib./8ec. 

^ F 1100 

(8) A locomotive whistle emitting 2000 waves per see, is movirsg towards you 
at the rate of 60 miles on hour on a day, when the thermometer stands of 24^C. 
Calculate the e^arent pitch of the whistle. 

{VelooUy of sound at 0^0^1093 ft.fseo.) < 0. U. 1960) 

Ans. i Hera F«4»(F«+9x34)»«(1098 +48)«ll4] ft./seo. 

As the lource is approaohlng the observer, the apparent pitch Is given by. 
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19) Two aeroplanes are approaching each other at the speed of 100 and 
150 mph. The frequency of note emitted hy the ^rst as heard by passenqers tn 
the other is 1000. Calculate the true frequency of the note as heard hy its own 
passengers. Take the velocity of sound as 750 m.p.h. (R. U. 1948)' 

Ans. ; Let n be the tree frequency. 

Here 7=760 m.p.h.; 7o*'160 m.p.h. and F, -=100 mph. 

Apparent frequency due to motiop of the Bonroo (1st aeroplane) is, . 

V 


n. 


in 


V+Vs' 


Due to the motion of the observer (and atroplane) towards the source, the- 
modified apparent frequency is figaalOOn, where 


n. 


«n. 


F+F. 


*«. 


F+F* 


F -Vs' 


W=f|m -- — = 

F+Fo 


1000 vib. per sec. 

760+ 160 


(10) A spectroscopic examination of a star shows that the apparent wave¬ 
length of a certain spectral line is 5001 A.U., whereas the observed wavelength of 
the same line produced hy terrestrial source is 5000 A .U. In what direction and 
at whai speed do these figures suggest that the star is moving relative to the earth. 

(C. U. 1947) 

Ans,: Since the observed wavelength is greater, the star Is evidently receding 

from the earth. 

1 

The apparent wavelength x 

n F 

where X la the aotoal wavelength, Fs^vel. of light, Fs^vel. of the star. 


Hence, 


V-X-^'X;or. 

/. rr. - 8 ^ lO^OfBOOl-60yt x 10-« , ,,,, 

6000X10-* 


Questions (Chapter VI) 

1. Show that the ve}oolty of propagatimi of sound waves in a gas is given by 
the expression i,/£7p> where J* Is the elaetloity and p is the density of the gas. 
What expreeiiqn will yon nee for the value of JT ? Qtve your answers for choosing 
this partlonlax value. (C. D. 1930) 

9, Defive an expression for the velocity of sound in a gas, (Raj. U. 1949) 

8. Derive a general expression for the velocity ol sound In a gas, and dtscues 
the fomulse due to Newton and Laplace. (cf, C, D. 1966; if, tJtk. .U* *705^ 
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OftlonlAfe the relooitj of Boand in air a( N.T.P. (the ratio of apeoiflo heats for 
air a]'4; density of ait at N.T.P.a-001293). (All. U. 1943, *52 ; 0. U. 1938) 

[Afu. 3S2’5 metres/seo.] 

4. Derive an expression for the velocity of sound in gaBea. Describe any 

method of determining the velocity of sound in air. (0, U. I960, *68) 

Find the velooity of sound in air at 60”C and 70 om. pressure. The velocity at 
N.T.P. is 1090 ft. pec seo. (C. U. 1968) 

[Ans. 1190 ft./seo. (approx.)l 

5. Find the expression for velooity of propagation of longitudinal vibrations In 
a solid rod. 

Discuss hot? from an acoustical experiment Young's modulus can be 
determined. (c/. 0. U. 1944, *64, *62) 

6. Young's modulus for steel is 2*14xl0** dynes/om.* and its density la 7*8 
gms./o.c. Find the velooity of propagation of sound through a steel bar. How 
would the temperature of the bar affect the result ? 

lAns, ‘>237 metres/seo.] 

7. Explain why pound travels faster and is heard at greater distances in 

liquids and in solids than in gases. (0. U. 1931) 

8. Find an expression for longitudinal waves in a metal bar, and describe a 
method of determining the velooity of the sound In it experimentally. 

(Nag. U. 1956) 

9. Deduce a theoretical formula for the velooity of sound in gases. A sound 
Is emitted by a source placed at one end of an iron tube, one kilometre long, and 
two sounds are heard at the other end at an Interval of 2'8 sees. If the velooity 

of sound in air' in the condition of the experiment is 880 metres per sec., find 
that in iron. (C. U. 1942) 

{Ans. 4312 metres/seo.] 

10. Give an account of the classic determination of the velooity of sound in free 

wlc and state the results obtained. (C. U. 1949) 

11. Mention the different factors that influence the velocity of sound as 

determined by open-air observations and explain how they may be ooereoted in 
•order to obtain an absolute value. (e/. 0. U. 1963) 

12. Find an expression for the velocity of sound In air from the theory of 
dimensions assuming that it depends only on pressure and density. Is the formula 
40 obtained verified experimentally 7 Give reasoue for your answer. 

[HINTS Since velooity V depends on pcessute and density, F=fc. 

As* the dlmen»im of V is that);of P, Afli-'T-* and that of p, ML'-^ 

equating the dimensions we get, 

X, ■« •'.M ■ rjp-* ». 


.'. «+p-0; 

or, 


and 9ai»lt 

or. 



• 

a a 

-A 

1 

1 




! 
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13. Give Newton's lormals for the velooity of sottod In air. In what raapeet 
was it defeetiTe and what oorreotion was fonnd necessaiy to make it yield the 
aoonrate reenlt r 

14. State the law oonneoting the velocity of sound through a gas with its 

temperature and pressure. , (0. U. 1938) 

16. A weight of 5 Kgs. suspended from the lower end of a uniform wire of 
length ] metre and diameter 0*86 mm. produces an extension of 3'5 mm. Find il^e 
frequency of the note emitted when the stretched wire is stroked by a resined 
cloth. The density of the materiel of the wire is 7*8 gms. per o.c. 

{Ana. 9>190 o.p.s.] 

16. Write rotes on : (a) Hydrophone, (6) sound ranging (IJtk.TJ.), (e)eoho depth 
sounding (C U.)» (d) detern instion of the position of a ship In foggy weather, (#) 
effect of humidity on the velocity of sound. 

17. Explain Doppler's principle and explain how it can be easily demonstrated. 

18. It was reported that a musical policeman could estimate the speed of a 

motor car by the drop in pitch of the born sounded as the oar passed him. Gire 
a theoretical explanation to substantiate this report (Bom. U. 1939) 

19. What is Doppler's Principle ? (0. U. 1964) 

A train apprcaches a stationary observer at a speed of 76 kilometres per hour 

sounding a whistle of frequency 1000. What will be the apparent frequency of 
the whistle to the observer 7 (0. U. 1948) 

[Ans. 1067 o.p.B. (nearly)]. 

30. A line of wavelength 4*8x10'* om. In the spectrum of the light from 

a star is fonnd to be displaced from its normal position nearer to the red and 
of the spectrum by an amount corresponding to a charge In waveleugUi of 
l*2x lO'*'om. What velocity of the star in the line of sight would account for 
this shift ? (c/. All. a. 1951) 

[Ans. 0‘95 X10”“ o. (c=veIoolty of light)]. 

31. Explain clearly Doppler effect in sound. Show that the Doppler effect is 
greater when the source approaches the observer than when the observer approaches 
the source with the same speed. (c/. Utk. U. ’70S ; Bom. IT. 1954 ; O. U. 1954) 

2S. What is Doppler effect in sounff ? If a sounding tuning fork of high 
frequency fa rapidly moved to.and.fro between the ear and the aurfeoe of a flat 
wall, heats will be heard. Explain how two notes of different frequencies are 
produced. • (Nsg. U. 1954) 

23. What is Doppler effect 7 Derive and explain the formula for the apparent 
frequency due to It. 

" A train la peasing a railway station with a speed of 40 m.p.h. and blowing 
oontinuously a whistle of frequency 356 per sec. What will be the Ireqasnolea 
apparent to a person waiting on the platform when the train if (a) approaching, 
(b) departing! What is the interval between these two notes 7 (vel.ofsound* 
1190ft/8eo.) (G. tr, 

(4ffs. (a) 270*15 e.p4i. i (ft) 948*36 e.p.i.: Interral** 1*147 aeon, ‘ 
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24. Show that if the aonrce moves away with the velocity of sound from an 
observer who is at rest, the frequency of vibration heard is halved. (G.U. 1958) 

25. A loeomotive whistle emitting 2000 waves per sec. is moving towards you 
at the rate of 60 m.p.h. on a day when the thermometer stands at 24''0. Calculate 
the apparent pitch of the whistle (vel. of sound at 0°(7^1093 ft./eeo.) (G.U. 1940) 

[i4ns. 2167 8 o.p.B.] 

26. Calculate the percentage dlfierence between the frequency of a note 

emitted by a whistle of a train approaching an observer with a velocity of 100 
ft./6eo. and that heard by the observer, the velocity of sound in air being 1100 
It ./see. (0. U. 1967) 

[Ans* 10 per cent.] 

27. An observer on a railway station platform observed that as tbe train passed 

the station at 60 m.p.h., the frequency of the whistle appeared to drop by 400 
vib./seo. Find the frequency of the whistle. ‘ (Bihar U. 1968) 

(Velocity of sonndallOO ft./aeo.) 

[dns. 2484 vib./seo.] 

23. An engine sounding a whistle of frequency 500 vib./sec. is approaching an 
observer at a velocity of 60 m.p.h. What is the freqneacy of the note heard by the 
observer 7 Velocity of sounds 1120 ft./sec. (C. U. 1969) 

[Ans, 642*6 vib./seo.] 
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VIBRATION OF STRINGS : FORK : PLATE : 
MEMBRANE : BELL 

70. Vibration of Strings ;—In sound a string usually means a 
wire or a cord of any material, which is flexible and uniform in cross- 
section. These conditions are found to he satisfactorily fulfilled by 
thin metallic wires or catgut. Strings may vibrate in two ways : <rnns- 
versely and longitudinally. A string can be vibrated longitudinally by 
rubbing it along the length with a piece of chamois leather covered 
with resin, or by a piece of wet flannel. It can be vibrated transversely 
by plucking it to a side, by bowing it with a violin bow, etc. When a 
stretched string is plucked to one side, it tends to return to its original 
(straight) position of rest. But owing to inertia that it possesses, it 
overshoots the mark like the motion of a pendulum and goes over to 
the other side and goes on swinging to and fro with gradually 
decreasing amplitudes and after sometime it stops. The vibration in 
this case is mainly due to the tension in the string which when the 
string is deflected, tends to bring it back to initial straight position. 
In stringed musical instruments, only the transverse vibrations of strings 
are employed. 

71. RefleetiOD of Waves in Transverse Vibration.— 
(d) Beflection of waves in a string. — Let a wave travelling along a wire, 
say from left to right, meet a fixed support and let the wave meet the 
support in the form of crest. The end of the wire will exert a force 
on the support tending to move it in the direction of the force. Then 
according to Newton’s Third Law of Motion, the support will react and 
exert an equal and opposite force on the wire which causes a rebound, 
so that the pulse is thrown over towards the other side of the string 
and a reversed pulse starts travelling back along the string from right 
to left. Thus, ia this case refleetion takes place at tke fixed ends 
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with change of type. «.#. a crest is refieeted back as a trough and a 
trough is reflected hack as a crest. It should be noted, howeTer, 
that in the case of water-waves, which are transverse waves, a crest 
meeting a rigid wall is reflected back as a crest and a trough is reflected 
back as a trough, like longitudinal sound waves. Also, the important 
difference between the reflections of sound waves at the closed and 
open ends of a pipe should be noted. 

{b) Beflection of Water-waves. —When a water-wave travels along 
it has both potential and kinetic energy. Part of the energy is potential, 
because a force must have been applied to and work done upon the 
water to raise it above its normal level, and a part is kinetic, because 
the molecules are in motion. When the waves strike a rigid 
wall or a denser medium, the motion of the molecules towards the 
wall is arrested, their kinetic energy is reduced, which is then 
converted into potential energy, thus increasing the amount of 
potential energy. So the average elevation of the water in the crest 
is increased and the water is piled up against the obstruction, which 
then runs down and away from the wall producing a crest like the 
original wave and traveUing in the opposite direction. Thus, in the 
case of a water-wave meeting a rigid wall a crest is reflected as a crest 
and similarly a trough is reflected as a trough. 

72. Stationary Waves in a String :—^When a stretched string 
is plucked aside, a wave will travel along its length with a definite 
velocity. The transverse wave will be propagated to both ends and 
will be reflected at these points. If a complete wave consisting of a 
crest and a trough is sent along a string crest first, it will return as a 
trough first after reflection at the fixed end. These reflected waves 
will return to the centre of the string when they pass each other, and 
go on to the ends, to be once again reflected, and so on. These inci¬ 
dent and reflected waves, travelling to-and-fro along the string in 
opposite directions with equal velocities combine to form transverse 
stationary waves whose position of nodes and antinodes are fixed. 

'72. TiiP Velocity of Transverse Waves along a String:— 

string stretched under tension is displaced laterally, 
tr«uf|rerse waves are set up in it. The waves travel along the string 
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with a velocity dependent on the tension and the linear density of 
the string. 

Suppose* the string CC stretch¬ 
ed under tension T [Pig. 47] is 
displaced perpendicularly to its 
length so as to make transverse 
ribrations (by plucking, bowing 
or striking),,due to which, sup¬ 
pose, the summit aEb of the dis¬ 
placed position is bent into an arc 
of a circle. The transverse wave 
travelling along the string from 
left to right with velocity V may be imagined to be due to the hump 
also travelling with the same velocity. For the circular motion of 
an element near the summit E of the hump, the necessary eentripetai 
force is supplied by the tension at a and h. 

Suppose aE=Eh and 0 is the centre of the curvature aJ5h. Let 
the angle aOKhe $. Join Oa and Ob. Draw tangents T at a and b, 
representing the tension of the string which i)roduced backwards 
meet at P on OK. Suppose the length aEb is L, mass per unit length 
of the string is m, and the radius of the curvature is B. 


V 

p 



The components of the tension T at a and 6 in the direction PO 

fn Tj 

(each equal to T sin $) constitute the centripetal force ^— ott 


H 


the hump, while the components of T at right angles to PO eancet 
each other. Therefore, 


j - - =2rsin 6^2T.6 (approximately) 
Jet 


B B 



^AlteroEtive Method. —Let a string WW’ be stretched along the 
X-^xis. If the wire be under a tension T and then displaced along 
X-axis to the position WABW\ the tension would act unifonhly over 
the whole loop in absence of any stifiTness. Suppose AB ii e 
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very small element of the wire of length ds, the point A having co¬ 
ordinates X, y with reference to 
any arbitrary origin. The 
tension, T, at A acts down¬ 
wards along the tangent there 
and the tension at B acts 
tangentially upwards as shown 
in Fig. 48. 

At A let the inclination of 
the tangent with the J^-axis be 
X Then the horizontal compo- 

Fif{. nent of T there is = T cos 

since B is generally very 
:small. This Tx is directed in the negative direction of the X-axis. 
Again the vertical component of T at A is given by 

Ty^T sin d-r tan A C.* B is very small). 

ax 



This component acts along the negative direction of the F-axis. 
‘The first component T# — T being independent of x can be shown to 
be identical with the corresponding component of T'x of the tension 
at B, T and Tg being oppositely directed and equal in magnitude 
•cancel each other as points A and B are almost coincident. 

Now since the y-component Ty of the tension at A is T—, the 

ax 

•corresponding ^-component of the tension at B will be 

where— ^ is the rate of variation 

•of y-component along X-axis. This component is directed along the 
positive direction of the X-axis. 

.*. The resultant transverse force acting at right an^es to the 
original length of the wire is given by 

r, - r,’■r&asr.jT j, 

* ' rfcc* dxr 

dt is pr*dae48y equal to &b for sniall yalues of 


(1) 
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It is due to this .effective component of the tension that the wire 
or the string is forced to vibrate transversely. Now if m be the mass 
per unit length of the wire, the mass of length da is m. tfs. 


This element ds of the above mass is, under the above force, made 


to vibrate with an acceleration 


d^V 

dt*‘ 


The force acting on the element is mda . 

This is equal to the force due to tension as derived in expression (l). 

••• 


or, 


d^v^Td^y 


... ( 2 ) 


dt’’^ m das* 

I Eqn. (2) represents the differential equation of a wave. Since the 
displacement in a simple harmonic wave is given by sin-^(f 

where V is the velocity of the wave, we evaluate -r-rr- and from 


dt'* 


dx^ 


this displacement expression and find that 

d^y^Tfzd'^y ... . . ( 3 ) 

di® daj* 

Halation (3) also represents the equation of a simple harmonic 
wave moving with a velocity V, Hence comparing eqns. (2) and (3), 

F*= jTfm. 


^ [Note : Prom above_^ get the velocity of a transverse wave in a 

string as Fr^where S and P are the cross-sectional 
^ m ^ S'>^P 


area of the wire and the density of the material respectively. 

Again the velocity of a longitudinal wave along the same wire 

is given by F/.« V Y/P^ V S 


If Fz,«Fr. we have T^YS ; or T-T/S. . 

*.«. Youngs modulus = Tension applied per unit cross-sectional area« 
Liongitudinal stress. ' 

&. 34—<YOL. l) 
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But by'definition, I ^tugjn al 

LoDgitudmal strain 

If Vi,^ f'r, longitudinal strain“1 ; or, in other words^ the 
extension under the tension must be identical with the original length. 
Ko wire is known to possess so abnormally high an elastic limit. So 
Vl and Vr cannot be equal. As strain is always less than unity, 
Y;>,7/S ; or Y8>T. F/.> Vr. 

So under all available tensions, the velocity of a longitudinal wave 
through a wire will be greater than that of a transverse wave thiough «t.J 


74. Frequency of Transverse Vibration of String^sTh% 

velocity of a transverse wave along a stretched string is given by 



where T*®tension of the string expressed in dynes; m-juass in 
;;rams per unit length of the string ; M=mass of load on the string. 

When the string gives out its fundamental i.e. the note of the 
lowest pitch the length of the string, i cm. = distance between two 
consecutive notes = ^/2. 

F=®nA^ = 2M/. ■ 

Substituting the value of V in eqn. (l) we get, 

2ni= ; or, n«^ 2 \/ 

^ TO -a* TO 


Again, if P be the density of the material of the wire and r be its 
radius, then m = ffr^p, and so we have from eqn. (2), 


fT.„^ /iL-I /Z. 

CII ^ «•»» O »P Id ^ 


(3) 


21*^ nr^P 2fZ'^ nP Id ^ up 
where d is the diameter of tbs'wire. 

1 f~T 

The frequency, 24 V string cbrresponds to the 

fundamental note emitted by the stiing when it is vibrating in the 
simplest pp|8ible way with two nodes at the two ends and an autinode 
in the midiue. ‘B this fundamental frequency by designated by n'|, 

1 /T ' 

^ * When the string vibrates in two segments 


we can write. »i 
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with a third node in the middle, the ucond harmonic or the fimi /’rer- 
tone is produced. Here i —A. 


1/7’ 

The frequency of the second harmonic is —- W — = 2n,. 

I ^ m * 

In the next higher mode of vibration, the string vibrates in three 
segments and the third harmonic emitted has the frequency, 
I / T 

3. — W3w j, Similarly, the frequencj’ of the /^armonto 
iSi m 


J, T 

IS fit —* V - 


(4> 


Helation (4) gives us the general expression of the frequency 
emitted by a transversely vibrating string. 


76. Laws of Tranbverse Vibration of Stringa :—From relation 
(2) of Art. 74, we get the following laws of the transverse vibration 
of strings, which are generally known as Merseane’s laws. 

(1) . Lav) of Length —The frequency of a note emitted by a string 
varies inversely as the length, the tension remaining constant ; that is, 
fi**lll% when T and in are constant. 

(2) . Law of Tension .—The frequency of a note emitted by a string 

Varies directly as the square root of the tension, the length being kept 
constant ; that is when I and m are constant. 

(3) . Law of Maes. — The frequency of a note emitted by a string 
varies inversely as the square root of the mass per unit length of the 
string, the length and tension remaining constant ; that is » « 1/ 
when I and T are constant. 

Again, from relation 13) of Art. 74, the law of mass may he put 
into two additional laws for strings of circular section as given below ; 

3(a). Law of Diatwetcr.-The frequency of the note pioduced by 
a string varies inversely as the diameter of the string—the length, the 
density of the material of the string and the tension remaining 
constant; that is. n « 1/d, when i, P and T are constant. 

3(6). Law of Density. —^The frequency of the note emitted by a 
string varies inversely as the square root of the density of the material 
of the string* length and diameter of the string and tension remaining 
constant, that is, n -1/ %/p. when I. d and T are constant. 
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76. Experimental Verifications of the Laws of Transverse 
Vibration of Strings (By Sonometer > —The laws of transverse 
vibration of strings can be verified by means of an instrument, called a 
sonometer. It consists of a hollow wooden box AA% on which one (in 
case of a monochord) or more wires can be stretched (Fig. 49). Each 



wire is attached to a i>eg at one end and passes over two wedge-shaped 
hard wood hj, jB, called the fcrtdflfes and finally over a pulley at the 
other end. The string is kept taut by weights K attached at this end. 
A third bridge C can be placed in any position between the other two 
in order to set any desired length of the string into vibration. 

Law 1. To verify n IJl .—To verify the law of length, two 
tuning forks of known frequencies and n* are taken, ^ne of the 
forks is made to vibrate, and altering the position of the movable 
bridge C, the length B\C of the sonometer wire (under a given tension) 
is so adjusted that the note emitted by that length of the wire, when 
jducked in the middle, is in unison with the note yielded by the fork 
{vide Art. 77). Then the frequency hj of the fork is equal to the 
frequency of the wire of length l\, Eepeating the ex^^riraent with 
the other tuning fork, another length of the wiie is similarly deter* 
mined. Let be the frequency of this fork, and Zg, the corresponding 

length of the wire. It will be found by experiment that — ; 

na lx 

or, Bepeating the experiment with other forks, it will 

be found that Ls. »Zwa constant, This verifies 

the law. 

:N<^ that the same wire is used and the tension is kept the same 
while abutting the length of the wire for unison with different forks. 
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Law 2. To verify n«« JT .—Stretch another wire, callo.l the 
comparison wire, by the side of the first wire. Let T. be the tension 
on the first wire. A length of the comparison wire is then nd justed 
which is in unison with the note yielded by the first wire. 


Let the length he Now increase the tension on the first wire 
to Ti ; so the frequency of the note emitted increases. Again another 
length I.f o{ the comparison wire is found which is in unison with the 
note of the first wiie. Let n* and r/j, he the frt»qMtMU*ies of the notes 
of the comparison wire of lengths li and /g, and so cf the first wire 
corresponding to tensions T i and Tg respectively. '•Ve have, by the 

1)V e.\ peri merit 


law of length, ^ = Again, it is found 


tliat 





So. 


na 



By applying different tensions Ti, T%, Tjj* etc. to the first wire 
and determining corresponding attuned lengths Z^, 1%, Zg, etc. for 
which the respective frequencies are «], • g, n*, etc. it may be shown 
that n/ JT is constant. This verifies tlie law of tension. 


Law 8. To verifij n« \l Jm —To verify the law of mass, two 
wires of different mass per unit length are taken. The wires may be 
of the same material or of different materials. One of them is 
stretched by the' side of the comparison wire with a suitable load. 
Taking any length of the wire whose mass per unit length is Wj, a 
length l\ of the comparison wire is determined, w^Uicb is in unison 
with the note of the first wire. Beplaciog the first wire by tho 
second wire of mass mg per unit length, and k.^e[»ing feasio*'* the 
name, the above experiment is repeated, taking the length of the 
second. experimental wire tame as that of the first. A length 
Zg of the comparison wire is found which is in unism with the note 
of the second wire. Thep a measured length of each of the two 
wires is taken aud each of them is weighed. From these weights, the 
masses of unit leogth (iwi'and Wg) for the two wires arc found. 

Let n| and ng be the frequencies corresponding to lengths 1% and 

Zt of the comparison wire. We have, by the law of length, 

‘ *1 
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4nd it will be found by the experiment that 


h 

h 



Hence, ^ WtIL ; or, »i n/wi Jm%, Repeating the ex- 

periment with other wires of different mass per unit length, it will be 
found that n v/w~a constant. This proves the law of mass. 


Law 3(a). To verify n^ljd —Take two wires of dilferent 
diameters but of the same material and proceed just as in the above 
experiment (Law 3). Let l\ and be the lengths of the comparison 
wire which are found to be in unison with notes produced by equal 
length of the two wires having diameters dy and respectively. 
Now, measure d] and with a screw-gauge. From Law 1, we have 
ni/»i«Zj(/Zi, and it will be found by experiment that. 


Hence 

d I 


which verifies the law. 


Law 3(b). To verify n*» take two wires of different 

materials but of the same diameter, and repeat the experiment exactly 

as in the verification of Law 3(a). It will be found that — 

»»a Pi 

This verifies the law. 

N.B. —Tt should be noted that this experiment gives a method of 
determining acoustically whether two wires are made of the same 
material or not. 


77. Notes on Tuning : —In tuning two strings, or a tuning fork 
and a string, or any two notes, the following two methods may 
generally be adopted, 

(I) “By Reaonanee*'. —Tune as nearly as possible by ear. Then 
place an inverted F-shaped paper rider, or a thin wire rider on 
the middle of the string, and place the stem of the vibrating tuning 
fork qn the sonometer box, It will- set the string into vibration by 
resonance and the rider will be thrown off! If th.e tuning be accurate. 
If, however, this does not occofv adjust the length of the string by 
jpaoying the movable bridge until the rider is thrown off. 

. (H) “Jiy Beata**.—By adiusting the length of the ^zing by the 
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movable bridge until the two notes (of the string and of the fork) are 
very nearly of the same frequency, beats will be heard, i.6. the 
resultant sound will appear to give alternate maxima and minima of 
loudness. On adjusting the length still further, beats will become 
slower, and will cease entirely when tuning is exact, *.#. when the 
frequencies of the two notes are exactly equal. 

78. Determination of the Pitch by Sonometer:—(a) The 

frequency of a note can be determined either by keeping the length 
of the sonometer wire constant and adjusting the tension, or by 
adjusting the length of the wire keeping the tension constant, until 
the string is in unison with the note, the pitch of which is to be 
determined. The later method is, however, convenient. If the 
frequency of a tuning fork is to be determined, its stem is lightly 
pressed against the sonometer box after it is made to vibrate. The reso* 
nant length of the wire is then measured and the mass of the string 
.per . unit length is determined. The stretching weight is noted. The 
tension is calculated by multiplying it by the acceleration due to 
gravity. The frequency n is then calculated by the formula. 



N.B. —By knowing w, the densitu of the material of the wire can 
be determined from formula (3) of Art. 74. 

(b) The pitch of a tuning fork can also be determined by taking 
another standard fork of known frequency and then determining as 
above a length of the same wire stretched by the same weight untU 
this fork and the wire are in unison again. If n be the frequency of 
the standard fork, n the unknown frequency, and I and V be the 

n V 

corresponding lengths of the wire, then, we have, -»**,-*• whence n 

n i 

f* 

can he determined. 

79. Determination of freqoeney of an a.e. sonree by a Sono* 

meter :—If the sonometer steel wire under a tension T be connected 
to an alternating current source and the bridges so adjusted that the 
length between them has a natural frequency equal to that of the 
a.e. source^ the segment will vigorously vibrate when placed betss^n 
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the poles of a strong magnet. When the resonance condition is 


adjusted* by trial, the frequency of the a.c. source is n 


Jl /It 

m' 


80. Certain Terms 

Note, Tone.—A note is a general term denoting any type of musical 
sound. A musical sound is a complex sound made up of two or more 
simple component somnds of different pitches. Each of the simple 
component sounds is called tone. A tone cannot further be divided 
into simpler cornTponents and therefore, has a single frequency. In 
other words, a tone is a sound of single frequency, while a note 
consists of some pure tones. 

t 

Fundamental, Overtone, Harmonic and Octave. —When a body 
vibrates, generally there are present in the note several tones of 
frequencies which are multiples ot the frequency of a fundamental 
which is the tone of the lowest pitch. The other tones, except the, 
fundamental, are called (yverUmes.' When the frequencies of the over¬ 
tones are exact multiples of the frequency of the fundamental, they 
are, in particular, called harmonics. 

The tone whose frequency is twice that of the fundamental is said 
to be an octave higher^ or called the fiist harmonic of the fundamental. 
All tones of frequencies between any number n and 2w are said to be 
in the same octave. 

81. The Harmonics of a Stretched String :— (t) A string can 
be made to vibrate in different modes. When it vibrates as a whole it 
is the simplest mode of its vibration. Such vibration is produced 
where the string is plucked at its centre. It has been pointed out in 
Art. 37 that when a string vibrates, the waves generated are reflected 
from the flxed ends^and the incident and the reflected waves give rise 
to transverse stationary waves having definite nodes and antinodes. 
In the present’icase there will be produced iuoo nodes (N, N) at the two 
fixed ends , one antinode A in the middle as -shown in Fig. 50, (I) ; 
in this (Uisethe length of the string, 

^ Tf Tf 1 

T®* m’ string may vibrate in other ways also. 

(lir If the string be plucked at a point the length of 
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the wire from one end at the 
wire is lightly touched, it will 
vibrate in two segments. In 
this mode of vibration there 


same time the middle point of the 



FUNOAMBNTAL 


are ihree nodes and two, anti¬ 
nodes as shown in Fig. 50, (II). 
In this case, Z = A. 

r. ni =»F/i ; or, »i = 2n. 
This tone is an octave higher 
and is called the first harmonic 
of the fundamental tone, 

(i»»} In the next 
vibration, if the string is 



'‘^SECOND HARMOmc 


Fig. 60 

mode of 

held at one-third of its length and if the 
middle of the shorter segment is bowed, the wire will vibrate in three 


segments, and in that case there will be four nodes and three oniinodes 
as shown in Pig. 50, (III). In this case A = 

. . n 2 = ' r ; or, nj — an. 

This tone is called tlie second harmonic of the, fundamental tone. 
In this way it will have all the odd and even harmonics. But if the 
bowing is at random such that the segments into which the string 
vibrates are not regular, tones will also be produced which are not 
pxact multiples of the fundamental, These higher tones are called 
Upper tones or Overtones or Upper partial*. 


82. Melde*s Experiments :—Melde 1859-60 devised a beautiful 
experiment for demonstrating vibrations of a stretched string and 
also for verifying the laws of transverse vibration of a string Here 
the string under test is stretched by a load at one end, the other end 
being tied to the prong of an electrically maintained'tuning, fork. The 
experiment may he conducted in two ways :— 

(0 When the fork is so qaounted that the motion of its prongs 
is at right angles to the length of the string, the arrangement is 
known as the transveree arrangement ; («) when the prongs vibrate 
in the direction of the string the arrangement is known as the 

longiifidinal airrangemenL ^ 

(i) Transverse Method.— The transverse arrangement, is shown 
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in Fig. 51. Here the string is attached at one end to a rigidly 
clamped tuning fork which is free to vibrate at right angle to the 
length of the string while the other end passes over a smooth pulley 
und carries a small scale pan for putting suitable weights on it. As 
the fork is set to vibration by switching on the circuit of the electro- 
magnet operating it, the string will also be forced to vibrate. The 
transverse waves set up in the string will move in the direction of the 
string with a velocity depending on the linear density and tension of 
the string. These waves will then suffer reflection at the pulley and 
travel back towards the fork. Thus two identical waves travelling 
in the opposite senses along the string will give rise to stationary 



Fig. 61 

waves having definite nodal and antinodal positions on the wire. The 
definite positions of these nodes and antinodes are ensured only when 
the condition of resonance is satisfied, •.«. when the natural frequency 
of the string under tension exactly coincides with that of the fork; 
Before tl\i8 condition is satisfied the nodes and antinodes may appear 
d^e to forcing but in that case the vibration of the string would be 
ra^ther small. But adjusting the length of the segment of the string 
and its tension, the resonance condition may be attained so |hat 
the vibration amplitude becomes maximum. Now the length of the 
string from the fork to the pulley is measured and the number of fixed 
lOQps for|iied is also counted. If s be this number, then the frequency 

of the'vibration of the string is given by 
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Since fbr resonance this n, is the same as the frequency of the 
fork, the calculated frequency as arrived at from the above formula 
should agree with the frequency of the fork. This is actually found 
to be so thereby verifying the laws of transverse vibration of string. 




(ii) Longitudinal 
method. —In the longitu¬ 
dinal arrangement also one 
end of the string passes over 
a smooth pulley and carries 
a scale pan for applying the 
requisite tension. The other 
end is attached to an 
electrically driven tuning 
fork so adjusted that its 

prongs may vibrate along the direction of the stretched string. 






£ 


1 


Due to the superx) 08 ition of identical incident and reflected 
waves standing waves are formed. The string is found to have 



Fig. 53 


arrangement. 


definite nodes and antinodes 
when resonance is established. 
The natural frequency of this 
vibrating string is also given 

by »j TIm^ where I is the 

resonant length of the > string, n 
is the number of loops formed. 
On calculation it is found that 
the frequency, n, as obtained 
from the above formula is only 
half the frequency of the 
driving fork and not equal as 
was the case in the transverse 


The explanation of this peculiarity may be found out if the 
function of the driving fork is considered. In course of its vibration, 
when the dispttaeement of the prong, n attached to . the ii^fing is 
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maximum towards the other end h of string let us assume that the 
string also has its maximum sag as shown by the dotted curve in 
Fig. fi3(»). As the prong a gradually recovers its* position this sag 
gradually diminishes and finally becomes zero when the prong under¬ 
goes maximum displacement on other side as shown in Fig. 53(n). 
Again when the prong, a, returns to its maximum displaced position 
next time towards the string is not sagged but is rather displaced 
upwards [Fig. 53(*»»)] due to inertia of motion. So during the time 
in which the fork makes one complete vibration, the string fortns a 
single loop, 2 it undergoes only half a complete vibration. So the 
frequency n as derived from the above formula should be only half 
that of the fork. Experimentally also ^this is found to be the ca’se 
thereby establishing validity of the laws of transverse vibration of a 
string. 

It is to be noted that under tbe same tension, a particular string 
vibrates in a transverse arrangement with a number of loops which is 
double of that in a longitudinal arrangement. 

83. Transverse Vibration of bars :—In the considerations of 
the vibration of strings it has been assumed that the strings are 
perfectly flexible and the restoring force is purely supplied by the 
tension and that the rigidity (or stiffness) plays no part in the 
phenomenon. In the case of vibrating rigid bars or rods the state of 
tLffairs is just the reverse. Here tension has nothing to do in the 
actual vibration of the bar, restitution being completely brought 
about by the rigidity (or stiffness) of the bar. The transverse 
vibration of bars may be divided into three distinct categories 
according to their mode of support. When a bar is clamped at one 
end, it is called a fixed-^fne bar. When it rests on two supports 
near the two ends it is known as a free-frte bar and when both ends* 
are rigidly clamped it is a /ireI bar. l^t these three types be 
separately considered one by one. - 

/ 

(«) Fixed-tree bxr.—Here the bar is rigidly clamped at one 
end and the free-end iS excited either by bowing or striking. 
Tbe attached, figures (a), {b)t (c) (Fig. 54) show the first three 
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indicates the fundamental 


\ 




(^) 


'I 


\ 




.1^/ 

\ 

I 

\ 


'^2 

(h) 

F\n. 54 




'At 




At 




simplest modes of vibration : (a) 

mode of vibration where at the 
iree-end an lantinode is formed 
the fixed end being the position of 
the adjacent node , (/>) represents the 
mode of vibrationi producing the first 
overtone. Here in between the anti¬ 
node at the free-end and the node 
at the clamped end, there arc one 
more node and a secopid antinode. 

Similarly, in the next higher mode 
of vibration as in (c), there are in all 
three antinodes* and three nodes. 

So the modes of vibration ar^ seen 
to be similar to the vibj-ation of 
air-columns in a closed organ pipe 

(tide Chapter VIII). In a closed organ pipe wti know that .while 
emitting the first overtone the position of the new node will be at a 
distance ' V3 from the free-end and the frequency of this overt(^ne will 
be thrice the frequency of the fundamental. Again the ease of produc¬ 
tion of the second overtone the additional nodes in the organ pipe 


(c) 


l 31 

will be at distances and ; from 

o 5 


the free-end and the 


correspond 


ing frequency will be five times the fundamental frequency. Hut 
in rods the positions of the nodes are not so regular and the ovirionea 
are neither the harmonics of the fundamental tone. In the case of 
production of the first overtone in a fixed free rod the first node is at 
0'22611 from the free-end and its frequency is 6‘267 times the 
fundamental. While emitting the second overtone, the first and 
the second nodes are respectively at 0*13211 and 0*49991 from 
the free-end and the corresponding frequency is 17*55 times the 
iundamental. 


I 

In case of transverse vibration of bars it roust be noted that if 
the bar is of a rectangular cross-section it can readily vibrate only in 
two mutually perpendicular planes while a bar of a circular ciuss- 
aection hi capable of vibration in any plane. 
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(b) Free-free bar. —Here the bat is to be so supported on 
rubber pads near the two ends that the positions of these pads form 

the nodes. For the fundamental 
mode of vibration [Fig. 65 (a)] these 
nodal positions '.are at a distance of 
0'2242f from either ef the free-ends. 
For getting the first overtone the 
pads should be at 0’1321i from the 
ends, the third node being midway 
between the, two pads [Fig, 55(6)]. 
The frequency of the first overtone will be ii’766 times that of the 
fundamental and as such it is not a harmonic of the fundamental 
tone. 

(c) Fixed-fixed bar.—Here both the ends of the bar are rigidly 
clamped. When excited by a bow it begins to vibrate emitting 
exactly the same series of tones as is found to be produced in a free- 
free bar. 

In all types of transverse vibration of bar the frequency is found 
to vary.« 

(0 inversely as the square of its length, 

(a) directly as its thickness, and 

(fe») directly as the velocity of propagation of the longi¬ 
tudinal waves through it. 

84. Tuning Fork :—The tuning fork is one of the most commonly 
used acoustical instrument. It was first constructed by Konig. It 
is so very useful in sound because of its constancy of frequency 
which may be maintained almost indefinitely. This frequency varies 
only slightly with amplitude of vibration and temperatuee. A tuning 
fotk may be considered to be a dynamically ^balanced system wherein 
the prongs simultaneously move inwards and exactly after half a 
period again simultaneously outwards. 

Accordhug to Ohladni a tuning fotk may be considered to be a free- 
free bar bent in the form of the letter TJ. Here the nodal points 
approse^ each other due to gradual bending as shown in Fig. 56(a). This 








^( 6 ) 


Fig. 55 
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increases the length of the 
vibrating free-ends (or 
arms) of the system and 
hence the frequency is 
reduced but at the same 
time amplitude of vibra¬ 
tion at the central loop 
diminishes. When an addi¬ 
tional metal piece, called 
the stem, is attached to 
the middle ‘ of the central 
loop, the stiffness of the 
antinode is still increas¬ 
ed and the amplitude decreases considerably. But the transverse 
vibration of this loop being along the length of the stem, the latter 
is set into a longitudinal vibration, that of the arms or prongs being 
still transverse in character [Fig. 56(/>)]. This longitudinal vibration 
of the stem is in a position to set up vibrations in a resonance box. 
against Avhich the stem is pressed. This method of representation 
readily supplies us with the interpretation of the fact that the prongs 
alternately approach each other and recede from each other during a 
vibration—because the ends of a free-free bar either move upwards or 
downwards simultaneously. A tuning fork has been considered by 
liord Bayleigh to be equivalent to two fixed free bars of identical size^ 
joined at the fixed end and embedded in a metal block. This view 
point also explains the longitudinal vibration of the stem of the fork 
inspite of the transverse vibration of its prongs. From Bayleigh’s 
standpoint an expression of the fiequency of a tuning fork can be 
obtained as 



(a) 



Pig. 56 


* 


n*» 


fY_ 



where A = being the thickness of the prong, f*=*the length of 

the prong, 1*875, F*Young’s modulus and P='den8ity of the* 
material of the fork. 


Putting 


Y 


and p for steel, n becomes 84690 
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Thus from (1) it is evident that the frequency of a fork is 
proportional {a) directly to the thickness of the prong, (b) inversely as 
the square of the length of the prong and (c) directly as the velocity 
•of propagation of the longitudinal wave through the material of 
the prong. Evidently n does not depend on the breadth of the 
prong. 

As has been mentioned above the frequency of a fork is found to 
-vary slightly with the temperature and the relation can be mathe¬ 
matically written as, »i “nCl- ‘0001144), 

where n/ =• the frequency when the temperature is raised through CO. 
from the original lower temperature at which the frequency was n. 
Konig experimentally found that the coefficient of decrease is rather 

'000112 instead of 0*000114 as derived theoretically. 

* 

Tuning forks are used as standard of frequency in all acoustical 
measurements. When they are maintained by electrical circuits, they 
also serve as the standards of electrical frequency. Since the periods 
of vibration of tuning forks are very constant they are also used as 
Accurate standards of time. 

The reason behind the use of a tuning fork as a standard is that 
when properly designed and constructed, the note emitted by a fork 
is constant in pitch and remains so over a considerable time. More¬ 
over tho note is free from overtones provided it^is not vigorously, 
excited. It is indeed very difficult to excite overtone in a good tuning 
fork and even if they are excited they are very feeble and readily die 
out within a few seconds. The forks mounted on resonance boxes 
.emit still purer tones because these boxes speak only under the exact 
equality of the frequency of the fork and the fundamental frequency 
of the box. So the intense sound produced will have the exact 
frequency of the fork because the slightest inequality (or mistuning) 

makes the response almost negligible. 

» 

85. Transverse Vibration of Plates :—The theoretical study 
of the vibration of plates is rather difficult but the experimental 
me'ihods devised by Ghladni for studying these vibrations are quite 
interesting. A sqiiare metal plate is clamped at the centre and sand 
particles are nnilonxdy sprinkled bn the plate. Now a resined bow is 
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pulled vertically and slowly 
across the edge. By placing 
the bow at different positions 
and touching the different 
points of the edge by fingers, 
t.e. damping the vibrations 
there, different patterns can be 
obtained wherein the sand 
particles are found to arrange 
along the nodal lines. The 
knowledge of the positions of 
these nodal lines makes the 
study of such vibrations com¬ 
paratively easier. The point 
^vhere the bow is applied 
indicatM the antinodal poeition and the point or the points where 
fingers touch the plate modify the forme of the nodal lines. In Pig. 
.57(1) two fingers are applied at FF and the bow at b and the nodal 
fines are'indicated by the discontinuous curves and diagonal lines m 
the figure along which the sand partides accumulate. In Fig. 07(h). 
the finger is placed at one corner and the bow applied m the middle 
of an edge and the pattern forms two intersecting diagonals. 



Ohladni actuaUy got a large number of such figures (known as 
CWadni’s figvti) by taking different shaped plates-circular, square, 
etc. In circular or elliptical plates, the nodal lines were either radial 

or concentric with the plates. If instead of sand, lycopodium or cork 

powder be sprinkled on the plates, the antinodal region will be 
eovered up by thed an! none of these light particles would he adng 
nodal lines. But if the figures are produced in vacuum, even these 
fighter particles would collect along the nodal lines. Hence it seems 
that the apparently anomalous behaviour of these lighter particles are 
probably due to the vibrations set up in air. 


86 Tr«n»»er»e Vibration of Membranes In plates the stiff¬ 
ness of the material is one of the major factors which controls its 
vibration. But in the case of a theoretical 

be perfectly flexible. A membrane is s vary thin lamina of negligible 
S. 86—(vOL. l) 
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rigidity which is stretched outwards in all directions by a constant 
force. In a rectangular membrane, the frequency of the series of 
partials emitted by it when properly excited is given by 



where a and b are lengths of the sides. T is the 


tension, m the mass pur unit area and p and q are integers. Some of 
the overtones are harmonic but other lower tones, which lie very 
close together, produce a noise along with the prominent note. 


In circular membranes the fundamental fiequcucy is given by 
0'765 / T 

^ , a being the radius of this circle. Here the overtones 

2i» ^ m 

are not harmonics. The nodal lines are a series of concentric circles. 
The overtones may however be made harmonic by gradually decreas¬ 
ing the mass per unit area from the centre to the marginal parts as in 
an Indian tabla. Though the theoretical conditions of a membrane 
cannot be ordinarily fulfilled, membrane of pajier, skin, etc. may be 
successfully applied to demonstrate the formation of nodal lines. 
Paper is often chosen as a membrane for the construction of loud 
8X>eakers. A kettle-drum is an application of a «kia as a membrane. 
Here the resonant air cavity gives it a definite fundamental tone. 
When it is struck about half way along a radius by a soft hammer 

fewest anharmonic overtones will be produced and the fundamental 

« 

will be predominent with the least amount ■ oi noise attending the 
sound. 

Indian Tabla. —In an. Indian Tabla, stretched membrane is 
mounted on a hollow wooden cylinder closed at one end. The 

tension on the membrane 
can be varied with the help 
of the stretching strings and 
a number of small cylindri¬ 
cal wooden blocks. The 
central region of the mem¬ 
brane is loaded with a paste 
of gum and iron filings 
whose thiclmess gradually 
decreases from anttre to 



Fig. 67(a) 
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edge. This changes the otherwise Enharmonic vibration of 
the membrane into a series of harmonic vibrati ns. This 
harmonic nature of the vibrations enables it to be used 

as an important musical instrument. The quality of tone 

here is superior to other types of dnims. The mode of vibrations of 
the membrane of a tabla and the positions of the nodal lines during 
excitation can be demonstrated by sprinkling sand particles on the 
membrane. The exact character of the sound produced by a tabla and 
also its nature of vibration, however, de]>end to a large extent on the 
boundary conditions which are not rigidly fixed. 

87. Vibration of Bells :— 

The hells may be of different 
shapes and forms. But all 
varieties aie supported at their 
centre of symmetry and are 
excited by striking them near 
the edge. A Vjell may be regard¬ 
ed either as a develoitment of 
a hollow cylinder closed at one 
end or as a bent circular plate. 

When excited the vibrations 
will to some extent resemble 
those of a circular*plate. Here 
the nodal lines may be either 
(a) radial lines or nodal meridians extending from the points of 
support to points on the periphery thereby dividing the beU into 
even number of equal sections, or {b) nodal circle at various distances 
from the point of support. Sometimes both nodal meridians and 
circles are simultaneously present. 

The lowest tone is produced when there are only 4 nodal meridians 
and no nodal circle (Fig. bS)*. Daring vibraticms when one segment 
between two adjacent nodal meridians yt|, move outwards to h 
the adjacent segments move inwards to V V and the opposite segment 
also moves outwards as shown in Fig. 58. The adjacent segments are 
ther^ore in opposite phases during their vibrations. The second tone 
is emitted with'the formation of 4 nodal meridians and 1 nodal eirsle 
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end higher tones are still more complicated. The overtones are not 
baimonic in nature. The characteristic alternate waxing and waning 
of the ringing of a hell is due to the air-turbulence which causes a 
:8low rotation of the nodal lines as the bell vibrates. Ko the nodes and 
antiiiodes are alternately presented to the observer which accounts 
for the above waxing and waning. 


Examples 


(i) Two iitnilar wires vibrate transversely in unison. When the tension «n 
one is increased by 2'01 per cent, and the two wires vibrate simultaneously, three 
beats are produced per second. Find the original /reguency of vibration of the two 
strings, (C. U. 1957) 

Ans. If T be the original tension o( the strings and m, the mass per unit 
length, the original frequency of the strings is 


«o 



~T 

m 


When the tension of one string is Increased by 2 01 per oent. the new tension 

Hence the new frequency of that string is 

From the given condition n>=no + 8. 

«o *»o V r V ^Tcd 

«j» 2U0 * 

or, vlbrattons per see. 


(«) lYfcen the vibrating length of a wire is adjusted to 80 cms. the note it emits 
tehen plucked is in tune with a standard fork. On adding a further wsight of 100 
SUM. the vibrating length has to he altered by 1 cm. in order to restore the tuning, 
what is the initial weight on the wire f 


Ant. W,know,n-i /£.-1 fiSI. 

«V» tty/m 

where Mg is the origtiial wel^. 


ft' 


r-JL_ 

2X80 
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Again adding tho weight of 100 gms. and altering the length by 1 cm- 


2X81V m 

i. /%-* * /(Af-t-iOiJlg 
8oV',rt «iv * ' t» 

81^ : 

80 V~ / 


.*. Initial weight on the wire was 397S gms.-wt. 

(3} In a fransverte arrangement (Melde's Expt.) the string vibrates in .¥ 
loops when the tension is 200 gms. Calculate the lenston required to make tho 
string vibrate in two loops in the longitudinal arrangement. (C. V. J0S6} 

a 

Ans. When the string vibrates in 3 loops, . 

3 3 

Now n=»j[ ; or, n » 

8 A V tn ai V TO 

Tho freqnenoy of vibration in two loops-^, /?!,. (■/ HereX=«B. 

i V TO 

As this vibration is longitudinal, this frequency is . 

2 

An, or, squaring, x 300^7-T. T-ll2*5 gms.-wt. 

2 «V TO * V TO *6 

(4) Three strings A. B,0 of the same length are stretched on a sonometer, 
Tf»eir relative masses per unif length are 2 i 8 : 18 and their tensions are in the 
ratio 12 : 12 : 27, Find the ratio of the frequencies of notes emitted by A, B ani C. 

Ans. As 1 is same for all the strlogi their **«. / ^ 

V TO 

^ ^ M'' ~J%: '■ ' Jr, 


QaeBtions (Chapter VII) 

1. Pove that the frequency of vibration of a stretched etriug is equal 

s^r/TO, where T Is the tension. 1, the length and m* the mass pet unit length of 
Si 
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ibe itHog. Explain wbat harmonici will be present and what absent when the 
siting ie Ftmck at the middle point. (0. H. 1982) 

(Hints :-*For the last part. Art. 114(6)] 

2. Explain with diagranas the natnre of the vibration of a inning fork. For 
what special fcatnre. it is a valnable instrament for stndy of sound. (C. U. 1917) 

3. Explain the prodaolion of nodes and antinodes In the case of a transversely 
vibrating string. 

4. Write a short note on Cbladnl’s figures. (Ijnck. U. 1946) 

6. State the laws which govern the vibration of string. One end of a 

stretched sttlrg is fastened to one of the prongs of a vibrating- fork : compare the 
vibrations excited in the string when the prong Is moving parallel to the string 
with those when the prong moves transver'ely. (0. U. 1943) 

6. Deduce an expression for the velocity of transverse waves in a sonometer 
wire. Wbat are their frequencies for the case when the w’re Is plucked at its 
middle point ? {cf. Utk. U. 19B6 ; All. U. 1953 ; C. U. 1962, ’67) 

Prove that the velocity of a pulse along a stretched string vanes directly 
as the square-root of the tendon and inversely as the sguare-root of the linear 

i^n^Wy. (Del. U. 1946) 

8. Enumerate ihe laws of vibrations of a stretched string. (0. XJ. I'^fiS) 

Wires of equal length of brass and steel arc stretched on a sonometer and 
adjusted to emit some fundamental note. If the tensions in the two cases are 5 
and 8 kgmB..wt. respectively and the diameter cf the steel wire is 0'8 mm. find that 
at the brass wire ; the densities cf brats and steel being 8 4 and 7*8 respectively. 

[An$. 0*887 mm.] (C. U. 1948) 

9. Find an expression tor the velocity of transverse waves along a stretched 
atrlng and determine the frequency of its fundamental note. 

A sonometer is arranged to emit a note of frequency n. How much the 

tension Is to be varied to increase the frequency of the note to t If the tATi«|f>n 

S 

af the wire Is maintained oonstant in what other way could the same change in 
fmquenoy be made. (Bom. U. 1954) 

10. Describe Melde's experiment for determining the freqnenoy of a tuning 

tork. Compare the vibrations excited in the string in the longitudinal arracjgement 
with those in the transverm arrangement. (0. U. 1956, cf. *65) 

IL Write notes on: (a) Vibration of tuning fork: (6) Vibration of 

mtmhranes and its application: (c) Vibration of bells. 

12. Two wires vibrate transversely in unison. tension of one of them is 
Inoreased by 1 per cant and now, when they ▼ibrate simultaneously, throe beats are 
lUard in 2 seconds. What was the original frequoney of the two wires 7 

(Awe. 800o.p.s.J (Bnrd. U. 1963) 

28, Kxperlmenially it is observed iii*t the velooi^ oi a transverse wave along 
m ahtaMbad string d^nde on the tension of tha string, its tMal mam and length. 
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Derive, from thene obs'^rvatlona the formele for the velooit]r of trenaveme wevea 
bj the dlmenaionel method. 

[HINTS : - 

IjabV=KT-<^Mfl^. 

where T^ieneioD, Af»total mesa of •string and I^lts length. 

Dimeoslona of Via [LT"'], that of T U [JUiT”*!, 
that of M \% and that of I is L\. 

3x=3l ; or, * = } ; *+«»=l; or, z=»J, 

and »+l/*“0; or, -J. 



Experimentally, K»\. 

••• V™- ] 

14. Find the fundamental freqnonoy of tranaverae vibration of a steel wire. 
1 metre long and I mm. in diameter banging vertically from rigid aupport with a 
load of 2 kgms. attached to its lower end. IDenaity of steel = 7‘9 gma./o.o.). 

{An$. 88'9 per sec. nearly.] (Utkal U.) 

15. Two parts of a sonometer wire divided by a movable knife-edge differ 
in length by 2 mms. and produce 1 beat per see. when Bounded together. Find their 
frequenoies it the length of the whole wire is 1 metre. 

[Aar. 260‘5 and 249*5] 

16. A piano wire 50 cms. long and of mass 6‘5 gms. is stretched so that the 

freqnenry of its tnndamental mode of vibration is 801 oyoles/sec. Find the stretching 
foroe in gm 9 .*wt. {C.^. 1964) 

{Ans. 8 49 X10^ gms -wt.] 



CHAPTER VIII 

VIBRATIONS OF AIR-COLUMNS : LONGITUDINAL 
VIBRATIONS OF RODS (DUST-TUBE EXPERIMENT) ; 
MAINTAINED VIBRATIONS 


88. Stationary Vibration of the Air-Column within an Organ 


Pipe :—The column of air enclosed in a pijte can be set into momen- 



FJg. 59- 
A Closad 
Organ Pipe 


tary vibration when any sudden disturbance is 
communicated to it, or the juessure at the mouth of 
the pipe is suddenly altered. For example, a sound 
is produced by suddenly withdrawing a cork from a 
tightly-corked cylindrical bottle, because the sudden 
withdrawal of the cork disturbs the air-pressure at 
the mouth of the bottle which is the cause of the 
vibrations of air in the bottle. The whistling sound 
produced by blowing across the open end of the 
barrel of a key is also another example of vibration 
of air-column. In various musical instruments such 
as the flute, clarionet, etc. the musical sound is 
produced and maintained by vibrating the air-column 
enclosed within the pipe. Air-column in a pipe, 
olosed or open, vibratee longitudinally when disturbed 
at the mouth. 

An oi-gan pipe is the simplest form of a wind 
instrument. Pig. 69 shows a longitudinal section of 
an organ pipe. It consists of a hollow tube BH in 
which air can be blown through a pipe A . The air 
issues through a narrow slit B, and strikes against 


the sharp edge G, caUed the lip, of the mouthpiece. This sets 
up vibration in the air-column enclosed in the pipe. When the 
blast is directed into the pipe, it produces compression, and, when 
directed outwards it can, by suction produce rarefaction at the lower 
of the air-column. Sondhaue in 1853 showed that whenever an 
wedge of small angle (i.s, edge) is placed in front of a slit and set 
parallel to it, then on blowing air through the slit certain strong 
tones off stable frequencies will be jiroduced. They are known as 
l^bese Stable tones are responsible for the musical applica- 
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fcioDS of an organ pipe. An organ pipe is called cloaed or open 
according as it is closed at one end or open at both ends. 

*Edge Tone : —Edgt' tones are pioJueeil wlien a pnf’f of air St)ikei> 
a sharp edge or an Tvedge of metal or wood. These tones aje pi'odnct'd 
hy the vortices (See Art. 105 General Physics) generated in hetwetni 
the edge and the slit throngl) whi(?h aii jiufV is injected. On hotli 
sides of the edge the eddies of diU’ej ent tyj>< s will he formed—ai'li' 
clockwise on one side and clockwise on the other—the distance 
between the centres of hotlj the types being the same. .\n eddy of 
one system is formed midway between two eddies of the other 
system. When an air pnflf strikes against an edge, the series of 
vortices would move forwaid and ‘ disappear at a distance. Fresh 
vortices then appear at the rear and they continue to move forwaid 
in the same way. When an anti-clockwise vortex passes by an edge, 
it sucks in air and produces a compression iiulse on tlie same side. 
Similarly when a clockwise vortex arrives at fan edge it produces rare¬ 
faction pulse on the same side. As the train of eddies proceed on in 
the forward direction, alternate compressions and rarefactions are 
produced iri the medium at regular intervals giving rise to the 
musical tones known as eige tones. 

(a) Closed Organ Pipe —As air is blown through the pljic flTig. 59), 
it strikes the edge, and a slight up\vard deviation of the air blast 
produces a compressed wave which travels to the closed end (which 
is a rigid wall), and so the air near the end is compressed to a 
pressure greater than the atmospheric pressure. This compressed air 
forces back the air behind it in order to return to atmospheric- 
pressure, and in so doing it starts a compressed wave which returns 
along the pipe. Thus a compressed wave is reflected from the closed 
end as a compressed wave, and returns to the mouth. But the mouth 
being open, and the air free to expand, the pressure of the compressed 
wave pushes the sheet of air outside and so the layers of air relieve 
themselves from a strained state and as a result there is reversal of 
the type of the wave and so a wave of rarefaction starts inside. The 
wave of rarefaction again comes back to the mouth as a rarefied wave 
after being reflected at the closed end. This is again reflected as a 
compressed wave at the mouth, which is a free end, atid is also 



160 


COLLEOB PHYSICS 


intenBified by the compressed wave directed inwards by the blast of 
the air ontside. This being the way of the vibrationSt ont of the 
Various frequencies set up by the impact of the air blast with the lip 
0 of the pipe, the air-column inside the pipe takes up only those with 
which it can resound, and pulses pass up and down the length of the 
pipe, the result being the production of a musical note and the pipe 
is found to speak. 

The result of the reflected pulse meeting with the direct one is a 
stationary longitudinal wave set up inside the pipe, the nodes and the 
antinodes occurring at definite places. The air at the open end »« free 
to move inwards or outwards with the marAmum freedom and, therefore, 
is a seat of antinodes. The closed end being a rigid wall, the air in 
■contact with it has the least freedom of movement and so the closed end 
is always a node. 

(b) Open Organ Pipe.—In an open pipe, when a compressed 
Wave reaches the far end, the air at that point is for an instant at a 
pressure greater than ordinary atmospheric pressure, and the mouth 
of the tube being open, the air there can vibrate with the utmost 
freedom and so suddenly expands, into the surrounding air. Thus the 
pressure diminishes so quickly that it falls somewhat below the 
pressure of the surrounding air, which causes a sudden rarefaction at 
the end of the pipe. This sets \ip a rarefied wave w^ich passes back 
along the pipe. This rarefied wave is reflected back as a wave of com¬ 
pression at the other free end. Within the tube, the reflected pulses 
meet with the direct ones blasted into mouth from outside and the 
vesult is the formation of a stationary longitudinal wave having nodes 
and antinodes at definite intervals. Both the open ends of the tube are 
seats of antinodes, the air there being free to move either inwards or 
outwards. For the fundamental tone emitted by the tube, there 
should be one node between those two antinodes. 

89 . Fnndameiitals of a Closed and of an Open Organ Pipe of 
tipe Snme Length 

Cloied Pipe.— ~In the simplest mode of vibration in the case of a 
teased organ pipe, them is a node at the closed end and an antinode 
at the open end [Fig. 60(<t)]. Tn a staHomarp wane the distance 
jtsitrseii Mspo aonseeutive nodoif or two oonuouMve anHinodn, u equal 
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to one'half the wavelength : so in this case the length oi the tubes is 
one-fourth of the wavelength, i.e. the wavelength is few timee the 
length of the tube. Under this condition, the closed pipe produces 
its fundamental tone. 

Let »i and represent frequency and wa\ elength of the funda¬ 
mental tone given by a closed organ pipe of length 1. Hence Ajb* 4/ 
and r = niA , where V is the velocity of sound. 



Open Pipe.—In the case of the fundamental of an open pipe, i.e. 
a pipe open at both ends, there is an antinode at each end of the pipe 
with a node in the middle [Fig. 6l(rt)J. So the length of the pii^e is 
half the wavelength. If n and V he the frequency and wavelength of 
the fundamental tone for the open pipe, we havp .Again. F«"n*A . 



Hence, the pitch of the fundamental of an open organ pipa is twice, 
i.e, one octave higher than that of a closed organ pipe of the saene length. 
N.B.—If an open pipe, while 


giving out a note, is suddenly closed, 
the pitch of the note at once decreases 
and the sound emitted becomes less 
sharp. If an organ pipe is closed at 
one end by a movable shutter, the 
pitch of the note emitted by the 
pipe is found to rise on slowly 
opening the shutter and to fall as 
the shatter is gradually closed. 

(a) Overtones (or Harmonies) 
of Organ Pipes. —Production of 
harmonics depends to some extent 
on the nature of excitation of the ' 



tube. If the air is blown more and 
more powerfully, the nature of the 
stationary waves remains the same 


JVaguwMf 
»i 3ii, 

M fhi 

Fls>«-Cl<MS«Flie 
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tio doubt but the number of nodes and antinodes is increased, i.e. 
higher and higher liarmonics are also produced. 

(i) Closed Pipe.—In the case of a ‘closed pipe, the closed end 
IS always a node and the 0 }>en end always an antinode [Pig. 60(a)]. 
Tlie next possible node of vibration, after the fundamental is to have 
nne intermediate node and one antinode [Fig. 60(6)], i.e. the length 
of the pipe I is three-fourth of the wavelength ^2 ; so in this case, 

Ajj = 

Jf n% be the frequency of the node, W 2 ’"3 174h Hence 
where n\ is the frequency of the fundamental. 

For the next higher overtone, there will be two intermediate nodes 
and two intermediate antinodes alternately placed [Pig. 60(c)], 

In this case, ^3 —and the corresponding frequency, na =5F/4L 
Hence, na »5n), and so on. In the case of a closed pipe, therefore, 
only harmonics proportional to the odd natural numbers are present 
and this makes the quality of the note given out by a closed pips lacking 
in fullness. 


Harmonics of a Closed Pipe 


Ha. 

Wavelength 
in ait 

! 

Frequency of 
the note 

Relation with the 
FnndanMntal 

1 

41 

V 

fundamental 

■ a 

8 

3F 

n.j «8ni 

8 


6r 

na-«6nt 

Ac. 

i Ac. 

1 

j Ac. 

1 

As. 


Therefore in a closed pips the possible freqaencies of vibration are 
the ratio 1! S : 5« etc- 
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(ii) Open Pipe.—We have already seen that in the case of 


the fundamental of an open pipe, 
there is an antinode at each end, 
and a node in the middle [Fig. 61(a)]. 
If n be the frequency of the funda¬ 
mental, n'= F/2f. 

For the next overtone, there will 
be two intermediate nodes and one 
intermediate antinode between them 
[Fig. 61(6)]. In this case a" = 2?/2 « 
the length of the pii)e, and frequency, 
n* = F/i ~ 2»', %,e. it stands an octave 
higher than the fundamental. 

In the next overtone, there will he 
three intermediate nodes and two 

f 

intermediate antinodes [Fig. 61(c)]. 
In this case ^'"--2//3, and the 



(a) (6) iO 

Fig. 61 - Open Pipe 


frequency 7t"'“3F/2Z= 3/i' and so on. 


Hence, in the case of an open pipe, both odd and even harmonics 
are present. 


Harmonics of an Open Pipe 


No. 

Wavelength 
in air 

Freqaenoy of 
the note 

Relation with the . 
fnndamental 

1 

21 

F 

Fundamental 

& 

1 

it 


8 

h 



* 

8 

21 


Ac. 

&o. 


Ao. 


Therefore in an open pipe the frequencies of »the fundamental and 
overtones are in the ratio of 1 : 2 : 3 : 4, etc. 
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It Bbouid be noted that the note given out hy an open pipe is an 
octave higher than given out by a closed pipe of the same lengths and 
that, owing to the presence of all harmonics proportional to the 
natural numbers in an open ])ipe, the gualtiy of the note given out by 
an open pipe is richer tn harmonics and sweeter than that given out by a 
closed pipe. 

*89. (a) Mathematical Analysis of the Vibration of the Air- 
column within a closed organ pipe :— 

Let us consider the closed organ pipe to be so placed that its axis 
lies along the X-axis. The imperfection in reflection from a rigid wall 
is here supposed to be very small. Let a plane wave moving in the 
})Ositive direction of X-axis is partially reflected from the rigid wall of 
the closed tube in the Y — Z plane at a distance d from the origin. 
Ijet m be the fraction reflected so that for perfect reflection As 

a result of reflection at the rigid wall, the reflected wave will super- 
]>ose on the incident wave and stationary vibrations will be set up in 
the organ pipe. There will be a pressufe anti node and a displacement 
(and velocity) node at the reflecting surface. The displacements in the 
incident and the reflected waves may be written as, 

Vx^a sin (a; —ot —d) 

and ijt =» am sin ™(a: + ci — d) 

A 

Hence the resultant displacement is 

+ = sin ~ (x-d) cos et 

-a(l-m)cos ^ (a;-d) sin ... (2> 

In the case of perfect reflection the second term in {2i vanishes 
(’,* and we have, 

V«2o sin (as-d) cos ~cf. ... ( 3 ) 

This represents the equation of a stationary wave. [See Art. 37(6)],, 
Hence the particle velocity. 


.(incident) . ... 
.(reflected). ... 


( 1 ) 
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*_dy_ aa 


dt 


2 * / 2m ^ 

sm - \x — d) sin — ci 
A A A 


(4) 


From (3) and (4}i it is evident that at any instant t. v and y are 
minimum when sin ^ {x - d) is zero ; 

».«. when {x -d)"^7is, where s is zero or an integer. 

But as a; except at the rigid wall where d = a:, (jj — d) is negative 
Hence the condition for minimum y and y is — (x—d)== —a* ; 

A 


or, jc —a 


x=d- 


^8 

2 


when «*s0, a5=<i ; when s=l, a; = d—- ; when .f-2. aj=*d-“^ ; when 
3\ 

8 = 3, .r=d—and soon. So at the position of the rigid wall as also 
at distances of each from dt towards the open end, there will be 

ja 

positions of minimum displacement and velocity. These are positions 


of dtsplacemtnt and velocity nodes which are at distances of — from 

A 

each other. 

Again we know (from Art. 38, Note) that the pressure variation 
A p is given by— 

dx 

From (3), the pressure variation in the stationary wave 

is gi^en by. 


^ cos V ix-d) COB 7ct 

A A A 


... ( 6 > 


Since cos ^ - d) is maximum, vhen .in ^ (x-d) it auairnDm. 

A A 

at any instant, we have. 


. 2* 
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L.V is maximum when ^^(x—<i)= — ws. 

A 


Hence at the positions of nodes^ the pressure variation is maximum. 
So the ncdds are really the positions of prtsaur$ antinod«8. 

Again y and y are maximum at any instant when sin "“d)^! , 


or, when (* “d) = — ^ (*/ d>-x) 

A 2 


or, when x=d — — where s is zero or an integer. 

4 


-If s **0, 1, 2 , 3 etc. 


X becomes d - 7 * d-~, 4“ —etc. 

4 4 4 4 

These are the positions of displacement and velocity antinodes as 
measured from the rigid wall. Asco 8 ^(x —d) has zero value at 

■these points, they evidently indicate the positions of pressure nodes 
where pressure variation is minimum. The distance between 

■successive antinodes is also 

2 

When 5 ~ 0 , is min. at x~d i.e. at the closed end there is a node. 
Again when s*»0, is max. at x=d —which is the open end of 
pipe for the fundamental mode of vibration. 

Hence the length of the tube is l — For the next mode of vibra- 

4 

-tion, the node will appear at the rigid wall as usual and an antinode 
at the open end. But in between these there must be another pair of 
node and antinode. Bo the length of the tube 2 is equal to that of the 

second antinode from the fixed wall, 1.0. 2 *^- 7 -. In the next possible 

4 


mode 2 ^~ and so on. 


/ 
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Since reflection at the rigid.wall is not quite perfect, the second 
term in equation ( 2 ) gives rise to .another weak set of stationary 
vibrations and there is superposition of these two sets of stationary 
waves with a phase difference of w/ 2 . As m is nearly unity, the second 
set creates weak antinodes at the position of the nodes of the first set 
and vice-versa. 

The maximum velocity at the antinodes for these two sets of 
stationary waves are in the ratio, 

V, _ 

1)2 1 — m' 

(b^ Mathematioal Analysis of the Vibration of the Air-eolnmn 
within an open pipe :— 

In the case of an open organ pipe, imperfect reflection occurs at 
the gas-gas interface. Jjet this reflecting interface be at a distance d 
from the source. The reflecting interface in the present ca 8 e_ is a 
displacement and velocity antinode and a pressure node. 

Hence the displacement equations for the incident and reflected 
waves will be, 

COB — ix-ct—d) ... (incident) 

A 

and 2 ~ {x+ct - d) - ■' (reflected) 

The resultant displacement is 

V^Vi *=a(l +w) cos ~ (x — d) cos —et 

A n 

— sin ^ (x — d) sin ~ct ••• (7) 

In the case of perfect reflection, the second term reduces to aero 
and we have, 

y^2a cos ^ (x-d) coa ^et ... ... (8) 

o -A 

asiqiression for y can be deduced in the same way as 

hat been foUbwed above. 

S, 36--(vOL, i) j 
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By a gimilar analysis it! can be shown that at d, (i-\ d-x, 

* A 


etc. ditplacement and telocity antirudei (or pressure nodes) appear and 
X 3X 

at a:=d— Btc. dUplacement and xelwiiy noda occxit. 

4 4 


Here since at the oi)eu ends two antinodes ai)pear, in the funda¬ 
mental mode of vibration they must have a node in between. Hence 
the length of the tube should be equal to the distance between two 

consecutive antinodes i.e. Z=^. 


In this case also a partial refection will t ive rise to a soperjiosi- 
tion effect as discussed in the case of a closed organ pipe. 


(c) Energy in Organ Pipes :— 

■ The energy of the stationary waves between two successive nodes' 
or antinodes can be calculated eitlicr horn eqn. (2) or (7) above. 
Using (7 U the kinetic energy is given by. 


d 


(where P = density of the medium) 


2 


= {-(l+m)coBL»(;r-d)rin2^ci4. 


d-h. 

9 


(l-fh) cos'^/ 

A A 


®"ct } MX 

Bemembering that the product term vanishes on integration that 

integration, 

3’«ijr*r*a*pX{(l-f »n)» sin* 2nv<4 (l -m)* cos* 

J.V ' ' d 

.pplantial fnergy for the lame volume is r«(|/K9* I 

i X 


V / *7^ 
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d 

r“2ir*>*a’p f I, -k 2nf 

j j (1+m) cos “(as —d) cos 

(1 —wx) sin 

On intergation, 

F* +w)* cos* 2;n'f4 (1 —»)* sin® 2wv/} 

Total Energy =/f~T+F- it’ »>®a®pX(l4-w®) ... (9)^ 

This is the energy of an open pipe vibrating in its fundamental 
mode where two siiccessive antinodes occur. In a closed pipe vibrat*^ 
ing in its fundamental mode, the total energy will be only half of that> 

given in (9), because its length is only 

4 

90. Effects of Temperature and Moisture on the Pitch «f ant 
Organ Pipe :—The pitch of any sound (which depends upon tha 
frequency of vibration) is given by the relation, F = »x ; so anything 
which changes the velocity F will also change the frequency or wave¬ 
length or both. In an organ pipe the length which determines the 
wavelength does not change appreciably with changes of temperature- 
The Telocity increases with temperature and so it follows that a rise 
of temperature of an organ pipe increases the frequency and so the 
pitch of the note emitted by it. The presence of moisture diminishes 
the density of afr in the pix)e and so it increases the velocity and 

consequently the pitch of the note emitted also rises. 

• 

91. Poi^ition of Nodes and Antinodes in an Open Organ Pipe :— 
The position of the nodes and antinodes in an open organ pipe can ba- 
demonstrated by the following experiments :— 

Experimeftts.—(1) An open organ pipe, constructed with one of 
its sides of glass, is taken (Fig. 62). A small ring covered with a piece 
of stretched thin paper, and suspended by strings, like ^ scale pan. ie 
covered with some dry sand granules. This is gradually lowered into* 
the pipe, while the pipe is gently blown to give ont its landamental 
lone. It will be seen that the particles rematn undjisturb^ In t^ 
poilHon ol the indicating a node. a #ace 


—ff) sin 2a»t^ 
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at^itatioLi of air-particlest and that at the top 
and bottom of the pipe, the sand particles dance 
vigorously, indicating the positions .of anti- 
nodes, t.e, places of maximum agitation of air^ 
particles. 

B^lowing the pipe more strongly in order to 
have other overtones and noticing the dancing 
of the sand granules, other positions of nodes 

and antinodes can be discovered. 

/ 

N.B.—It should be noted that an antinode 
will occur whenever there is free communica¬ 
tion between the inner and the outer air. 
Hence, by opening a hole in the wall of an open 
pipe, an antinode is created there in addition 
to the two antinodes at the two ends pf the 
pipe, and the column of air will vibrate by satis¬ 
fying the conditions already stated. Thus the 


mote emitted by the pipe is at 
once changed. 'From this, the 
reason of having different notes 
from ordinary bamboo or tin 
flutes, or from instruments 
.such as clarionets, piccolos, 
<etc. by opening and closing 
Jioles in the tube of the 
instrameht, is clear. 

(2) Manometrie Flame 
Method.—Another method of 
studying the variations in pres- 
. aui^ at the nodes and the anti- 
nodes in an organ pipe was de. 
yised by Kontg in Germany 
«ad is known. as the monome- 
‘ ktie flame (or capsule) method. 

'.1 A.‘ aperture Is ms^ 

..my ,%dbsijued point' in, tiijS' 
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wall of an oi^an pipe and is then covered with a stretched diaphragm 
of the rubber. A piece of metal M in the form of a capsule is fitted 
on the aperture so that the membrane constitutes one side of a small 
chamber fitted with two narrow pipes through one of which O [Fig^ 
63(6)3 coal gas is led which escapes through the other pipe O 
terminating in a pinhole jet where the gas is burnt. Any vibration 
of the air inside the pipe throws the membrane M in contact with it 
into a similar state of vihiation and which again causes a corres¬ 
ponding variation in the pressure of the gas in the chamber and thua 
a corresponding change takes idacc* in the length of the flame. If the- 
change in pressure he periodic, the length of the flame also varies 
periodically. But the change in pressure being very rapid, the- 
alterations in the length of tbe flame cannot he followed by the eye 
due to persistence of vision. To render them distinct, the light is 
received on a cubical box having plane mirrors on its four sides [Pig. 
GSf'r)] which may be rotated rapidly about a vertical axis in front 
of the flame, and the successive steps of the flame are seen by look¬ 
ing at the reflection of the flame in the rotating mirror. When. 
the flame [Pig. 63(c)3 burns steadily, a continuous band of light wilt 
appear on the rotating mirror. So when the manometric flame is at 
an antinode, where there is no variation of pressure of the vibrating 
aft-column, the membrane will not he agitated and so the flame is 
quite steady, and a long band of light will appear on the mirror, 
When, however, the flame is at a node, where there is the maximum 
change of pressure, the flame jumps 
up and down with a frequency equal 
to that of tbe membrane and the 
reflection in the rotating mirror 
presents a broken-up toothed appea¬ 
rance. 

Fig. 64 represents the appearance w 
of tha flame in the revolving mirror 
produced by different tones. Pig. 

64(e^) represents that due to an 
oi^ad pipe blown gently, and Pig, 

64(h) that drie to the pipe blown hard having double the Irequi&cy• 



^ ggx s=s, ca. 


, . _ . . . 



Pfg 64 
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Comparison. —The manometric flame method is sillied in 
nomp trtng the frequency of two organ pipes. When a capsule is applied 
«t the node in each pipe and the -corresponding flames a^e examined 
side by side* it will be found that n teeth in one image will occupy 
ihe same length as n' teeth in other, the frequencies of the two 
pilies are evidently in the ratio n : n. 

92. Determination of the Velocity of Sound by the Resonance 
of an Air-Column :—A vibrating tuning fork F is held close to the 
top of a glass tube which is vertically jdaced in a long cylinder almost 
full of water (Fig. 65). On gradually raising or lowering the tube a 
particular length of air column in the tube will be found when the 
sound will be strongly reinforced. Thus it is an arrangement for a 
closed pipe of adjustable length. Adjust the position of the tube when 
the intensity of the sound becomes maximum. In that position the 
frequency of vibration of the air-column agrees with that of the fork, 
and the fork and the air-column in. the tube are then said to be in 
resonance. It should be noted that the pitch of the sound heard is 
independent of the diameter of the tube and 'its material, glass or 
metal. The action may be explained as foDows : — 

Each movement of a prong of the fdrk 
towards the mouth of the tube compresses 
the air in front of it, and thus sends a 
compressed wave do^ the tube. The coin- 
pressed wave, on reaching the surface of 
water, which is a denser medium, is re¬ 
flected back as a compressed wave. The 
reflected compressed wave on reaching the 
open end of the tube is relieved from the 
strained condition by moving sidewsiyv 
and it is again reflected but this time* et 
a rarefied wave which starts down, the 
tube. Now, if the prong reaches the 
extreme downward pqsition mt the same 
Instant an^ be|dns to xnov# npwirdc* ,a 
\Wave of ws|t<ftion wR), dc^ 


n 
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wards into the tube. The reflected rarefied wave will thus ootfietds 
with the rarefied wave started down the tube due to the backward 
motion of the fork a^d so will be reinforced. Again the reinforced 
waves will be reflected back from the closed end (water surface) as 
rarefied waves* which will reach the open end just when the prong 
begins to move down. So the waves of compression formed by 
the reflection of the rarefied wave at the open end is helped by the 
fresh compressed wave sent by the prong. This shows that the fork 
and the air-column of the tube agree in motion (i.e. their time- 
periods are the same), and so resonan'‘e is produced. 


A! 




From the above it is evidout that when resonance is produced, the 

wave travels over twice the length of the air-column in the time taken 

by the prong to make half a vibration. Thus in a coin[)Iete vibration 

of the prong, the wave travels over four times the length {(>i) of the air- 

column AN (Fig. 60). We have, therefore, li =a/4, or where X 

is the wavelength, and / j, the length of the air- 

column. But, if V be the velocity of the sound, 

and n the frequency of vibration of the fork 

,we have, F^nX ; or, V^U\n. 

In fact, the antinode is not exactly at the 

mouth of the tube but is a little outside the 

tpbe. the distance depending on the diaineter of 

the tube. Lord Kayieigh has shown that this 

correction is 0*6r, and thus the efifective length 

of the vibrating air-column is 2i d*0’6r, where r 

is the radius of the tube, and 0*6r is called the 

end^correotion, 

_ « 

Hence, 

F“4n(2| d-O'Sr). 


I 
I 
1 
i 

i; - 

i/-' 


Fig, 66 


Thus, from the resonant air-column, the velocity of sound can be 
determined by knowing the frequency of the fork. 

Temperatare Carreetlon.—If the temperature of air in the tube 
is f ^ the velocity of sound,at 0 (7, can be found from the relation. 

Vs ■■ ^ ; F, s»Fa,>/where T is the t^pelratiire 

in the absphite scale.correspondiaig to 1*0. 
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N.B.—In order to obtain the velocity of sound in dry air the 

result corrected for temi)erature should also he 
correctsi for moisture contained in the air {vide 
Art. 58(3)]. 

The end-correctfon can be avoided in the 
following way. —In the first position of reso¬ 
nance, 7l (Fig. 06) “^/4, but if the tube be 
sufficiently long, then by raising the tube 
further out of water a second position of reso¬ 
nance, of weaker intensity, may be obtained 
where the length of the resonance air-column 
h (Fig.f67) = 3X/4. ‘ 

Since, in the first case. — s=Zj4-0*6r, and in 

4 


iri/ 






N 


Pig. 67 

3k X X_, , 


3X 

the second case. ' - “ig-f-O'Or, we have, 




By this means the wavelength can be determined eliminating the 
end-correction, whatever may be its exact numerical value. 

Evalaation of End-Correction —By the method mentioned above 
the end-correction, may also be evaluated. . Tiet this correction be ®. 

For the first position of resonance, i-“Zi-l-r,and for the second posi- 

4 

tion of resonance, 3X/4~Z8+a;. 

Hence 3(/i +af)"Za +* ; or, -3Zi).» Hence x is determined. 

% 

The mloeity of sound in a liquid was determined by means of 
organ pipes immersed in the liquid by Wertheim. The tube was made 
to. speak by injecting a Stream of the liquid iu the pipe. The frequency 
, of the note emitted was determined by one of the standard methods 
^ ^ and the wavelength from the length of tbe tube. Hence the velocity 
Was calculated. The value in water was not in agreement with the 
etondard data. But introducing a correction for the variations iof the 
' . seetlonal area due to the pasi^ge of compressions aud rarefaction, the 
j>:>esalt agreed faiidy well with, the standard values. 
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98. Stationary vibrations io a string and in an air-eoltimir 
convpared :—The stationary vibrations in a string are transverse in 
nature whereas those in an air-eolumn are longitudinal. The sound 
I>roduced in both cases is musical in nature. The frequency of 
vibration of a given length of a string can be altered by altering the 
tension and it varies inversely as'the radius of the string ; but the 
frequency of vibration of a certain length of air-cohinm is fixed and it 
does not depend on the radius of the tube. The frequency in t)ie 
former case does not depend on the moisture and does ven’ slightly 
depend on temi>erature so that a stringed instrument once tuned 
r6mains so during playing. The frequency of the sound emitted by at> 
air-column varies with temi)erature and moisture and as such the pipt- 
instruments require frequent tuning during the operation. In strings, 
damping effect is small and hence the resonance becomes very sharp, 
while in an air-column damping effect being very pronounced, the^ 
resonance is less sharp. In a vibrating string the whole series oi 
harmonics can be produced but the note emitted is not pure, different 
harmonics being simultaneously excited. Tn air-columns, all harmonics:' 
can be produced only in open cylinders—the closed cylinders producing 
only odd harmonics. The note emitted is generally pure. If strongly 
excited a few harmonics may, however, be produced at the same time. 

94, Longitudinal Vibration of Rods -When a thin rod cf- 
metal or glass, hrmly clamped at its middle point, is rubbed length¬ 
wise with a piece of resined leather, or a wet linen, it is set in longi¬ 
tudinal vibration, that is, in planes parallel to its axis, and it gives 
out a shrill note. The rod is alternately elongated and shortened in 
its course of movement and the vibration takes place exactly in the 
same manner as the stationary vibration of an oi»eD pipe sounding 
its ftindamental. 

The free ends of the rod. being the positions of maximum vibration 
are antinoiest whilst, for the simidest mode of vibration (fundamental) 
there will be a noie in the middle where it is clamped. Evidently the 
length of the rod is half the wavelength (distance between two 
consecutive antiondes). 

The velocity of the sound in the rod'is given by, where. 

r- 
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Y it the young t modultiB of elasticity and p, the density of the 
material of the rod. Again we have, F—n\, where K the wavelength, 
is in this case, equal to twice the length I of the rod. 


; or, ns= 


Ql 


or, n- 


21 


I j V/o. 


Thus knowing the velocity of sound in the rod, the frequency, or 
the pitch of the sound emitted can he calculated. Again, if the pitch 
of the sound is determined by comparison with a sonometer wire, the 
velocity of sound is known from the relation, V ** ''nl. Thus this also 
provides a method of determining tha velocity tf souni in a solU rod, ' 


If the rod be free at both ends, two antinodes will be formed at^ 
the ends with a node in between. Here also k a 22 and the funda¬ 
mental frequency will be same as n above. In both these cases for the 


higher modes of vibration, I 




3 *- *'”■ 


and the frequencies of the 


overtones are given as.. 






3 

21 


•Jy/P* etc. 


When the rod is clamped at .one end and free at the other the 
vibration will be similar to those in a closed organ pipe. Here the 
frequencies of the fundamental and the overtones are given by. 

The above frequency relations are valid only when the rod is so 
thin that its diameter is small compared to half the length of the 
ways. 

As has been already stated the velocity and hence tha frequency 
of a longitudinal wave is very large in comparison with that of » 
tfunsverge wave, Th^ two velocities cannot be made Identical undef' 
' any practical drcumstances. 

0ll^ Knndl’a Dast-tabe ExfiOriaieBt :<-^The velocities of soand 
ici;di^!Srsnt gases were determined by Eundt by nmng longitudinal 
rods. The velocity of soqnd in a rm fas Is nsnaUy 
' ^tsnniaad in the-laboratory liy ^^his mc^hcd. . 
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The apperatas consists of a metal or glass rod which is clampetl 
exactly at its 
middle point G 
and has a card¬ 
board disc D 
firmly fixed at ^ Dnsutube Experiment 

its end within a long glass tube AB in which it can move without 
touching its walls. The other end of the tube AB is closed by an 
adjustable piston B (Fig. 68). 

Before fixing the tube in position it is thoroughly dried by blowing 
hot air through it, and then some dry lycopodium powder is evenly 
spread along its sides. The rod is now stroked (rubbed lengthwise) 
with a piece of resined cloth or leather, if it he metal, or with a cloth 
moistened with methylated spirit, if it is of glass, causing it to vibrate 
longitudinally. Waves are emitted hy the disc D which is moving 
backwards and forwards with the frequency of the note emitt^ by 
the rod and thus setting up vibrations in the air within the tube. 
These waves staited from the disc D are reflected back by the surface 
of the piston B and thus stationary waves having fixed nodes and 
antinodes are set up in the tube. The position of the adjustable 
piston B is carefully adjusted until a resonance is produced, when the 
fundamental note emitted by the rod coincides with a harmonic of 
the enclosed air-column within the tube. 

.When resonance is reached, the fine lycopodium powder is seen to 
be thrown into a state of violent agitation when the powder will be 
seen to fly away from the loops (antinodes), the places of maximum 
displacement of air-particles, and will collect at the noiss, forming a 
number of closely packed striae. These are the places of minimum, 
displacement of air-particles. In general several nodes and loops will 
be formed within the tube as shown in the diagram. If 2 be the mean 
distance between two consecutive nodes or antinodes, the wavelength 
X of the longitudinal vibration of air is 22, and if n be the frequency 
of the note emitted by the rod, it is also the frequency of vibration of 
the air in the tube, as the rod and the tube are in reConani vibration, 
vsd th|i velocity of the sotind in air, Now for the 

fimj^t mode of vibration the iounding rod, a node ill fqtised :«t 




178 


COLLEGE PHrSICS 


the middle where it ie clamped and two loop* are formed at the two 
ends. So, if T be the length of the rod, the wavelength ^ of the 
longitudinal vibration within the rod is 21' and F' be the velocity of • 
sound in the rod» F'=»VssnX21' ; so we have, 


F^ nX 21 ^ l __length between two consecutive loops or nodes 
F' n X 2i' V length of the rod 

The above relation provides a method of calculating V or F' when 
one of them is known ; and if fretiuency n be found by means of a 
sonometer and a standard fork, then vehoitu of sound in ain and also 
in the rod^ can both be determined. If the Young's modulus and the 
density of the material of the rod he known, then F'= JYfp. 


Hence 

if 


This relation may also be utilised for deter¬ 


mining velocity of sound in a gas by the Kundt's tube method. 


Velocity in different Gases. —To compare velocities of sound in 
two gases, first fill the tube with one of the gases and find out the 
average distance l\ between two nodes formed at resonance. Bepeat 
the experiment with the other gas and let the distance in this case 
be ; then if Vi and Fa are the respective velocities in the two 


gases, we have 


Fi_ nv21i . 

Fa nX2l8 


1 . 

/*■ 


!For comparing the velocities of sound in air and in a gas denser 
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B containing the gas and air respectively. They are as usual fitted 
vrith adjustable pistons required for resonance adjustments. These 
tubes are interlinked at the inner sivies by means of a thin metal rod 
clamped at two points at distances Z/4 from the ends. This exciting 
rod is provided with two loose-fitting pistons at the two ends inserted 
somewhat inside the two tubes A and B [Fig. 69(a)]. When the rod is 
excited, wavelength of the fundamental mode of vibration will bo 
But this does. not occur in our calculations. When resonance is set uj> 
in the two tubes and lycopodium powder is found to form fixed heaps at 

the nodal positions in both of them, then from the relation 

Ka 

the velocities can be com}>ared. When the gas is lighter than air, it 
is better to take it in a closed tube as shown in Fig. G9(6). The tube 
QGx is provided with metal discs at both the ends to maintain the 
symmetry about its point of support O in the middle. One set of discs 
is introduced in broader Kundt's tube AAj containing air. Both tubes 
have lycopodium powder sprinkled in them. When the tube GGi is 
excited by a wet piece of linen or any other suitable device and both 
set for resonance, then the velocities in the two gases can be compared 

from the relation, V*/Fa = where lo and/a represent the distances 

ta 

between the successive heaps of powder in tlie two tubes. 

Determination of the ratio of the two specific heats of a gas.— 

For determining the ratio of the two sepcific heats of a gas the 
velocity of sound in the gas in question is to be determined Uy the 
Kundt's tube method as indicated above. Let the velocity be Ff. 


Then F^ = ^ ; or, y * 


( 1 ) 


where P and P are the density and the pressure of the gM at the 
temperature at which F is determined. 

Since , where T and Tq are the values of abotet«»n- 

pa* P^Tq 

iier^am and 0*C in the absolute sealeii and Pq fthi ws 
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c«n rewrite the ewression (i) as > — ^ 

PqT 

Thus Y can be determined by the Kundt’s tube method. 

Bayleigh and Bamsey determined If for argon and helium by thie 
method. 

The velocity of sound in liquids have also been successfully 
determined by this method by Green in 1923. 

. 96. Electrically maintained Tjuning Forks :—Instead of repeated 
bovring or hammering, a tuning fork can be conveniently made to 
vibrate continuously at a constant frequency by means of an electric 
device. This is done either by electromagnet or with the help of a 
thermionic valve. 

(l) Maintained by an electromagnet.—Here a small electro¬ 
magnet M is placed in between the steel prongs of the fork. One end 
of the coil of the electromagnet is connected to the contact piece at C 
as shown in Fig. 70. The other end is connected to the binding screw 

St at the stem of the fork 
through a battery B and a key 
K. When the key is closed the 
circuit is comi>leted through the 
body of the fork and the con¬ 
tact piece C. Thus M is magne¬ 
tised. So both the prong will 

be simultaneously drawn in- 
\ 

wards due to attraction. As a 
result, the electrical contact at 
O will be broken and the current will cease to flow through Jlf. So 
the prongs will be released ■ and they will move outwards simulta¬ 
neously again* Again the contact at 0 is established and the state 
^ aflairs will be repeated over and over again and, thereby the vibra¬ 
tion of the fork will be maintained continuotliiy* 

: (fl) Ifolntalned by n valve. —^The fo^ks mainUined by; elecfcro- 
- ; eannot be «o done at ftequened^s higher than 1(K) or SS)0 cyidei 

jf|r.ie!isaD4.,' ^ for nttalata|ttiyj|?tW vil^^n hlghi^ feeqneiw^si, 



Pig. 70 
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vslve-maintained forks are used, 
along with the coils are fitted 
either inside or outside the two 
prongs of a steel fork as shown 
by M\ and M% in Fig. 71. 

The coil of M\ is included in 
the anode circuit and that of 
in the grid circuit of a 
triode. A small vibration of 
the prongs* changes the flux 
through the grid coil and as a 
result the grid voltage under¬ 
goes fluctuation. This in its turns varies the anode current and hence 
the current through the coil which pulls the prong against it. 
The two prongs evidently act togetliet^ so that when the direction of 
winding of the coils Mi and M 2 are properly adjusted, the inill due to 
one of them increases the pull due to the other. So the pronga 
gradually vibrate more vigorously. This state of motion continues 
till the energy supplied by the bigli tension battery JI.T. is partly 
utilised in overcoming the large,air resistance due to large amplitude 
of vibration and partly in heating up the coils. 

The valve-maintained forks are often used as standards of time in 
modern measurements. 

^ote.—In Electricity, in Acoustics and in the accurate estimation 
of time-intervals, reliable frequency standards are often needed. For 
frequencies of the order of 1 or 2 per second, pendulum clocks,, 
arranged with contacts to give electrical impulses every half-swing* 
would serve the purpose. But for frequencies rangieg from 10 to 
1000 per second, electrically operated or valve-maintained tuning 
forks are generally used. Above this frequency quart:? oscillators 
driven electrically are used (See Art. 134). 

il7. Beat-mainlained Vibrations :— 

(a) Trevelyno’o Roeker.—It consists of s triangular coi^per 
Iffism one edge of which is cut out into a groove with two founded 
adgei M s]btp«rii in the section (a) in Fig. 72* This prisud if protidad 
\rilbafa«iidl« tpheriesl knob at tbe end 


Two telephone receiver magnets 
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movement. If the copper prism C be heated and placed on a triangular 
or semi-circular lead prism L the edge of which is kept in a horizontal 
plane as in Fig. 72(6), the prism C will‘go on rocking back and forth 

and a musical sound will be 
produced. The copper prism 
is to be heated moderately in 
a flame. The lead prism is 
well-cleaned and just at the 
Fig. 72 moment of placing 0 on L, it 

• is better to polish the edges of 

the groove by a fine sand paper. A critical temperature favours the 
rocking. It may sometimes be necessary to tap C at the start to 
have an effective rocking attended with the characteristic humming 
sound. The explanation of this rocking may be given from simple 
theory. When a hot edge is in contact with the lead block, the heat 
is conducted on to lead and a hump is set up at the point of contact 
which rises the edge of 0 slightly. This makes the other edge touch 
the lead block. Here again a hump is produced at the contact position 
and the edge is pushed out a bit. This state of alternately rocking 
up the edges continues till the temperature of G falls sufficiently so 
that the heat transferred on to L is not sufficient to set up the 
humps. In the Trevelyan’s rocker the narrower the groove in C the 
higher will he the freQuency of the note produced. If the groove be 
wider, it is rather difficult to set up the rocking and the sound 
.emitted is of much lower frequency. 

(b) Howling; tube.—The howling tube consists of a wide metallic 
tube wherein a piece of wire gauge is placed across the tube about a 
.quarter of the way up. The gauze is made red-hot by a flame and 
then left. A strident spund is soon produced which continues until 
, the gauze cools down. The harshness and loudness of the note is dap. 
to the presence of strong overtones. The ,heat transfer from the gausn 
'Which suiq^Uea the energy of oscillattont tokes {dace at the inasiBiom 
jrate :mtt before the eompression is greatest, since the'aiz then 
stseams upwards with maximum velocity . towards the node at the 
pf jthe tube. This heat. supply helps thp expansion of the air 
the next phiwe,.'^ The ,trails';vbf/'h^at 
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almost stops during this part of the motion, as the hot air is fomed 
down over the gauze. Thus the energy supply becomes periodic and 
the note is maintained. 

(c) Singinjg flame. —When a jet of coal gas or hydrogen burns 
inside an open tube, under certain dehnite conditions, a 
musical note is found to be prod^ced. 

This arrangement is known as the 
singing flame. It was first noticed 
in 1777 by Higgens. To make the 
flame sing the lengths of the gas 
tubes should be slightly^ less than 
half of the air tubes. 

The phenomenon has been ex¬ 
tensively investigated and an ex¬ 
planation has been put forward by 
Lord Bayleigh. According to Bay- 
leigh the phenomenon depends on 
the intermittent heat supply by the jet flame. 

It has been found that the flame burns most intensely and 
consequently supplies heat to the air at the maximum rate when the 
air round the flame is in a state of maximum compression, when the 
air is just on the point of expanding. Here the flame becomes periodic 
because there is a reaction on the pressure of the gas-supply as also 
a variation in the air-supply. It is found that the flame does not sing 
unless the ^ength of the tulse supplying the gas is correct in 
relation to the natural frequency of vibration of the vertical outer 
tube. The flame sings best when placed at the position of greatest 
pressure change (i.e. nodti) in the vertical tube. It does not respond 
when placed near an open end as it is an antinode of the vibrating 
air-column. Bichardson verified Bayleigh’s theory of this interinittent 
energy suxiply in 1923. 

This singing flame emits almost a pure tone free from overtones. 

Examples 

(ij ffiu rtsaund* to a forfit. ij 

U> ih$ J»hamdcontaim4^ $ 

rr n, i} A'':; 
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would be the velocity of sound in the gas f The velocity in air at Oie temferaiure of 
the eatferitnent is IISO JLlsec, {0. 1946) 

Ans, When filled with the gas, ft. 

4 

X«16 ft. 

rr 

But nX«*F. n««-- ... ... .... (1) 

J6 

When tilled with air, an open organ pipe resounds to the same fork when 
I ft. or when Xj**!© ft. 


m 




1190 

10 


Hence from (1), 112sa'~i or, F= 

lo 


>119 

1799 ft. per sec. 


... ( 2 ) 




• (9) A cylindrical pipe of length SB cm. closed at one end is found to be at 
resonance taken a tuning fork of frequency 664 is sounded near its open end. Deduce 
the value of end-correetion, Yedocity of sound in air is 340 ml sec. 

,Ans. Length of the wave set np in the pipe=»X»^ cm. 

n 0d4 

For the fundamental mode, ^««28. This is absurd. Hence considering 

4 

the next mode, the corrected length of the pipe=-X- ^ 

4 

o 

(98-f-«)»»'- X 89*35, where aa^erd-oorrectton. 

4 


«-»l*6lcm. 


{3) In a resonance cotttmn eaiferiment the first tico successive positions of 
resonance occurred 0 lengths 16'4 cm. and 48'o cm. respectively. If the velocity of 
sound in moiei air 0 the temperature of the experiment be 34000 enupereec., 
calculate the fi^eguenep qf the source employed and the value of the end-correetion. 
Calculate aleo the length of the air-column of the t ext resonance. 


Ans, Let 8 he the end.4!orrection and n, the frequency of the aonree. 

Then. 48*6+«»?X. 

and 16‘44-«s»^. 


rt . . 


/. 8^2—I; or, X»8d'4. 

.4 864 7 
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Again. »--®l^-15’4*16-6-15*4*r2 cm. 

Third reaonance occurs Ts^hcn Z+x-'^X«*-X66'4>»83 cm. 

4 4 

I=88-l-a=»81’8cm. 

(4) A turning fo>k held ever a resonance tube bhows rf«<mane* with a«r> 
eolumna 24 cm. and 74'1 cm. long. Ftnd the frequency of the fork, the end» 
earrectson and the room Umjieratute, %f the veloctiy of bound u iieO metreelue, 
at room temperature and 3S0 metres!sec. at 0'C\ ( U(k. U. 2952} 

Ana. Let a and n be respectively the end-oorreotion and the frequency of 
the fork. 

Then. a4+xn\/4 end 
4 

Hence* 60‘13 bX/2 • or, X’^100‘2 cm. 

vibr. per sec. 

X low a 

ipn** 

X«t—^ - 84-2606-24-=r05 cm. 

4 


Again* 



( 340\«_ T 

830/ 2?8‘ 


r*273 X A. 

38^88 


Hence the room temperature «(3B9’8-‘278 )=16”*8C. 


(6) An open organ pipe 2'6 ft. lon^f produces 5 beate per second with n 
eimUar but elightly shorter pipe and also with a tuning JorkatO^C. Vind the 
number^ of beats produced between the fork and the shorter pipe at 22^C. 
{Velocity of sound at O^O. is JJOO ft.lsec. and at 2g“ 0., 1144 ft fsea.) 

Ant. The frequency of the fundamental for the pipe is. 


»H!E?aB440 per sec. at O^O. 

ai 6 . 

If the pipe is shorter the frequency will be higher. 

Hence the frequenoy of this ehorter pipe»"440H-6*«446 per eee, 

The frequency of the fork will be also 440^6. i.e. sitber 446 or 488 per aee» 

V IlOO 

The shorter orgsu pipe has • length 


Hence ita luodamental frequency at BTC. 


_U44^ 1144X448 

, . li# ,7,'. 

«i468pereeo. i«f|pr8fi^lL 
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So the number of besia with the fork will be either { 468 ~ 445 jaBi 8 • or 
<468 - 485)»28. 

{6) 4 tube ia excited by a braaa rod l60 cm. long and the 

diatanee between the tuccessive nodes in the tube ia J3’6 cm. What ts the ratio 
cf the velo^y oj sound in braaa to that «n air i 

4ns. Xi (in the rod)«9xlS0»300om. 

Xa (in Air)»axl3*6">27*2 om. 


Now, 



yi^X,,800 
7, X, 97*2 




(?) 4 rod 140 cm. long eiamfed in the middle is in reamance with an 
air-eolumn 40 cm, ling. When the rod ia set into vibration the fowder is 
arranged in (oops. Find the velocity of sound in the rod ij that in air be 
330 metraalaee. {Guj. U. 19SS) 

Ana. Xi (in the rod)i«Sxi40>i280 cm, 

X, (in •»)«2X ^-20 om. (v there are 5 loojps). 

^ V sao 

or, F,»880xl4=46a0m/8ec. 


QuesUons (Chapter VIII} 


1. Deeeribe in deiaile nn esperimental arrangement for determining 
the velocity of sound in gaaea at different temperaturea and pressures. 

How does the velocity, vary with pressure 7 Give reasons for your 
naswer., (C. U. 1989) 

2. Bri^y explain the theory and method of finding the veloci^ oi 

sound in air by^ resonance oolnmn. How this velocity can be converted 
tothatatN.T.P. ' (c/. C. tJ. 1929) 

a. If the velocity of sound in dry air at 6.T.P. is 881 mptres per sec* 
Bod the velocity in air, saturated with moisture, at jlCFO and 7S cm. of 
mercury pressure. ,(a»veo, eaturation aqueous teneion at 18*’0 ia 1*55 cm. of 
mercmy sad the ratio of the densities of aqueous vapour and dry air is 1 i 1*6) 
. . Una 848 metres/see.) 

4. Explaut fatly Kandt*s experiment for determihetion of Velocity of 

soandinngaa. f^lL U»l986) 

5, Explain under what uonditioriB IhteHerence of sound . waveO is 
poeidh^ lliienee acediunt dust Bgum produoed ^ a Eundt's luW. 

mdatenahm the Tcdoeily ol Momd 

17 . 1027 ) 




I \ 1 -^ 

' 'iJ. 
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6. How can the tatio oi the specific heats of a gas be determined bj the 
acoostieal method in a laboratory 7 Describe the method in detail. 

7. Describe an experiment to demonstrate the presence of nodes and 
antinodes in a sonnding organ pipe. 

8. Write notes "on : (a) a valve-maintained fork, (6) a manometric flame, 
and (e) a singing fiame. 

9. Describe experiments illnsirating the maintenance of vibration by 
heat and eleotricitj. Explain in a general way the modes of maintenanoe. 

(0. U. 1948. ef. 0. U. 1952> 

10. Write short notes on singing fiames. (All. U. 1951, *64) 

11. Write short notes on Trevelyan’s rocket. (Luck*. U. 1946 ; 0. U. 1957) 

12. Discuss the formation of stationary waves in a pipe open at both 

ends, its mode of vibration and variations of displacement density and 
pressure along the tube. (Baj. U. 1949) 

13. Explain h,ov^ stationary waves are produced in a closed pipe. How 

do they differ from progressive waves 7 (C. U. 1934, *46, *63) 

14. An open organ pipe prodnees 8 beats per sec. when sonnded with a 

tuning fork of 256 vibrations per second, the fork giving the lower tone* 
How much the length of the pipe is to be altered to bring it in accord with 
the fork 7 (C. U. 1968) 

{An», ^th part of its original length.] 

15. A tuning fork held over a resonance tube shows resonance with 
air-columns 84 cm. and 74*1 cm. long. Find the frequency o! the fork, the 
end-correction and room temperature, if the' velocity of sound is 340 
metres/sec. at room temperature and 380 cih./sec. at 0*’C'. (Utk. U. 1909) 

[dfu, (i) 839*8 vib /sac. (it) 1*05 cm. (Hi) W‘S0l 
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MUSICAL SOUND : ITS CHARACTERISTICS : 

MUSICAL SCALE 

98. Musical Sound and Noise :—Sound may, be divided inio 
two classes : (0 Musical Sound, and (t'O Noise. 

A mnsioal sound is a continuous pleasing sound which is produ¬ 
ced by regular and periodic vibrations ; sounds produced by a tuning 
iork« a violin or a piano are all musical sounds. 

Noise is a general term including all sounds other than musical 
sounds. It is discordant and unpleasant to the ear. 

The essential difference between a musical sound and a noise, 
generally speaking, lies in the fact that in the former case the vibra¬ 
tions are tegular and periodic ; while in the case of a noise the vibra¬ 
tions are irregular and noU'-periodio in character. It is. however, 
difficult to draw up a clear line of demarcation between a musical 
sound and a noise ; for. in. practice, musical sounds too are seldom 
free from irregularities of vibration ; while, on the other hand, in 
noises sometimes there is also regular periodicity of the motion. 
Sometimes noise is accompanied by musical vibrations as in the clang 
of a bell. Moreover, the difference is only subjective. The same sounds 
msy appear to be musical or noisy to diffe?ent persons and under- 
different conditions. Therefore, the difference is more artificial 
than real. 

Characterlstfes of Maaieal Sound.—Musical sounds may be said 
to differ from one another in the following three particulars :— 

(l) Identity ; (2) Pitch ; (3) Quality or Timber, 

99. Intaaaily :—It is the measure of colume of a note. • It 
depends on the energy contained per unit volume of the mediuoi 
thirOu^h which sound waves pass. It may . also be measured by the 
One^y which passes per unit area, placed normal to the direction 

otthe souni^-' It is a cbaiaetaristie of aU foundt whether 
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Loudness depends upon ths square of th$ amplitude ov the extent 
of vibration of fehe sounding body. When the body vibrates with 
greater amplitude, it sends forth a greater amount of energy to the 
surrounding medium* and hence, energy received by the drum of the 
ear is also greater. So the sound becomes louder. Loudness though 
commonly supposed to be same as the intensity is really the physio¬ 
logical aspect of it and is purely subjective in nature. Both loudness 
as well as intensity are found to vary directly as the square of the 
amplitude. This is why they are often used to mean the same thing. 
Though loudness depends on intensity it is not a linear function of 
intensity received by the ear drum. A sound of a dehnite intensity 
may appear to be of different loudness to different observers. So it 
depends on the physiological power of judgment of intensity 
of a man. 

(») The energy E oi & body of mass m vibrating with velocity v 
and amplitude a is given by, \ 

Therefore, the intensity of a note, which depends upojji the energy 
of the vibration, is proportional to the square of the amplitude of the 
vibration. 

(it) The intensity of a sound is inversely proportional to the 
square of the distance of the observer from the source of the sound 

(Inyene Square Law).. 

Thus, the energy received by the observer at a distance of 2 
metres from the source is only one-fourth of the energy which the 
observer would receive ,when at distance of 1 metre from the source, 

[Suppose it is required to compare the intensities of the sound at 
two points A and B, distant r| and r^ from a source of sound from 
which the total sound energy emanating per second uniformly all 
around is E, Draw two spheres with the source as centre and with 
radii >*1 and r» respectively. The amount of energy flowing per second 
per unit area at A normal to the surface of the sphere»fa** 

intensity at A 

Simila^y, the intensity at 
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th^ intentUy At a point is inversely proportional to the square of the 
distance.] 

(iii) The intensity of a sound depends upon the density t>f the 
medium in which the sound is produced. It is seen that the greater 
the density of the medium, the greater is the intensity of the sound 
heard. 

It is seen that some effort is to be made to make oneself heard by 
another in aeroplanes or balloons when flying high up from the 
surface of the earth as the density of air therein is small. For the 
same reason the sound is more intense in carbon dioxide than in air. 

(iv) ' The loudness of a sound depends upon the size of the 
vibrating body. 

If the size be larger, then a larger volume of the medium is put 
into vibration, and a greater amount of energy will pass per unit 
area. So the sound heard will be louder. 

(v) The loudness of a sound is increased by the presence of reso¬ 
nant bodies. ' - 

The sound of a tuning fork, or a vibrating string in air, is much 
intensified when placed on a sounding-box which undergoes forced 
vibration. 

100. Comparison of Intensity (Rayleigh Disc method) 

For the comparison of intensities of two sounds, Bayleigh devised 

a method based upon the 
fact that a light disc tends 
to set itself perpendicularly 
with respect to the direction 
of an air stream whether 
direct or alternating. When 
the disc is suspended by a 
fibre so as to make an angle 
with the direction of air 
inflow in a resonklot, the 
dsfleel^ of the disc is proportional to the enefgy of the sound waves 
)|!i^iTsid by the resonator. 

Kdnig deduced a ration connecting the couple acting on the disc 
* 1 ^ ihe mean v^ocity df the stream. Th^ cou^e 0 is ^ giYeh by,. 
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fein 20, where P^^deiasity of fliir, V is the velocity of the 
stream if steady or its B. M. S. value if alternating, a is the radius of 
the disc and 9 is the angle between the direction of stream and 
normal to the disc. 

. If due to* this couple the deflection is <i» then is proportional 
to O. 

But since the intensity is proportional to the kinetic energy i»n V** 
we can say, 

7. 

Thus knowing and <#>a, corresponding to two sounds of inten¬ 
sities J) and Ja, the latter quantities can bp compared. 

The actual Bayleigh disc is made of mica 1 cm. in diameter having 
a light mirror on its surface. The disc (Fig. 74) is suspended by a 
quartz flbre and is set at 45^' to the axis of the resonator in the 
undeflected position, since for this value of $, the couple G is- 
maximum. For observing the deflection a spot of light from a source 
L is made to fall on a scale S after reflection at the mirror attached 
to the disc D, To increase the accuracy of the experiment the disc 
is kept inside the neck of a double resonator Ri and Ba of Helmholtz. 
When the open end of Ba is pointed towards the source of sound and 
the lengths of B\ and Ba properly adjusted for resonance, the air 
flow round the disc causes it to deflect. So deflection is noted. 
Similar operation is repeated for the second sound and the deflection 
recorded. Now, should be noted that the 

diameter of the Bayleigh disc should be small compared to the wave¬ 
length of the incident sound wave. 

This method has ' been extensively used for comparing the inten¬ 
sities of sounds emitted by different sources. 

101, Units of Intepsity and Londness : Bel: Phon : Sone :— 

As has already been mentioned the intensity of a sound is a purely 
physical quantity whereas the loudness refers to the seqsation it 
prodhees, A relation between the loudness and its stimoltiS (i.e. the 
intensity) has been fo^ulsted by Weber. Aocording to this late 0/ 
Ihsiasmse in inien$itp (£kl) io pfv4i00 1% iminimtmr 
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pBreeptihle increase in Im^ness (^L) is directly proportioisal to the 
original intensity and the increase in loudness. 

/. £>.I»£^LxT; 


or. 


e.L^K Y 


where X is a constant. 


Fechner wrote the equation as. 


dL= 

and on integration derived, 

Llog, r=C logio^* where C is another constant. 

This relation is known as Weber^Feohner law. From this law it is 
evident that if I is doubled, the loudness L is not doubled. But, for 
each doubling of the intensity, the loudness increases by the same 
emount. 


For all practical purposes the absolute values of intensities are 
intentionally avoided because relative values have more practical 
significance. Absolute intensity which is but an energy flux per.cm.* 
is generally expressed in watts/cm.*. The threshold of audibility for a 
note of frequency 1000 c.p.s. corresponds to an intensity (To) equal to 
10"*^ watts/cm.® which is the standard of intensity. Relative inten¬ 
sity is generally expressed in units of intensitg level. The intensity 
level of. a sound is the ratio of its intensity to the standard intensity 
(fo) defined above. A sound having an energy lO times that of lo is 
said to have an intensity level of 1 bel or 10 deeibela. The scale is 
really derived from Weber-Fechner law and is logarithmic in nature. 

Intensity level in bels**logic 


So when I is 100 . times /o« the intensity level of T will be 2 bels or 
^decibels. Since the maximum audible intensity is 10^^ times the 
minlhium audible intensity the extension of »the range of audible 
intensity is II bels. ^ ^ 


is the unit of equivalent londnets. For measuring the loud- 
; nea^ a Sotsnd in phons, enother pure tone of fii^ueney IpOO- e,]p.s. 
A ie ti^ The intensity the letter ^ gradually adioite^ tSl the 
' ^i>uirit:tdhe arid the original tbund spiwar eiQpiliy Ibttd, If «t th^rAitrigs, 


A I 
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the intensity level of the pare tone be n decibels, the loudness 
equivalent of the original sound is supposed to be » phons. 

Sone is a new unit recently introduced to measure the loudness 
of a sound. A pure tone of 1000 c.p.s. 40 decibels above a normal 
listener’s threshold, pi-oduces a loudness of 1 

102. Pitch :—The pitch of a note is that physical cause which 

enables us to distinguish a shrill (acute or sharp) sound from a dull 
* 

(flat or grave) sound of the same intensity sounded on the same musi¬ 
cal instrument: It depends on the frequency of vibration of the 
emitted sound. The higher the frequency the more shrill is the sound 
and we say that the souhd rises in pitch. As pitch is directly propor¬ 
tional to frequency, it is customary to express the ])itch of a note 
by its frequency. 

The pitch is a fundamental ]iroperty of musical sound and a 
noise has no definite pitch. 

103. ' Determination of Pitch.—The pitch of a musical note is 
determined by the frequency of vibration of the source of the note. 
Determination of frequency may be made by the following methods :— 

(1) Savart’s Toothed Wheel.—This ' consists of four toothed 
wheels of equal diameter mounted concentrically on a spindle fitted 
to a whirling table (Fig. 75). 

The number of teeth on 
each wheel conforms to a 
certain ratio, e.g. 20, 30, 

36. 48. 

A thin metal plate or a 
card-board 0 is clamped in 
front of the wheel so that it 
lightly presses against the 
teeth of one of the wheels 
W' when it is in motion, 
and a ' Sound formed by a 
series of taps is heard. On 
increasing the speed of rotation a mnsteal sound it produced, the 
pCt^ of whididepends on (o) th$ numh$r of 
lime, shd Ihs 



Pig. 76 -Savart's Tootbad Wheal (IP) 
and Seebaek'a Sivan (D) 
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To dtiermiiM thi pitoh of a note, the speed of rotation of the wheel 
is gradually altered while the card is'lightly pressed against a parti¬ 
cular wheel until the note emitted by the wheel is in unison with the 
given note. Now if m be the number of teeth in the wheel used, and 
n the number of revolutions per second, the frequency N of the note 
is given by, number of taps made per sec. = inXn. 


(2) Seebeek*8 Siren. —Seebeck's siren or Pulf siren consists of a 
circular metal disc D (Fig. 75) through which a number of equidis¬ 
tant small holes have been drilled along concentric circles of varying 
diameters. The disc is mounted on a whirling table. A stream of air 
blown through a narrow tube ending in a nozzle, Jby means of foot- 
bellows, is directed to pass through the holes in one of the rings. As 
the disc rotates, the stream of air through the tube, is alternately 
stopped and allowed to pass through the holes, producing a series of 
p;ih'6 at regular intervals. To determine the pitch of a note, the 
rotation of the siren is adjusted until the note produced by the siren 
is exactly in unison with the given note. Now if m be the number of 



de la 

^ Toiuti Etrasu 


holes in the ring used, and n the 
number of revolutions per sec. made 
by the whirling table, the frequency 
N of the given note is given by, jV= 
number of puffs made per sec. 

3=mXn. 

(3) Ca^nalrd de la Tour’s 
Siren. —This is a milch improved 
form of siren by which the pit<di of 
a note can be fairly and accurately 
determined. In this siren (Fig. 76) 
a current of air is blown through a 
pipe into a wind-chest A, from 
whidbi it issues through a ring oC . 
equidistant boles cut in the circu^r 
tojp of the wind-chest, pother disc 
having holes exactly corrCspOiuiing 
with the ybolea the of ^ 

is on tbu top 4^^^, fW- 
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< 2 he 8 t and very close to it, in such a way that it can rotate freely 
about a vertical axis. The two sets of holes are drilled so as to slant 
in’ opposite directions, as shown in Pig. 76, so that the pressure of the 
air at the time of escaping through the holes causes the upper disc to 
rotate, the number ■ of rotations being counted by a speed-counter .S 
geared to the axle of the disc. 

Every time the holes in the two rows coincide at the time of rota¬ 
tion of the upper disc, a jet of air escapes from each hole in the upper 
disc and, if there are m holes in each of the discs, there will be m puffs 
for one revolution of the disc. Of course, each puff will consist of vi 
separate jetS, but as they take place simultaneously, they are regarded 
as a single puff. Now, if n be the number of revolutions of the disc 
l)er second the frequency N of the note emitted is equal to mXn. 

Note. —In 1903 Northey devised a modified form of de la Tour 
siren for powerful long-range fog-signalling. This is known as the 
Diaphooe. Even at a distance of 4-5 miles the intensity is found 
appreciably high with « diaphone. 

(4) Resonance of Air-Colamn —From the relation, in 

Art. 92 if V and I are known, the frequency n can be determined. 

(5) Method Of Beats.—The frequency can also be determined 
by the mdthod of beats, as explained in Art. 44. 

. The method of beat is best applied in determining the frequency 
•with the help of a Tonormttr. Scheibler’s tonometer consists of a 
seriSS of tuning forks whose frequencies range over an octave. They 
are arranged in the ascending order of frequency—the frequency 
difference between a fork and its adjacent one on either side is 
generally four. The tonometer may be used for tuning a note to any 
desired pitch. The frequency of a note ecji^ed by a fork is det^mined 
by the nuinber. of bests it gives with the two ipccessive forks of the 

tonometer* 

I , 

(6) Soiioiiietar.—By tuning a vibrating string on a sonometer 
to unii^ Vwkh m given note, the frequency of the note can be deter¬ 
mine^ bt, lormtilg* pven below. If the tension end theuaess 
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per unit length, m. of the vibrating string, are known, the frequency 
of the note is given by 

Ji***^^ {vide Art. 78). 

26 ^ m 


(7) Direct or Graphical Method (Diihamers Vibrbseope).—The 

frequency of a vibrating fork can be determined by the graphical 
method. A sheet of smoked paper is wrapped round a cylindrical 
drum which can be rotated uniformly by means of a handle attached 
to it (Fig. 77). A thin metal stylus is attached to one prong o'! the 

tuning fork which is so arranged 
that it can vibrate parallel to the 
axis of the drum and the stylus 
just touches the smoked paper. 
As the drum is rotated, the stylus 
will trace a Wave line on the 
paper. If at the time of the 
vibration of the fork, two points 
can be marked on the wave line 
on the smoked paper at an interval of half-a-second, or one second 
the frequency of the fork can be determined by actually counting 
the number of complete vibration between the points. 



Fig. 77’-rTbe Dahamers Vibrcsoopa. 


In order that the amplitude of^the waves traced out bjk the stylus 
may not decrease owing to effects of friction, in actual practice, the 
fork is excited and its vibrations are maintained electromagnetically. 
The tracing time is recorded by means of an electric pendulum which 
is so arranged as to produce a spark at the expiry of a rated intibyal. 
Oorrespoi^ing to successive sparks, spots are made by the end of the 
stylus on the wavy line traced on the smoked paper. The number of 
vibrations made by the fork in the rated interval is given by the 
number of complete waveS found between any two consecutive spots 
and hence the frequency of the fork can be computed. ’ 


. (8) Fulltog Plate Metliod. —^In , this experimeut an arrangement 
ie so m^e that a ]^t^ may fall freely und^ gravity. AglM)t)^te H 
' ^ 'l^erabl^'-by-caio^b^^ sus|M>nM* 


f’i 
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means of a thread from two hooks fixed on a vertical piece of wood 
B, as shown in Fig. 78(a). A 
tuning fork F to one prong of 
which a very light stylus P is 
fixed is clamped in front of the 
plate in such a way that the 
stylus just touches the smoked 
plate during the fall. The fork 
is set into vibration by striking 
it with a violin bow and then the 
plate is released by burning the 
thread between the hooks. As 
the plate falls under gravity, the 
stylus draws a wave-trace [Fig. 

78(6)] of steadily increasing wave¬ 
length upon the smoked glass. 

Ignoring waves at the beginning which are very crowded (and not « 
suitable for counting), choose two lengths AB and BG having the 
same numher of complete waves. * 

Let the velocity of the plate at the jioint A = and the time 

required by the plate to fall through the distance AB or 130 

Calling ^AB^l\ and we have The velocity at 

B being (ti+pi), we have /g —(tt-hj)t) t + 

« 

ov. (1) 

Q 

^If n be the frequency of the fork F and m the number of complete 
wave between AB or BO, we have nf*m, 

from (l). 

t g 

N.B. The method has the disadvantage that by attaching the 
stylus to the prong, the frequency .of the fork is altered. Also thefe 
may be some friction between the plate and the stylus by which the 
free rate of laU of the pkte is affected*. 

; y$liroiiote 0 |»ie Wheel Hedio4*^A str^bosct^'e 



Fig. 78—The Falling Plato Method 
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W is simply a metallic disc, having a number of equidistant 



Fig. 79 

other side of the wheel. 


rectangular radial , slots •S 
arranged along the rim, moun> 
ted vertically on a horizontal 
axle A which is mechanically 
driven at a known speed 
(Fig. 79). The fork Funder 
test is placed on one side of the 
wheel, the plane of vibration 
of the prong being parallel to 
the plane of the wheel and the 
longer side parallel to the 
longer axis of the slot when 
the latter is vertical. The fork 
is run electrically and a strong 
light is focussed on a prong 
facing the slots. The wheel is 
set to motion and observation 
is made horizontally from the 


The speed of the wheel is gradually increased till the interval, 
in which one slot is replaced by the next, becomes roughly equal to 
half period of the fork, when the prong would appear to oscillate 
slowly. Next, when the said interval is adjusted exactly equal to 
half period of the fork, by suitably altering the speed of the wheel, 
the prong would appear to remain stationa/ry. This is what is called 
the stroboscopic principle. 

Knowing the number of slots on the wheel, and the rate of motion 
of the wheel, the period of the fork and thus the frequency of the fork 
can be detennined. If n be the number of slots and m the number of 
revolutions of the wheel per second, then the frequency of the fork ' 

i»^ .l^ven by 

.A 

'j ' . ’ , *• 

(10) Piioiifo WhAd lletlioO,— The prineij^ adoi^ed in this 
first u^sed by Xiord Baylei^ for the absolute 
of the frequeiicy of a toniag fork. the 




MUSICAL SOUND ; ITS OHABACTERISTICS : MUSICAL SCALE 199 


cribed below, which is a mere simplified version of Eayleigh’s method, 
quick but not so very accurate, the determination of the frequency of 
a tuning fork can be done. The apparatus consists of an iron wheel 
provided with a number (n) of equidistant studs on the periphery. It 
can be rotated about a horizontal axis. Two electromagnets M, Mi 
(Fig. 80) are placed on diametricaUy opposite sides of the wheel with 
their cores almost touching the studs. The magnets are inlermitUntlp 
magnetised by the current from a circuit whicli electrically maintains 
the tuning fork. The frequency of this magnetisation and demagneti¬ 
sation is therefore identical with that of the tuning fork which during 
its vibration automatically makes and breaks the current circuit. The 



Fig. 80 

phonic wheel W is rotated by hand while the tuning fork is vibrating, 
^t a particular speed of rotation the wheel will just be synchronised 
with the iieriodicity of the electromagnet and it will continue to rotate. 
At this speed of synchronisation the number of studs appearing before 
a magnet per second will be eqt;al to the frequency of excitation of the 
electromagnet which is same as that of the tuning fork. So counting 
this number of studs coming before a magnet over a considerable 
length of time, the fiequency of the fork can be very accurately 
determined. 

Raylel^li's Method. —Lord Bayleigh in 1877 determined the 
absolute frequency of a tuning fork by means of a phonic wheel. The 
achematic diagram of the arrangements is shown in Fig. 80(a). If the 
fork ,to be gtandar^Sed (not shown in the figure) be^ of apptOiuina|e 

S.-38 (VoL l) 
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frequency n per second (actually 128 in Bayleigh’s experiment), then 
select another auxiliary fork of almost the same frequency such 
that beats may be produced between the two. A third fork, F\^ to he 
used as an electrically maintained interrupter fork, is chosen so that 
its frequency (32 in Bayleigh's experiment) is a submultiple of that of 
Fit say ^th of the frequency of J?’*, to being an integer (actually 4). To 
determine the frequency oi F\ accurately, an iron phonic wheal of N 
equidistant studs (actually 4) is chosen such that N is again a sub¬ 
multiple (say, ^th part) of the frequency of F\ approximately. The 
r 

wheel can be rotated about a horizontal axis. The electromagnets 3/, 'M 
are placed on diametrically opposite sides of the wheel, the cores of 
which should be so adjusted that they almost touch the studs when 
they come against the cores. 3f, M are intermittently magnetised by 
the current from a circuit which is periodically maintained by the 
electrically maintained interrupter fork, F i. The speed of the wheel 
W is adjusted till it is just synchronised with the periodicity of the 
electromagnet. The rotation of the wheel will then continue. Now 
the time of revolution of the wheel is directly compared with that of 
the pendulum P of a standard clock. For this purpose, the wheel is 



j^vidsid iHth % narrow slit, S. The bob of the pendulum is proyidad 
sUyerdd bead whjnb from a lamip is cQ^eentrated, 
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Immediately in front of the bead a screen provided with a vertical slit 
is placed. The light reflected from the bead is seen intermittently 
through the slit S in the wheel. Since the number of studs in W is 
1 /rth of the frequency of Fi, when the s|)eed is properly adjusted for its 
minimum at synchronisation, only r views of the pendulum can be 
secured through the slit <S. “Any deviation of the iieriod of the 
pendulum from a precise multiple of the period of intermittence shows 
itself as a cycle of changes in the appearance of the flash of light, and 
an observation of the duration of this cycle gives the data for 
precise comparison of frequencies.” 

Supposing the clock to be correct, let the wheel lags behind or is in 
advance of the clock by a cycles per sec. (actually in Bayleigh’s 
experiment). Since the period of this cycle is the time required for 
the wheel to lose or gain one revolution upon the clock, the frequency 
of revolution is r±a (r was 8 in original experiment). The frequency 
of the driving fork Fi is thbn given by N (r±a). Hence the auxiliary 
fork F 2 has a frequency mN (r ± a) as it is driven by Fj. If b be the 
number of beats per second between the auxiliary fork and the fork 
to be standardised, then the frequency of the latter is given by 
{r±a)±b. 

In obtaining an accurate result, the clock should previously 
standardised with reference to the movement of stars. 

Note.—All the above methods for the determin ation of frequency 
relate Only to frequencies of medium values. High frequency sound 
'waves (ultrasonics) are studied by special methods referred to in. 
Chapter XII. 

104. Quality or Timber:—The quality or Umbit is that 
characteristic of a musical note which enables us to distinguish a note 
sounded on one musical instrument from a note of the same pitch ' 
and loudness sounded on another instrument. 

* A musical note consists of a mixture of several simple tones ; of 
these the one having the lowest frequency, called the fundamental, ia 
relatively the most intense. Its frequency determines the pitch of 
the note. Notes qf the same pitsh and loudrme eounded on two 
different mmoed iMrumente differ in qucdity from each other ^ 
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the difference in the number of other tones (or overtones) besides the 
fundamentaU their order of succession, and their relative intensities. 
Any difference in respect of these factors introduces a difference in 
the**wave-form of a sound. So it may simply be said that the quality 
of two sounds will differ if their wave forms differ {vide Fig. 81). 
Now even if two sounds are similar in respect of these factors, a 

change in their wave-form 
occurs, if the phase relations 
between the overtones present 
in the two sounds are different. 
Helmholtz found experimen¬ 
tally that when any change in 
wave-form is due to difference 
in the phase-relationships of 
the overtones, the qwslity of the 
two. sounds do not differ. That 
is, quality ' will differ when 
the wave-form differs only on 
account of difference in respect of the number of overtones order of 
iiheir succession and their relative intensities. Helmholtz investi¬ 
gated on the physiological effects of overtones also. He found that a 
note possessing the fundamental and the first few overtones not 
exceeding the sixth is very pleasing to the ear, while a note in which 
lihe fundamental has mixed up in it more overtones than the sixth 
and which are relatively more intense, produces a metallic and harsh 
affect. 

Since the quality of a note depends on the number of overtones, 
their order and their relative intensities, two notes, similar in pitch 
and loudness, but differing in quality, will have different wave-forms, 
though the wavelength and amplitude of their fundamentals may be 
identical, and so their pitch and loudness are also the same. So the 
nature of the displacement curve of a note represents its quality. 


/W\A 

iuafngfork 

yV\AA 

violin 

clarinet 
FJg. SI 


105. of aound :—A trained ear may to a certain 

extent coirt^iy analyse the component tones of ja sound. Begarding 
ti^ itdk^iiby arid quality o| the note, a rough estimate can only be 
ItHnneift by such' aural analyse becauie the piredominance of the 
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fundamental tone automatically makes the ju lgment of the observer 
rather biased to it and the proper attention is sjcarcely paid to the 
harmonics, particularly, the finer ones. So for a thoiough analysis of 
sound, instruments, particularly devised for this puipoi-e, are generally 
used. Helmholtz’s lesonator, phonodeik, cathode ray oscillograph* 
heterodyne analyser, etc. come under this category of instruments. 
We shall here describe only those instruments which are simpler in 
principle and construction. 

(a) Analysis by Helmholtz resonators. —As has been shown 
in Chapter V, (Art. -53) the fundamental frequency of a Helmholtz 
resonator is given by, 

»=— VS/Fi 

2ff 

where C=*the velocity of sound, S = cross-sectional area of the neck* 

{aslength of the neck and F—the volume of the air in the resonator. 

So a resonator of a particular size should respond to a particular 

frequency only. To find out the components of a complex Sound* 

therefore, Helmholtz had to use 'a series of resonators of different 

capacities and of different areas of the neck. The resonators wero 

previously calibrated. The relative intensities could also be roughly 

found by these resonators. But the main difficulty with these 

resonators is that for analysis of sound, even over a short range of 

frequency a large number of them will be needed. So adjustable 

resonators have been constructed. In ^ese resonators the volume 

of the air can be continuously varied by attaching a sliding piston 

at one end of the cylindrical cavity so that it serves the purpose of 

the closed end. With the change in the position of the piston the 

« 

volume of the cavity changes and hence also the natural frequency 
of the resonator. So by adjustment it can be made to respond to any 
frequency. If a complex note falls on a resonator, the latter 
responds on adjustment and this will be detected by the ear placed 
in contact with the pip of the resonator. Knowing the natural 
frequency of the resonator, that of the responding component is also 
found. In this way different components can be analysed* The 
detection will be more accurately done by means . of a manometrie 
flame arrangement ivide Gh. YUl) attached to the pip end. A better 
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method of detection by means of a hot wire microphone is described 
helow.i 

(b) Hot wire Mierophone. —The relative intensities of the over¬ 
tones can only be roughly estimated with the help of Helmholtz 
resonators. But with the help of a hot wire microphone—this 
estimate becomes more accurate. It was first use^. by Tucker for the 
reception of sound waves during sound ranging. 


The 7 )riDciple of the instrument lies in the change of the steady 
resistance of an electrically heated wire when sound waves fall on 



it. The instrument consists of a fine wire 
grid of platinum W held in position by a 
glass rod (g) (Fig. 82). The two ends a, b 
of the wire are connected to two annular 
foils 3/ of silver attached to two faces of 
a circular mica sheet To increase the 
sensitivity of the arrangement this micro¬ 
phone element is mounted at the neck of 
an adjustable Helmholtz resonator. A steady 


Fig. 88 current is made to flow through the wire 

and it forms an arm of a balanced 
“Wheatstone’s bridge. When the resonator is tuned to a particular 
overtone of a complex sound, the alternating draught in the neck 
causes a change in the resistance ul the wire (actually a decrease in 
resistance! and the bridge iS unbalanced. This change in resistance 
SR is directly determined hv the Wheatstone's bridge arrangement 
as usual. This SR ig prop, to>. F*, where F is the velocity of the 
■vibrating particle in the neck. Since the intensity is proportional to 
F». 8JS becomes a measure of the intensity if the instrument is 
previously calibrated. 


106. Fourier's Theormn :—For a proper estimate of the quality 
of a sound, we require in addition to' its wave-form, the order of 
■tucpession of its overtones and their .relative intensities. To have a 
eoxnplelto knowledge of the overtones and there relative intensity 
Fourier's theorem is generally taken help of. Bo here we shall briefly 
ideal with the said theorem and the mode of Fourier analysis^. 

Iheorsm states that any singU-inUutd ptrio^ fanetian. 
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can be expressed as a summation of sinusoidal components of 
frequencies which are multiples of the frequency of the function. This 
summation is known as the FottrtBr s series and the division of the 
periodic function into the various simple harmonic components is 
known as Fourier analysis. 

Let X be a periodic function /(f) of the time t. Tlieu according to 
Fourier’s theorem it can be expressed as, 

cos u*f4-n9 cos 2wf-f-as cos S^fH-*** 

sin tof4-i»2 sin sin Sf»t ... (l) 

The constants ao« ai, a^... , 2>i. &2 . can be obtained cither 

by integration as shown below or by the graphical method as will 
be indicated in the next article. The periodicity of the function 
is T—27r/o>. 

Integrating the terms in (l) with respect to t over a complete 

r»"/“ f *"/" 2;r . 

period r=2V«», we get, \ xdt^an J e?f~ao “ ’ 

o 0 “ 

- 

a» r / 

or, «o ^ J - • • • • • • • • - • • (2) 

since the sine and cosine terms vanish on integration over a complete 
period [vide any book of Integral Calculus). 

Again multiplying the terms in (l) by cos n«f and integrating 
over a complete period, we have. 

j. /. Siryw « 

1 jf; cos «'»f.iff “a, ] cos® »wf dfj sin ivH cos na>tM 
Jo 0 *'0 

, +0«aiirr/a>. 

Ol 

■ a« —IT j ^ cos ntuf.df ... ... ... (3) 

w J o 

Since n is any integer, the expression (3) gives the values of 
Aa, Cs **• etc. 

Similarly, multiplying the terms in (l). by sin nmt and integrating 
over a complete cycle, we get, 

] X sin fni>t dt ... ... ... (4) 

^ 0 
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Hence the value of 6|, b% .etc, are also known from 

expression (4). 

If the expression for x be given it is possible to evaluate the 
values of Go* Gn and hn from relations (2), (3)and/4). But usually 
the graphical method is adopted for the purpose of actual analysis. 

The ordinary limitations of Fourier’s theorem, namely that the 
displacement must be conixnuou^ and single-valued and that it must 
hfjve a definite value, do not concern the acoustical problem. This is 
because the displacement of a particle in a sound wave will always 
have a single and definite value. It can never assume more than one 
value, neither can it be infinite. 

107. Graphical method of analysis :—In order to analyse a 
complex sound wave into its S.H. components, it is essential to get a 
time-displacement curve (i.e. the wave-form) of the sound by a 
suitable method. This can be conveniently had with the help of a 
phonodeik or a cathode ray oscillograph {vide General Physics, 
Chapter on S.H.M.). We shall here consider the phonodeik method 
of getting the wave-form of a complex sound wave. 

The Phonodeik was first constructed by Miller. It consists of a 
thin diaphragm D mounted at the apex of a horn H which vibrates 
due to the sound Collected by the horn (Fig. 83). This vibration of 
the diaphragm is converted into rotatory vibration of a spindle S 
mounted in jewelled bearings through a platinum fibre P attached to 
the centre of the diaphragm. The wire is kept stretched by means of a 

light spring (sp). The 
spindle is fitted with a 
small mirror (w). By 
suitable optical arrange¬ 
ments, the displacement 
of the light is recorded 
on a moving photogra¬ 
phic film. On the film we get a magnified recoi'd of the time-displace¬ 
ment curve of the'coihplex sound wave. 

bnee this curve is obtained a number of equidistant ordinates 
may be drawn on it from any reference point Covering a com£det& 
period. The lengths of these ordinates give the displacements ai»I the 
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corresponding times are obtained from their distances along the time 
axis from the reference position. If six such oi'dinates are considered, 
we get six equations whose sine and cosine functioAs are known (since 
i 8 are known) and for which displacements (as's^ are known. Hence 
including in the Fourier’s series only six terms on the right-hand side 
(including Ag, Ag. 6 |, hg, 63), we can easily find out these six 
unknowns (a’s and 6’s), and hence the comi>onent harmonics. Tlie Ao 
term evidently vanishes on account of tlie symmetrical nature of the 
wave curves. Similarly, taking more number of ordinates more 
number of overnotes can be found out. Thus knowing the various 
harmonics we can find out their order of succession and also their 
intensities which will be proportional (Ai*+bj®), (A** + 2>a*) etc. The 
phases of the overtones can also be found from the relative values of 
Ai a 9 .d A|, Ag and Ag, "etc. Thus from a thorough Fourier analysis of 
a sound curve its quality can be properly studied. 

108. MuBieal Scale :—Music has been developed on differet.t 
lines by various races of people. But iu some fundamental aspects 
there are always some similarities in all these distinct lines* of music. 
In all the dififerent branches, a series of tones have been chosen as 
the musicol ttenU: The object of this scale is to fix up definite notes 
to be associated with dififerent keys of the musical instruments like 
harmonium, piano, etc., wherein only a fixed number of notes are 
produced by the keys. But in other types of instruments like violin, 
no such scale need be fixed because here a skilled player can produce 
any number of tones whatsoever. 

In the sixth century B.C. Pythagoras knew the simple . ratios used 
iu the diatonic scale. It is supposed that he might have got the same 
either from the Egyptians or the Indians. 

109. Musical intervals Generally we express the pitch of a 
note by the number of vibrations per second. But in musical notes 
this absolute value of the frequency is rather immaterial because the 
ear can detect only the ratio in which one musical note changes into 
another. This ratio of the frequencies of two notes is known as the 
interval between them. If two notes have frequencies m and n, the 
interval between them is expressed as m/n. If these notes change their 

frequencies in such a manner that the ratio between thetn 
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remains constant, the change-over is not recognised by the ear. 

When the ratio between the frequencies of two notes reduces to 
unity, they are said to be in unison. When the interval is 2 : 1, it 
is called an octav 0 . When a note is an octave higher than another, 
these two notes produce the most pleasing combination of the musical 
scale when played together. When the interval between two. notes can 
be expressed as simple ratios (i.e. as ratios of small integers), they 
produce pleasing effect to the ear and the interval is known as the 
lionsonant inUrval. But when the interval is expressed as the ratio 
of two larger integers (e.g. 64 : 81), the notes produce a harsh or un¬ 
pleasant effect and as such the interval is called a dissonant interval. 

If three notes have frequencies w, n, p, the interval between the 
first and the second is evidently m/a, that between the second and the 
third n/p and that between the first and the third is m/p. 

The interval between the first and the third is obtained by 

multiplying the other two intervals (*,* — ). Bo any two 

' \ n p / 

intervals fire said to be added, when their frequency ratios are 
multiplied. 

Certain intervals (consonant), have names :—thus 2:1 is the 
octave ; 3:2 is the fifth ; 4 : 3 the fourth ; 5 : 4 the major third ; 
5 : 5 the minor third, etc. Thus when the fourth and the fifth are 
added {|X§ = ?), an octave is produced. 

Some of the important musical intervals along with their names 
are given in the table below : 


Intervals and names 


I : 1 Unison 

• '' 

4: 8 7oatth 

16 : 15 Semitone 

8: 8 Fifth 

10 i 9 Minoz tone 

5 : 8 Major sixth 

9; 8 Majox tone 

' 8 r 6 Minor sixth 

6 i 5 Minor third 

16: 8 Saventh 

5 i 4 Major third 

+ ' 

9: 1 Octave 


lip, Conaonati^M and Dissenanee ;^Two notes which when 
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sounded together give pleasing sensation to the ear are said to 
produce consonance or concord. As has been stated above, when the 
intervals between two notes are expressible in simple ratios of small 
integral numbers, e.g, 1:2, 2:3,' 3:4, etc., the resultant effect is a 
concordant one. When two notes sounded together give an 
unpleasant sensation to the ear, they are said to produce dissonance or 
discord. Discord is produced when two notes, having their interval 
expressible as the ratio of two comparatively bigger integral numbers, 
are sounded together. This ratio may be GO : 79, 64 : 81, etc. in 
case of a dissonant sound. Why this change in the ratio of the 
frequencies alters the musical nature of a sound had been an out¬ 
standing problem from the time of Pythagoras up to 1862 when 
Helmholtz gave a logical interpretation of the effect from the stand- 
2 )oint of heat phenomenon. According to Helmholtz, the cause of 
dissonance is the production of heats due to the interference of the 
notes. The beats produce a jerking effect on the oar-drum and are 
discordant just as the dickering of light is disagreeable to the eye. 
Daring the waxing of sound 
in the beat phenomenon 
the auditory nerves are to 
some extent fatigued and 
they redeem their normal 
conditions during the 
waning of sound. If the 
beat formation be too rapid 
so that before the sensitive 
nerves can come back to 
their normal states, a new waxing pulse is incident on them, the 
effect becomes too tiring for the nerves and a disagreeable sensation 
is produced in the ear. 

Again the number of beats which produces the discordant effect 
is found to vary in the different parts of the musical scale. In the 
neighbourhood of O of the musical scale 83 beats per second produces 
the most discordant effect. The beats referred to above may occur 
between the two primary tones which are sounded together. They 
may also be due to the oveiftones attending each of thimi when plilyed 
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on a musical instrument. Thus dissonance also depends to a certain 
extent on the quality of the notes. Beats may even some times occur 
between the components of the combinational tone produced as a 
result of large amplitude primary tones or between any of these 
components and one of the original tones. 

Helmholtz plotted discord against the intervals within an octave 
and got a curve which is shown in Fig. 84. To get the curve two 
notes originally in unison are produced. Now the frequency of one 
of them is kept constant and that of the other is gradually altered till 
it is an octave higher than the first. During the change their intervals 
are noted and the corresponding discords produced plotted againsb 
these intervals. As will be evident from the curve, the positions of 
some of the standard intervals are represented by marked depressions 
which indicate that at these intervals the discord is very small. So 
these standard intervals are pleasing to the ear. Any slight depar¬ 
ture this way or that way from these standard intervals produces a 
considerable dissonance. 

111. Diatonic Scale :—The musical scale which most of the 
European countries have been using for many centuries and which 
affords the simplest and the most pleasing succession of notes in an 
ascending order of frequencies is known as the diaionic soaU (or, some 
times, the major diatonio srale). This scale consists of eight notes, the 
lowest one (i.e. the fundamental note) being named do and the others 
r«, fa, sol, la, se, do. These correspond to the India musical 
notations sa, re, ga, tno, pa, dha, ni, sa. They have been designated by 
Helmholtz respectively by the letters C, D, E, F, O, A, B, c. The note 
from which the scale starts, ».«. the lowest in the series, is known as 
the tonio or the key note. 

In actual musical instruments the notes one octave higher than 
-the above ones are denoted by letters c, d, e, f, g, a, h, c and-^ the 
gradually higher scales by small letters with increased number of 
dashes. The scale lower than the normal scale G-*e is denote by the 
capital letters with suffix 1 and the next lower with suffix 2 and so on. 
(*.g. Cx, Dj, etc. and 0*, D 3 ...etc). 

' f 

names and the relations of notes between the tonu and its 
hotave:on the diatonic scale are ^ven as follows:— 
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Name (Western system) 

Do 

re 

B 

fa 

sol 

B 

B 

do 

... (Indian) 

Sa 

B 

sa 

B 

pa 

dha 

nl 

m 

MU 

Symbol 


D 

£ 

F 

G 

A 

B 

a 

Actual Frequency 

2S6 

288 

320 

341-3 

884 

426-7 

480 

6L2 

• 

Belative Frequency 

24 

27 

30 

32 

36 

40 

46 

48 

Interval between I 


9 

6 

■ 

8 

m 

15 


0 and each note | 

1 

8 

H 

8 

2 

8 

8 

3 

Interval between each 1 


9 

10 

16 

9 

10 

9 

16 

note and its predecessor j 


8 

9 

is 

8 


5 

15 


Starting from the fundamental note (tonic) C, the notes are 
generally referred to as the first, second, third, fourth, fifth, sixth, 
seventh and octave in succession. If the intervals between each note 
and its predecessor in the diatonic scale are considered, it is fuund 
that they are only three in number, namely | (in cases D 0, G : Ft 
B : il), ^ (in cases oi E : D, A : O) and If (in cases oi F : E, e : 0). 
The three intervals, § are known as the major tonei. As these 
are three major tones in the scale, it is sometimes referred to as 
the major diatonic Bcale. The two intervals, -^ 9 ®, are called the ww'wor 
tones and the remaining two of ratio If is called a semitone or a 
Umtna. The difference between a major and a minor tone is |-f V a 
and this small interval is known as a comma. 

Some terms need la Musie :—The pleasing effect produced by 
sounding two notes, which are in concord, one after another, is called 
mAody. The musical scales used in Eastern countries are set up for 
melodic 'purposes and as such contain more notes to the octave thaja 
those used in the Western countries. When two concordant notes are 
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produced sicaultaneously, the pleasing effect is called harmony. When 
three notes of frequencies in the ratios 4:5:6 are sounded together 
(e^. (7, E, O) they form a concordant combination which is called a 
musical triads and if a triad is sounded with an additional note which 
is tb© octave of the lowest note of the triad* the combination is known 
as the chord. When one musical instrument alone is played upon* 
(such as a flute or a violin), the performance is called a solo. 

112. Merits and Demerits of the Diatonic Scale :—The definite 
superiority of the diatonic scale over all other musical scales designed 
so far is indicated by its long survival for centuries in the Eluropean 
countries. No other proposed scale is so weU-arranged to provide 
harmonious combinations. In the diatonic scale these combinations 
are possible because here the intervals are mostly expressible in 
simple ratios only, excepting the intervals between D and C( = j) 
and between B and C which are rather a bit discordant. 


The main defect of the diatonic scale is that it lacks in Us power 
of modulation. Modern music requires frequent changes of the tonic. 
Such changes in the tonic or the modulation of scale as it is commonly 
called cannot be secured in the diatonic scale. But this modulation is 


essential to aviod the monotony of a music. When a music is played 
on the diatonic scale and C is taken as the keynote of frequency 256. 
the frequencies of the notes D, B. F. (?. A, B. c are given by 288, 
320, d4X'3, 384, 426'7, 480, 512 respectively with their adjacent 
intervals |t xi» I* V*’ -J-f. Now if that very music be played 

with E as the keynote on the above scale of adjacent intervals, the 
frequencies of B, o etc. would be 320, 360, 400, 426*7, 

480 and 533*3 etc. respectively. But many of these notes are missing 
in the diatonic scale. Similarly, if the same music is played with any 
other note as the tonic,, many more notes will be missing. 8b more 
provisions are to be made for these notes to effect a smooth modula¬ 
tion of a music. Thus the diatonic scale fails to provide for the 
requirements of a modem music. This necessitated 4 dnly modulated 
scale for modem musical purposes ^generally known as the tempered 
scale. 

V ' 

S ; Tempered Soele:-;The tempered scale has been secured 

a number of notes . between a lieynote< and the eerxesponding < 
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octave. For fixing up these notes a gradual and regular variation of 
pitch in the successive tones is to be ensured so that the modulation 
becomes smooth. The flexibility of the scale sp obtained should be 
such that minimum discord is produced when two or more notes are 
simultaneously sounded. iJut too many keys (and hence notes) are 
to be avoided for the instrument to be simple both in construction as 
well as in use. All these conditions have been compromised in the 
tempered scale and this compromise is known as tempeTament. In the 
tempered scale, the notes between the tonic and its octave are twelve 
and in the musical instruments the four additional notes have been 
arranged for by inserting four Idack keys over and above the usual, 
eight white keys in an octave. Various tempered scales have been so 
far attempted. The one, that is commonly in use, and that has been, 

referred to above, adopts the principle of equal temperament. This 

scale is known as the equitempered scale or chromatic scale. Here each 
octave is divided into twelve intervals. If the interval between two. 
consecutive notes be x. then, x. x. x...to 12 factors = 2. 

or, oj'* —2 ; or, " 1‘05946. 

This arrangement simplifies the playing of pianos or harmoniums. 

The equitempered scale of a piano or a harmonium is shown in 
Fig. 85 where the keynote, C is taken to be of frequency 261'G 

vibrations per sepond taking A (440 vibrations per second) as the 

standard of pitch according to the International Conference in London 
(1939). . It will be noticed from Fig. 85 that the five black keys are, 
inserted between all the 


consecutive notes except 

the 3rd and 4th and the 

7 th and 8th, i.e. they are 

placed only between the 

major and minor tones 

and nob between the 
* 

semitones. The interval 

t 

between the consecutive 
notes on the scale is 
1*05946 as referred to 


277-1 311-0 370'1 415-5 466 4 



Fig. 85 


above and the frequency ratio of the original notes of the «diatOiilc; 
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scale remains unaltered in the tempered scale. The note corres¬ 
ponding to the first black key. C #, is know as C sharp. The second, 
third, fourth and :^fth additional notes are named as D sharp. 
F sharp. G siiarp and A sharp and are denoted by i> #, i?* #, G #, 
A # respectively. These sharp notes are sometimes denoted as flat 
components of the succeeding ones. So, 0-, 2?-, 0-, A- sharps 

ate sometimes called K-^ G-, A~, B-, flats and are designated by 
symbols 226, Ff), Gb, Ab, Bb. 

The main advantage of the tempered scale is that here any tone 
can be used as the keynote or tonic. 


Examples 

(J) A atran with SOO holM makes 132 r.f.m. It emits a note an octave 
Joteer than that of a tuning fork. Find the frequency of the latter. 

{Qau. U. 1955) 

Ans. The frequency of note emitted by the siren is 

n-200 X182 per min.=a ^^^^^^ =s440 per sec. ' 

bU 

Since It la an octave lower than that of the fork, the frequency of the fork Is 
2a"«2X 440<«880 per aeo. 

, (S) The disc of a siren is making 10 revolutions per second. Bow many 
holes must it possess tn o^der that *t may produce four heeds per second with 
a tuning fork of frequency 484 t Which has the greater frequency, the siren 
or the fork ? 

Ans. The number of beata per second is numerically equal to the difference of 
frequencies of the two notes. Hence the note emitted by the siren must have a 
frequency of (484+4)>>'488 ; or (484—4)=»4b0. 

The frequency of the note emitted by the siren, ff—no. of holes in the 
lilren X no. of revolutions per second. N » no. of holes x 10. 

As the number of holes must be a whole number. N must be a multiple of 10. 
Bo the value 486, which Is not a multiple of 10, oannol be accepted. Hence, 
2^-480. 

480B>no. of holesXlO ; .*. The number of hdesa^-odS. Bvldently the 

fork has the greater frequency. 

(d) A email poinUr, ottaelsed to one of the prongs of a tuning fork, prueu 
agaimt a vmriioal emoked glass plate. The fork is eet venting and the glass 
plats is allowed to fall. If 50 waves be counted *n tkejttst JO erne., find the 
fi^efpmwy of vibnUionef the fork {p«880 eins./ese.*). 
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Ana. Wa fa»Te, tlie diatuDoa Mian thraagfa. bat ban ti—0; S^IO; 


or, 


.. 10-J fff ; or, f 1 i 

2 '' ^ 980 49 

As 30 wayes axe ooanted In J second, we have fxeqnenoy, n»304-f «210. 


t* ~ seo. 
7 


Questions (Chapter IX) 


1. Explain the terms :—pitch, Intexval, oyertone and timbn. * (G. U. I9S6) 

3. Desczibe thne difiexent methods of determining the frequency of a 
tuning fork ; which method do you regard as the most aoouzate and why f 


(All. U. 1940) 

3. What is pitch in the case of sound ? How is it accurately determined t 

4. On what do the loudness, the pitch and the quality of a musical sound 
depend ? Explain biiefly how those may be graphically represented. How would 
you propose to determine the pitch of a note experimentally 7 

(0. U. 1915) 

5. I>Bsoxibe some experimental method by means of which wayeforms of a 

musical sound may be studied. (C. U. 1937) 

6. Account for the fact that the quality of a note emitted by a closed pipe 

differs from that of the note emitted by an open pipe although the fundamental 
in the two may be the same. (Madras U. 1934) 

7. Clearly distinguish between oyertones and harmonlos. Giye a few instances 
ot oyertones that are not harmonlos. 

f 

How oan you detect the presence of harmonics in a musical note and what 
are their functions t 

6. Explain clearly the chief oharaoteristioa of a musical sound. Show that 
the intensity of sound emitted by a yibratlng body is proportional to the square 
of the amplitude and the square of the frequeney of ylbration. (O. U. 1941) 

9. Describe the stroboscopic method of finding the frequency of a tuning 

fork. (East Punj. U. 1960) 

10. Write notes on analysis of sound. (Bom. tT. 1954) 

11. Write notes on: (a) Hot wire microphone, ^b) Fourier analysis, (c) 

Rayleigh disc (C) Phonic wheeL id) Stroboscope (C. U. 1967) 

12. Explain fully what yon mean by a musical scale and the interyal between 
She musical notes. State briefly how the interyals in a diatonie scale axe classified. 

tO. U. 1946; e/. *62) 

13. What are concord and discord r Dlsouss the relationship between the 

frequencies of two notes which cause th e m to be discordant when sounded 
simultaneously. (O. U, 1940 j *6l) 

14. Explain the formation of beats when two notes axe soundsd together. How 
do you aeoonnt tor consonance and dissonance In eomb ln a tlonal tones f 

( 0 . 


6, 89—(vOL. i) 
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1£« (a) Writ* notes on dietonlo scale. (0. U. 1955: Kag. U. 1955)^ 

(b) What intenrals «e nsed in the diatonic major scale 7 (0. U. 1952) 

16. Write short note on equal tone temperament. (All. U. 1958) 

17. Bow are mnsioal interrals measured ? What is the physical cause of 

oonsonanoe and dissonance 7 (0. U. 1958) ' 

18. Slxty.four tuning forks are arranged in order of increasing' frequency and 
any two successive forks give four beats per second when sounded together. If , the 
last fork gives the octave of the first, calouiate the frequency of the latter. 

• (0. U. 1946) 

[Am. : 258 o.p.s.] 

19. Write an essay on musical scale explaining clearly the major and minor 

diatonic scales and tempered scaje. Why is the last named scale adopted for 
practical purpose! 7 (Luck. U. 1946) 

29. Describe the equltempered musical scale and compare it with the diatonic 
scale. 

91. Distinguish between a mnsioal note and noise. Explain the physical 
ohataoteristios that determine quality, pitch and loudness a musical sound. 

(C. U. 1962) 



CHAPTER X 


MUSICAL INSTRUMENTS : PHYSIOLOGICAL 

ACOUSTICS 

114. Musical Instruments :—The musical instnimealis eau b# 
divided mainly into three cl.isses —(a) Wind instruments ; (/ ) Strin¬ 
ged instruments ; (c) Percussion instruments. Over and above these 
three classes there are a few unclassiiiSd types of instruments which 
are made of rods or bars and plates. Bells are modified plates or 
membranes and the theory of the same has been given in an earlier 
chapter. Another important ■instrument is a xylophone wjhich 
consists of graded bars mounted side by side to give the scales "wheu 
struck by a hammer, each bars emitting a note of a fixed pitch only. 

(a) Wind Instruments. —The working of^ these instruments 
de;)ends upon the vibration of an air-cohimn. These again can be* 
divided into two classes : (*) Instruments without reeds such as the 
flute, piccolo, etc. (»■*) Instruments with reeds such as the clarionet, 
harmonium, etc. The most familiar example of the wind instruments 
is the organ pipe, wliich may be>of the above two types, (a) one with¬ 
out reeds, known as the flue pipe.* and (&) the other with reeds, 
known as the reed pipe. 

It is already stated that only a column of air of right length may 
be made to respond to particular note. But in the case of a column 
of air contained in a pipe resonance can be produced by making a 
flutter in the air at one,end of the pipe. ■ The 'pipe selects from the 
flutter (which is merely a .combination of pulses of various wave¬ 
lengths) that particular pulse with which it can resound in order to 
produce a musical note. This is the principle of various musical 
instruments in nearly all of which the sounding part is a column 
of air.. ^ 

Thn mnn Pipe.— -The simplest form of this tyiite is an ordinary 
organ pipe the pnnciple of which has been already described. The 
note emitted by this pipe depends primarily upon the length of the 
pipe, The fondammrtal note is ^yeU out at a eert'idn 
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1)lowiQg presfure by increasing which higher harmonics are emitted. 
Moreover, as an edg$ tone is produced in a Hue pipe, the sharp edge 
flliould be at a critical minimum distance from the jet depending on 
the velocity of air issuing from the jet. The pitch of the tone falls 
•off inversely as the distance of the. edge from the jet. At a particular 
value of this distance, the frequency increases to the higher octave 
and jthen decreases with a further increase of distance. 


In order to produce higher harmonics in a pipe the pressure of 
blowing should be increased. 

In the Organ, there is a* set of pipes of fixed pitch and the 
instrument is provided with a fixed keyboard as in a harmonium. 


The Reed Pipe.—In this instrument the air blast impinges 
on a flexible metal strip [Fig. 86{*)] called the resd, which con¬ 
trols the amount of air i^assing to the pipe by wholly or 

nearly covering the aperture through 
which the air passes. Here the 
I I ^ reed is properly set to turning by means 

of a wire which can be elided either 
towards the free or the fixed end of the 
reed. In the former case the length of 
vibsating reed decreases and the pitch 
rises and in the latter case it falls. The 
reed which completely closes the aperture 
of the pipe is called a beating reed, which 
behaves as a stopped end of the pipe, and 
the other by which the aperture is nearly 
but not fully closed, is called a free reed. 
Free reeds' are used in harmoniums and 
American organs, where wind is forced into a rectangular air chamber 
«t one side of which the re^ is attached. The air presses s|piinsl[ 
-the re<^ and causes it to vibrate. ' A single beating* reed ma^e cd 
at the mouthpiece of ol^mnsts. obaefi baetitn, etc. 



rig. 86«)~Bm4 Pipe. 



0r RmsR FMitg.-r'A small flute or pae^o is a cylindrical 
a^h Op^ .en4s haviii^sia holes bored On iti [Fig, 1^ all 

h0|saf sjre elf»sed a^fl tape blo^ a 


KM 
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the fundameatal tone as in (an open pipe) will be produced as shown iu 
Fig. 86(»»)(flf)* Two antinodes 
at the free ends with one 
node in the middle will he 
produced. If the last hole 
on the right-hand side of 
the figure be opened and the 
pipe blown, the antinode at 
the right-hand end will be 
shifted on to the position 
the open hole and mode of 
vibration will be fundamen¬ 
tal as shown in Fig.86(M)(h). 

Here due to decrease in wavelength of the note, the frequency and 
the pitch rises. If the holes towards the blowing end be opened one 
after another, the note rises in pitch gradually as the blowing end is 
approached. If the holes be closed but the piiie blown at a higher 
pressure, the octave of the fundamental will be emitted as shown 
in Fig. 86(hXo). 

• If 

(b) Stringed Instruments.—In this case of instruments the 
note is produced by the vibration of strings kept under tension. These 
instruments can he devided into three distinct dasses according to 
their mode of excitation : (l) The plucked string instruments where 

the sound is produced by plucking the string as in guitar, iiiar, etc. 
(2) The struck string instruments where the string is struck by a. 
hammer as in a pianoforte. (3l The bowed string instruments where 
the string is excited by bowing as in a violin, esraj, etc. 

When a stringed instrument is excited by plucking, theoretically 
an infinite series of tones will be generated. Calculations show that 
amplitude of a particular tone is inversely proportional to the square 
qf the order of the tone. So the intensities of the tones of higher 
orders fall off very rapidly. So the sound is not rich in higher 
harmonics and as such lacks in sweetness. The intensity is also found 
to depend on the position of the plucking point as also on the total 
length of the tiling. Again it can be theoretically shown that if the^ 
length of. the string be dMsible into f» equal parts and if It be 
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»t any of the points of these n divisions, then the wth tone with all 
its harmonics will be suppressed. This is known as Young-Belmholtz i 
law. 


[^Mathematical analysis of a plucked strinif actually corroborates 
all the above iciferences. We know that the vibration of a string can 

be represented by the equation, where C(« JTlm) is the 

▼elocity of sound. 

a 

The general solution of this equation can be represented as a 
Fourier’s series because the plucking actually gives rise to-a large 
number of overtones over and above the fundamental. If the string be 
plucked at a point at a distance h from a fixed end and if / be the 
length of the string, then supposing the displacement of the string at 
the point of plucking to be k and applying the boundary conditions of 
the problem, the expression of displacement V at any arbitrary distance 
.X from the former fixed end can be shown to be, 


V’ 


*h(l-h) 


* 1 
y — 


siu 




sin 


nnx 


cos npt. 


, So theoretically an infinite number of tones are produced, the 
amplitude of each of which varies inversely as the rquare of the Order 
of the harmonic. The amplitude (and hence intensity) depends on the 
total length of the string, the position of the plucked point and the 
oxtent of plucking. 

» ^ 

Again from above expression of v we find that the »th tone 
disappears when sin =»0 ; when is an integer, i.e, when 

w * I 

~««(8ay) ; 

or, when 

^ » 

Thqs if the length of the string be divided into » equal parts and 
plucked at any one of these points of division* the ^th harmonic ' w0I 
Wnlgwnt. This is Tou»ig*]a[^hol4:’^sdawJ * . • 



MUSICAL I^STBUMENTS : PHYSIOLOGICAL AOOUSTIOS 221 

Again ia the instmixtents where the strings are made to vibrate 
by striking, the emitted sound. is also found to consist of an infinite 
series of tones. The intensity of the tones depends on the length of 
the string, the velocity of the striker and the length of contact of the 
same. Calculations show that the amplitude of a particular tone is 
inversely proportional to the order of the tone. So the intensities of 
the higher harmonics gradually fall but not so rapidly as in plucked 
strings. Hence the sound produced by a struck string is compara* 
tively richer in overtones and as such it is much sweeter than that 
emitted by a pulcked string. In stinck string also Young- 
Helmholtz’s law is equally valid. 

[In a Btrack string, mathematical analysis gives the expression 
for displacement y at any distance x from the origin as, 

o I 

VHUL sin npt. 

n I sin ^ 

f 

6 

Where c is a constant depending on the velocity and extent of the 
striker. Here also Young-Helmholtz’s law is found to be true and 
the instrument is found to produce an infinite series of tones. The 
amplitude varies inversely as the order of the harmonic and is found 
to dei)end on the length of the string and also on the velocity and 
extent of the striker.:] 

In instruments where the string is excited by bowing, an infinite 
series of tones are also produced. In the theoretical calculation of .the 
vibrations of the bowed string Helmholtz did not take into account 
the influence of the point of bowing and showed that the intensities 
of the higher harmonies fall off very rapidly, the actual vibration of 
amplitude being inversely as the square of the order. Bir 0. V. Baman 
made an extensive analysis of the vibrations of bowed string and 
showed that the vibration depends on the position of application of 
the bow and also on the pressure ai^lied to the bow. It, is found 
that the Young'^Helmholtz's law is also valid in the case of a bowed 
Btribg. , * 
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All types of stringed instminents are constructed on hollow 
wooden boxes or other types of suitable boxes like the resonant 
boxes of tuning forks. One end of the string or strings * must be 
attached to a fixed peg or pegs while the other end should be tied to 
a taming peg or* pegs for adjusting the tension on the string. The 
shape of the hollow boxes should be made in conformity with the 
mode of excitation. Sometimes adjustable bridges are also provided 
on the box In some types of instruments over and above the main 
exciting string there are additional strings for each note of the. 
musical scale (as in harps). 


(I) Piano. —It is a musical instrument of the stmck>string type 
and is widely used in Western countries. In the key hoards each of 
the keys is mechanically connected with a hammer by a lever arrange¬ 
ment. The hammer has a-roundedhead which produces 
a mellow or soft tone on striking. When the key is pressed the 
hammer strikes the string and rebounds and when the key is released 
a damper stops the vibration of the string. The hammer is generally 
applied somewhere about l/7th or l/9th of the length of the wire 
whereby the undesirable seventh or the ninth harmonic is suppressed. 
Due to the resonance of other strings, the richness of the tone is 
.increased in a luano. The note produced by a piano is not maintained. 
So the intensity rapidly falls just alter striking. The pitches of the 
notes produced are fixed. There are 12 notes to tHe octave. 

The toiie produced by a struck-string instrument is always richer 
in hannonics than that of a plucked string because the higher 
harmonics in a struck-string die out rather slowly. 

(U) Violin and Barni .—^Violin and Esraj belong to the family 
of insf^uments where 4 stretched string is excited by bowing. Other 
initrament^ ol this hnnily am viola, double bass etc. 

(I) yio|itn.-**In a yioUn there are four stretched, strings almost 
^ tensions. They are of identical length. The strings 
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generally made - of -cat-gufc but are occasionally 
loaded wibb wires. Near the top of tlie body of 
the instrument the strings are attached to four 
adjusting pegs of wood by which the tension 
can be adjusted. These strings first pass over 
the flat finger board and then over the bridge 
and are finally connected to the tailpiece. The 
belly of the instrument, on which the bridge is 
mounted is a hollow wooden box of the peculiar 
shape shovm in Fig. 87(»). The central region is 
made narrower so that the bow can freely play 
on the strings. Inside the air chamber of the 
belly there is a wooden post connecting the back 
of violin with the front sound board. In violin 
the notes are produced by bowing. The proper 
notes are selected by pressing the bowed string 
with finger. Generally first string is bowed 
but for a musical glamour occasionally other 
strings are also excited. As there are no fixed yjg 87(4)—violin, 
frets on the body, the performer has a greater 

freedom to control the notes with his finger and at the same tiiiu^* 
requires a greater skill. The bow is made of horse-hair and is coated 
with rosin. When the bow is drawn across a string, the rosin carries 
the string with the bow for a moment whereafter the string slips back 
to its former position. A cyclic repetition of this (Speration produces 
vibrations of a characteristic wave form having a period nearly equal 
to the natural period of the string. These vibrations are intensified 
due to forcing caused in the enclosed air-column in the belly which is 

maintained at the atmospheric pressure with the help of two J -shaped, 

holes. The shape and size of the instrument is largely responsible 
for the quality of the notes emitted. If the wooden frame of the 
instrument has a natural frequency within the range of that produced 
by the strings, an unpleasant resonant sound, (wolf tone) is often 
produced duripg the excitation. The notes produced in a violin 
eittend over two octaves. A skilled performer can produce ntost of 
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the notes by properly controlling the positions of the nodes on the 
string. 


(il) Esraj. —It [Fig. 87(»t)] is also an instrument of the violin 
family. Like Sitar« its body and belly are also made of wood and are 


partially hollow inside. Near the central portion the belly is distorted 
as in a violin to allow for the free movement of the bow. The plane 
side of the body is made of wood and that of the 
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belly consists of a stretched membrane over which a 
bridge is fitted. There are fifteen metal frets fixed 
on the body.' Four main metallic strings are attached 
to wooden pegs near the top of the body. They are 
stretched over two bridges—one on the belly an^ 
the other generally of ivory fitted just above the 
frets. When the wires are bowed notes of about two 
oetdvee can be easily produced by changing the posi¬ 
tion of the finger on the frets. Fifteen resonating 
wires are at^ched to small pegs on the side of the 
instrument. They pass through holes at a lower part 
of the bridge. The quality of tone produced is very 
rich in harmonics. Moreover, due to the sympathetic 
vibration of the skin (membrane), resonating wires 
and the air-column, the tone produced is full of 
volume. 

f 

♦ (iii) Sitar.—One of the most commonly used 
stringed instrument in India is Sitar, which is 


excited by plucking. The body of the instruments consists of a partiaUy 
hollow wooden post, the front side of which is almost fiat. On this 
fiat surface are mounted about 18 metal frets. The body of the sitar 
is ^tt^hed to a hollow wooden belly which has been shape of almost a 
hemisphere. On the front plane surface of this beUy is fixed a fiat 
bridge. In the simplest form of Sitar [Fig. 87(»i\] seven metallic 
wires are stretched over this bridge. At the other ends they are 
attached to wooden pegs fitted to different ^positions of the bo If/. Four 
to fiye of these wires extend almost thiwghout the length of the 
body: 'They pess over a sharp bridge fitted qn the body a bit above 
.. ibe' ^i^rmost fret The repiaimng wites aire of shorter lengths.. 3^ 
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tensions are so adjusted by pegs that the strings are set to 
tinison. So when the main string (the 1st one on the right side) is 
plucked others also vibrate in unison thereby adding to the richness 
of the sound. The auxiliary wires are called resorumt wires which are 
also occasionally plucked when a higher intensity is intended. While 
the instrument is plucked! the sounding lengths of the wire are 
altered by pressing the strihg on frets with a finger of the left hand 
Thus the frets enable one to excite a range of frequencies covering 
two octaves or even more. The air enclosed inside the .body and the 
belly when set to forced vibration definitely improves the volume of 
the sound. 

Other instruments of plucked string family are harp, guitar, 
mandolin, Indian Tanpura, etc. Some of these are fitted with frets for 
altering the frequencies while in some others there is no arrangement 
for changing the frequencies. In the plucked-string instrument, as the 
higher harmonics die out rather rapidly the 
note is not so rich as that produced by a 
struck-string instrument. 

(c) Pereussion Instrnments. —Here a 
stretched membrane or a metal plate is fitted 
to a hemispherical or cylindrical bowl, which 
acts as the resonator. The vibration is excited 
by striking the membrane or the plate when a 
sound of a fixed pitch is produced. The pitch 
can be varied by the performer. This type 
includes kettle-drums, tahla (Indian), 
tambourine, etc. Pianoforte is sometimes 
classed in this group as the sound is produced 
by striking. 

(d) Aeolian Harp. —The instrument 

consists of a number of wires stretched across 
a frame work. It may be put in a place where 
steady win4(,i8 blowing. In Art. 195 (General 
Physigs). we have discussed the formation of Hg. 87(M<)^Stnu(, 
eddies or vortices when a body moves, through 

a real When a fiui^ moves past an obftacle. the Mtae 
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oeours here too. In air also eddies are formed jast as in a liquid. .Bo 
when the wind streams past the constituent wires of the harp the 
formation of whirls and eddies on each side of the wires gives a kind 
of shock to the wires and the adjacent air. If the wind blows 
continuously and regularly^ these shocks are imparted at regular 
intervals and a musical sound, known as Aeolian tone, is produced. 
The vibration, set up in the strings due to shocks at regular intervals, 
gradually increases in amplitude and produces the musical sound. 
The ^strings of the harp are of different diameters. So different notes 
are produced when wind blows past them. Aeolian tones are also 
produced when wind blows against the sand particles in deserts. 

Physiological Acoustics 

116. The Ear :—The Imman ear (Pig. 88) consists of three 
parts : (a) the external ear (or pinna) by which the sound-wave is 
collected ; (6) the middle ear through which the vibrations 

are transmitted from 
the external ear on to 
(c) the int&mal eaar 
(or labyrinth). 

(a) External ear. 

—Starting from the 
outside, there is,- in 
the first place, the 
external ear E (the 
part external to the 
head) from which 
extends the ear pass- 
' age, called the ixtemal 
auditory mectua Af, 
down which the air-vibrations travel. This is clewed at its end by a 
stretched membrane called the nambraua tympani T, beyond which 
Hot the cavity• called the eir drum or tympunum or the ear> 

(b) Middle Ear.— ^This cavity is bounded bn .its outside by the 
^tyii^nic> membrane at^ on its inner side by bonny walls ' at 

Wq pieces, the lesestra otaEa 0 and, feneiira iNklattda M 



Fig. 88 —Seaklon theoogii the Haman Ear. 
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membranes are stretched. A combination of thi'ee little bones or 
ossicles, the first of which is the malleos m or the hammer bone, 
extends from the inside of tympanum. This bone communicates with 
the internal ear through two other bones, the annl t (or incus) and 
the stirup s (or stapes), the base of which is joined to the fenestra 
ovalis, which separates the middle ear from one part of the inner ear. 
The middle ear is connected to the throat by an eustachian tube Eu. 
This tube is usually closed, but the action of swallowing o{)en8 a valve 
in this tube and serves to keep the air-pressure inside the middle ear 
equal to that of the atmosphere, hlar-ache is often caused when the 
valve does not work and due to which the outside pressure becomes 
greater than that inside so that the bones are pressed hard causing 
painful results. 

(c) Labyrinth.—It is a complicated structure having a set of 
cavities. The cavities have bony walls, called the osseona labyrinth, 
and internal membrane, known as the membranous labyrinth. The 
osseous labyrinth consists of the following—(l) Vestibule v in the 
outer wall of which lies the fenestra ovalis. Through the inner wall 
of the vestibule the divisions of the auditory nerve A enter into the 
internal ear. ('2) Cochlea C at the entrance to which lies the 
fenestra rotunda. It is a spiral canal like the form of a snail shell. 
It contains a fluid which receives and transmits vibrations to the 
auditory nerve. In this canal there is a membranous partition, 
called the baailar membrane which plays an important part in the 
act of hearing. (3) The semicircular canals Sc serve to maintain 
equilibrium and do not take part in the hearing. 

The membranous labyrinth contains a fluid, endolymph, and 
between it and the osseous labyrinth is another fluid, perilymph. 

116. How we hear :—The waves produced in the air by the 
vibrations of the sounding body are collected by the pinna and these 
waves passing through the auditory meatus strike the tympanie 
nitmhro ns which IS forced to execute corresponding vibrations. These 
vibrations are transmitted through the three Httie bemes in fucoes* 
sion, the malleus^ the tneus, and the sfapft, to the membrane of the 
fsnesira ovaHs of t^ inner ear." The vibrations of the fenestra I 
start t^Tbs which pass through ^ perilymph and basilsit metnhiippiii:" 
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and set' the endolymph in the cochlear canal in vibrations. These 
vibrations are finally transferred on to the brain through auditory 
nerves and the perception of sound is produced together with an 
interpretation of the same. 

Helmholtz’s resonanee theory ot heariniT suggests that the 
fibres of basilar membrane act as resonators. Each of these fibres 
responds to a range of frequencies near its own natural frequency. 
Anf iiatisfactory theory of hearing should explain the fact that the 
ear can respond to a wide range of pure tones extending over nearly 
ten octaves. Moreover, the theory must explain how beats are 
lieard when two notes of nearly equal frequencies are sounded 
together. Again the fact that an ear can detect two notes of widely 
different frequencies when sounded together, 'should also be success- 
fully explained by any prop’osed theory of hearing. The above facts 
can be explained if we assume that there is a series of resonators 
in the ear whose natural frequencies cover the audible range of 
frequencies and if these resonators be subject to damping. Due to 
djsmping a pure tone excites a groups of adjacent resonators. So in 
beatt two such groups very near each other will be excited by two 
notes and a few resonators common to both the groups will produce 
beats. This sensation of beats is ultimately carried to the brain 
through the nerves. . , 

Though no such resonators actually exist in ear. Helmholtz's 
theory suggests that the transverse fibres (or corti) of basilar 
membrane serve as snoh resonators. A group of silch fibres are 
excited by a pure tone and the impulse received is* carried to brain 
and analysed there. This theory, though not perfect, is indirectly 
supported by many facts. 

a 

Qhm enunciated a law regarding the function of the ear. It states 
that "the ear ohly exfleriences the 6en8%tion of a simple tone when 
it is excited by a simple harmonic vibration. It analyses every nther. 
periodic vihrathm into a series of simple harmonic vibrations.*' 


fhB Hoipab The vocal organ can bs eoi^red 

ibi di^le reed organ pipe. The voice is' produced by loreing air 
from the^', ^ 1^8 through the space between two stretched membi^uss 
W These are , stretched ecross iW ton 
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of a wind pipe, called - the trachea, with a narrow slit between them, 
two edges of the slit acting as reeds (Fig. 89). This narrow slit 
is called the glottis or the vocal 
slit. The two membranes are 
attached to muscles by w'hich their 
tension and vibration frequency can 
be altered. The trachea, or the wind 
• pipe of the throat, leads to the Ipngs 
at one end, and at the front part of 
the throat it forms the vibrating part 
called the larynx or the voice box. 

The edges of the membranes are set into vibrations like reeds by 
the air from,, the lungs and thus sound is produced, tlje pitcli of which 
can be altered by altering the tension of the vocal chords and the 
quality of which depends upon the air-cavities of the nose, throat,, 
and mouth, which act as resonators, the shape and the size; of which 
the.speake;r can vary at will. 

The vocal chords are much longer in men than those iii women 
and children, and so the wavelength of sound emitted by a man is 
much longer than that emitted by a woman or a child. Thus a 
female voice ie of higher pitch compared to a male voice. 

118. Consonant and Vowel Sounds :—The consonants of a * 

speech are generated by the teeth, tongue and lips. Some of them 
ie,g. St D and hard c) are produced by complete stoppage of sound and 
some are characterised by incomplete stoppage i>articalarly when 
followed by vowels. As the sound produced by complete stoppage is 
rather abrupt, it is rather noisy in nature and . the vibration is not 
maintained. As the consonant sound is transient.a large number df 
higher harmonics are generated and hence for their proper reproduc¬ 
tion a wide frequency range will be needed. 

The vowels of a speech consist of continued sound and as sneh 
they are maintained. The vowels carry most of ihc energy in a. 
speech. * The production of vowel sound is eiffected by properly 
adjusting the cavities of the mouth, throat and nose apd ^ also by 
properly moving the tongue. These cavities set as moiM^tors* ih* 
fnadamenlal being produced by the voosl chords, ; v" ' ■ 
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The oldest theory of production of vowel sounds attributes two 
tones to each vowel, each of them being independent of the pitch of 
the vowel. The mouth along with the tongue acts as a double 
jresonator. How this resonator is excited is not exactly known. This 
resonator as well as other cavities introduce overtones having fixed 
frequencies for a particular ‘vowel. Helmholtz suggested that some 
of the partials of the note emitted by the larynx are simplified by this 
double resonator, and that the overtones of the vowels have fixed 
frequency ratios with respect to the fundamental. Hermann considers 
larynx and the resonator (mouth) as a system which 'are Coupled 
iiogether. So according to Hermann, the pitch of the overtones 
might be slightly inharmonic in nature. According to another theory 
the vowel excitation is obtained impulsively by almost periodic puffs 
of air from the glottis. The quality of vowel here is controlled by 
the position of the tongue solely. A comprehensive theory of vowel 
.sounds is still wanting. 

Questions (Ohspter X) 

1. DeBocibe the aaldoa of the monthpleoe of an organ fine pipe and show that 
An open-end pipe will ptodnoe sonndi} richer in overtone than a oloBed>end pipe. 

(dll. U. 1944) 

2. Write short notes on :~ 

(1) Principles of musical instruments. (c/. All. U. 1947) 

(Si Piecclo. 

13) Stringed instruments. 

3. Write a note on tins human ear. (0.17.1947) 

4. Explain with clear disgram the structure of the human ear and lie working. 

(Lttok.U. 194S) 

5 Whate enables ns to distinguish the sound of the different vowele when we 
drear them and how do their difietenoes arise. (0. tJ. 1931) 

9.' Briefly account' for the consonant and vowel, sonndi" aloi^ with their 
theories. 
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TECHNICAL ACOUSTICS 

119. The Phonofirraph Long before the invention of the 
phonograph, Thomas Young, an English scientist, succeeded in record¬ 
ing sound vibrations on a rotating 
drum. Tt was Thomas Alva Edison, 
an American, who in 1878 invented 
the phonograph by which it was 
possible to record as well as reproduce 
sound vibrations. 

The phonograph consists of a fuzmel 
F, which is closed at the lower end by 
a thin glass or mica diaphragm D 
(Pig. 90). When sound vibrations are 
directed into the funnel they set the 
diaphragm into vibrations, and with it 
a pointed steel or a chisel-shaped 
sapphire crystal S, attached at the 
centre, also vibrates. The chisel is in contact with a cylinder 0 
coated with a thick layer of paraffin wax, and at the time of vibration, 
cuts a groove of narytng depths in the wax coating of the cylinder 
which is rotated, and at the same time moved lengthwise by a clock¬ 
work. The depth of the groove is not uniform but corresponds to 
the strength and complexity of the vibrations communicated to D. 
The cpUndsT is. thus a faithful record of the sound vttrations directed 
at F. > 

To reprodwie the sound, a smooth sapphire point, attached to a’ 
Similar diaphragm fitfc^ in a frame, called the sound-box^ is placed at 
the beginning of the groove of the cylinder which is rotated and 
shifted sideways at the same speed as before. The sapphire point 
rises and falls in accordance with the height and depth of the groove, 
and thus the diaphragm of the sound-box reproduces exactly the 
movements , of the diaphragm Z> of the recorder. These moreiBjtiiti 

, 8. fvoii. ' 
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communicftted to the air produce the same sound whiph was originally 
directed into the funnel F. 

The materials with which the phonograph records are prepared 
^eing very soft the records do not last long and so the reproduction 
is not very faithful. 


120. The Gramophone :—It is a machine for the recording and 
reproduction of sounds, vocal or instrumental, such as music, speech, 
etc. It is a more improved apparatus than the phonograph. The sound 
records are made in the form of flat discs in which spiral grooves 
representing sound-tracks run from the rim to the centre. The grooves 
are of mrying width and not of varying depth, as a result of which 
the resistance to- the movement of the needle along the furrow is 
much less than in the phonograph and so the reproduction of sound is 
much more faithful. Moreover, the discs made of a matrix 

(composed of shellac, tripoli powder and other ingredients) which is 
much harder than the wax used in the phonograph and so they do 
not deteriorate with use so easily. 


Recording of Sound on a Disc. —^The modern method of recording 
is electrical. The source of sound is placed in front of a microphone 
by whose mechanism the current passing through it is fluctuated. 
‘This fluctuated current is amplified to a required extent by the use of 
thermionic valves. The amplified fluctuating current is used to 
actuate a cutting chisel upon a disc of wax by the principle of electro¬ 
magnetic action. This record of wax is called the negative. An 
electroplate of it is made on a copper disc by electrolysis. This electro¬ 
plate is called the ^mother shell* or the 'parent record', or the positive. 
Two 'working matrices* of two different musics are made from two 
such mother shells and are fixed to the top and bottom plates of a 
hydraulic press with their recorded surfaces facing each other. The 
recording material (the disc), previously warmed a little, is placed in 
between the two working matrices and the two records are stamped 
on the two faces of the recording material by pressure. 


jftoprodiiotion of Sound from n dise Record.— This is done 
thi^t^h the machanism of a ioumd’^bc^ which has a needle, with a 
end* ztgidly screwed to the shorter arm of a lever system 
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(Fig. 91). The needle slides on the spiral grooves of the record, the 
record being made to rotate at a uniform speed with the help of an 
adjustable govirnoTt by the actiou of the energy of a wound spring. 
The end of the longer arm of the lever is fixed to the centre of a 
circular mica diaphragm The diaphragm is mounted between rubber 
rings, called gaskets^ and forms the front of a cylindrical metal-box, 
called the sound-box. The vibration of the needle running on the 
furrows set the diaphragm to motion, reproducing the recorded sound. 
The sound-box is connected to a metallic conical pipe called the tone- 
arm, which is capable of moying freely about a vertical axis. The tone- 
arm with the sound-box gradually moves to the centre of the record 
as the needle slides on it. The sound from tlie tone-arm is finally 
magnified through a horn which is usually housed within the cabinet. 
The lever system is balanced on a knife-edge forming the fulcrum. 
The vibration of the lever is controlled by the two springs as shown 
in the figure. 

In the Kadio-Gramophone the 
mechanical sound-box is replaced by 
an electric ‘pick-up’ by the mscha- 
nism of which a periodically modu¬ 
lated feeble current is obtained as 
the needle slides on the grooves of 
the record. This feeble modulated 
current, after suitable amplification 
through a combination of thermionic 
valves, is led through a loud speaker 
by which a voluminous sound com¬ 
manding a large assembly of audience 
is reproduced. 

The Eleetiie Plek-up.—The i«ck- 

m 

ups used m radio-gramophones may 
be of magnetic type, crystal type 
or even moving coil type. The ordinary pick-ups art^ of magnetic 
type. Here a horse-shoe mi^ndi having fonr pole-pieces, JV, I?, jS, St 
is, taken and fixed coil is fitted in between these pole-pieces as shown 


L^verRodt 



Spring 
Tvlcrum 

\Neecf/e 
Pig. 9l —TJbe BImnd bw. 
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ill Fig. 02. The needle is attached to an iron armature suitably pivoted 

and damped. When the needlet during its 
rocking motion, takes up the position 
shown in the figure, the lines of induction 
through the armature passes from upper 
A to diagonally opposite S, When the 
needle moves to the right the flux through 
the armature passes from lower N to 
upper 8. So due to the sidewise move¬ 
ment of the needle there is a change in 
fiux in the coil, CC, whose direction 
changes with the change in position of 
the needle. So the directions of the 
induced e.m.f.'s in the coil will also be 
different. The magnitude of the e.m.f. 
'will depend on the speed of movement of the needle from side to 
aide which is controlled by the records of the sound vibrations on the 
record-disc. The e.m.f, generated is then duly amplified by valves 
and finally reproduced by loud speaker as mentioned above. 

The crystal pick-ups are constructed on the principle of piern- 
electric properties of crystals. Due to strain produced by the motion 
of the needle an e.m.f. is developed in the crystal which is magnified 
and reproduced. The crystal pick-ups are of small weight and are 
‘quite effective in output. 

121. The Telephone i-—This is an electrical arrangement by 
which speech can be transmitted from one station to another. The 
UUphom was invented by Graham Bell in 1876, and the instrument, 
Tslsphone, goes by his name.* 

It consists of a long bar-magent 
M (F^g. 93), round one end of which 
there is a fiat coil' Q of insulated 
•copper wire. The tv^o ends of the 
coil are connected to the two bind- 
ihg fc^iSi Z*. 9^* In front of the 

coil d ^ro^isethiir iron diaphragm D held firmly in a wooden cap 
tondihig ^ end of the magnet. 



Fig. 98—Tb« OhftepboiM. 
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The conical opening in fronfc of the diaphragm couvergt'S the s )uad 
waves directed to the diaphragm. The terminals T, T are connected 
to two line-wires at the distant en-is of which a similar apparatus is 
connected. 

Action.—The diaphragm, being just in front of the magnet* 
becomes magnetised by induction, and when the diaphragm is spoken 
into, it vibrates to-and-fro by the sounl waves which fall on it, and 
so the number of lines of fore ’ passing through the coil is changed. 
Induced currents are thus set up in the coil. These c irrents travelling 
through the line-wires change the strength of tlie fii“l I in whivih the 
iron diaphragm of the distant talephooe is situate.1 and thro v it into 
the same kind of vibration as the first diai)hragtn. Thus the second 
dia]ihragm reproduces the sound which caused the first one to vibrate. 

The BelCs Telephone (Fig. 03) may he use I both as a tranarnitter 
and as a receiver. It is independent of any battery, hu^ the induced 
current generated is so weak that it is not successful for a long, 
distance. It has been found that Bell's telephone receivers can respond 
to a current of the order of 2X10"*' ” amjieres. But wirh a weak 
current, the quality of soiind received is poor. 

A battery connected in the line will improve matters a little no 
doubt, hut for proper reception an improv.i.d receiver i.s necessary. 
Such a modern receiver consists of a t7-shaped magmd, having one 
coil round each pole, the two coils being connected in series and tho 
terminals finally joined to the line-wires. Both the pales are pUced 
close to each other behind the diaphragm, so tiiat line current will 
now traverse both the coils and the electro-magnetic action on the 
diaphragm will be almost doubled. Headphones are also constructed 
on this principle. 

« 

122. The Carbon Microphone :—The Bell's Telephone is nob 

« 

used as a transmitter now-a-days, but a transmitter working on a 
dififerent principle called the Carbon Microphone transmitter^ is 
used. 

The microphone transmitter (Fig. 94) oonsisliB of a shallow chamber, 
loosely filled with granules of carbon^ having two thin tjarbon plates* 
oue (‘x i'be front and the other i t ibe back. The of a. 

steel diaphragm B is rigidly fixed to the middle of the fronts tolKSih 
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plftte. In front of the diaphragm is the conical or exponential mouth¬ 
piece or lu>rn E wiiich converges the sound-waves directed to it 

during a talk or speech.* The 
diaphragm is connected to one of 
the terminals T, T, the other 
terminal being connected to the 
back carbon idate. Usually, the 
plates Cl and ('% aie separated at 
the edges by cotton wool pads P. 
The principle of this transmitter 
is that when the pressure at the 
surface of contact of two carbon 
particles varies, a large variation 
in the electric resistance of the 
contact takes place. So when a sound is received by the mouth-piece, 
the diaphragm sets into vibrations and these vibrations cause a 
pressure change in the carbon granules thereby producing a large 
variation of current. This variation of current, though large, does 
not amplify the. speech because here the sound energy is not converted 
to electrical energy but only causes a considerable current variation 
is the battery circuit. 



Fig. 94—The Carbon 
Miorophone Tranamltter. 


This variation of current is first stepped up by a transformer, 
then amplified by a suitable valve circuit and finally reproduced by a 
loud speaker. 


Hora* or niouth-piecee.—The month-pleees or honis may be oonloal ok 
exponential In fonn The latter type is now-a*daya oommonly preferred beoansa 
they radlpte low fregoenoiefl more efBotently than the oonloal onw, Homs liavo 
two rnafn fanotlons; iaS intensifying and (ft) dlreolive. The Intanflideaifon li 
eiloe^ hy mtohtng a eound sonroe, tnoh as the movlag ooi) and diaphragm <d a 
load apMker system to the aeonidto |mp(rfan«e of air. This results in a higher 
effiaifiiby of energy transfer. MiTeover. by speotal devloes in the month and the 

of the diaphragm is also matched to the 
■Impedance of air. The direottve i^raperty of a horp also de^hde on the 
’ ^eonth. Beoent works show ttot tbs dlseetlve proper^ it avMh 

,^^jmtBeplhan ita intaasl^lng l^rqpeKt^^ 
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123. The Ribbon Microphone consists of a very light 

alaminiam ribbon or foil A corrugated horizontally and suspended in 
between two pole-pieces, N and of a permanent magnet. When the 
impinging sound waves strike 
the ribbon it is displaced per¬ 
pendicularly to its length as 
well as to the magnetic field. So 
induced e.m.f.’s will be genera¬ 
ted between its two terminals 
due to the change of flux in the 
ribbon as it moves. This e.m.f. 
may be properly amplified and 
reproduced in the usual way. 

Here the response is directional 
but the output is of an excellent quality. 




Pig. 96 


124. The Condenser Microphone :—It is essentially a parallel 
plate air condenser, one plate (l) of which is rigid and the other 
(2) slightly flexible. The plate (2) is attached to the mouth-piece of 
the microphone. These [dates are connected to the terminals of a 

H.T, battery through a 
high resistance R. When 
the sound concentrated 
by the mouth-piece M falls 
ou the flexible plate (2) 
of the condenser, it is set 
to vibration thereby con¬ 
tinually altering the distance between the plates. So the capacity 
«l 80 changes which causes momentary currents to flow through B 
daring the vibration of the plate (2). Due to these currents pals«l 
of p.d.*s will be generated across B. These p.d.*s have the same 
nature of variation as that of the displacement of the diaphragm 
plate (2) of the condenser provided variations of the capacity are very 
email compared to its mean value. These p.d^V can be duly amplifled 
and reproduced. In this type, of microphone the re^kmle ii uidfoniu 
tiioc^'weak. ' ^ ' 
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126, The Moving-coil fljicrophone :—It consists of a pot 
magnet, the north pole N of which forms the central arm and is of the 

form of a right-circular cylinder, the south 
poles forming an annular cylinder around 
N. The diaphragm D is small and rela¬ 
tively rigid. To the inner surface of it is 
attached a coil ec moving in the space 
between the pole-pieces. When due to the 
impinging sound waves the diaphragm 
vibrates, the coil cr; will also Vibrate in the 
magnetic field. So an ind.uced e.in.f. is 
generated in it. This can be amplified and 
reproduced as usual. Here the output is considerable and of high 
quality. 

126. The Crystal Microphone :—Just as in the crystal pick-ups, 
piezo-electric crystals like quartz or Bochelle salt are used here. As 
the impinging sound waves cause a variation of pressure on the crystal, 
a potential difference will be generated between two opposite faces 
of the crystal and hence on the electrodes attached to it. This is 
suitably amplified and reproduced. In order to increase the output 
more than one crystal slice is usually taken together in constructing a 
crystal microphone. This type of microphone has a highly directional 
property and the output is of an excellent quality. 



127. Loud Speaker :—It is a device for ti’ansforming electrical 
energy into sound energy. The principle of its action is practically the 
reverse of that of a microphone. But a loud e|)eaker is designed to 
handle considerable power in order to make the sound produced 
audible to a large audience. In the common types of the instrument 
the alternating current from the amplifyidg valve circuit is pa'ssed 
t.hro^h a small coil fixed to the middle of a diaphragm. This coil 
moves in a strong magnetic field- due to the interaction of the 


cnixept and the field. The current causes the diaphragm to 
with the frequency of the alternating current itself eod to 
increase the. efiSbiency. spm'etimes a small diaphragm 
the converging end of an expon^tiqi horn. ,]Bnt 
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horn fitted loud speakers are 
unsuitable for indoor pur¬ 
poses because of the si:!e of 
the horn. So they are being 
speedily replaced by the type 
without the horn. In this 
type a large conical dia¬ 
phragm of stiff paper (pp) 

(Fig. 98) with the speech coi! 

(re) at the apex is flexibly 
supijorted by a metal frame MM. 'I'he magnetic field is generally 
that due to a strong and permanent pot magnet. C)cca8ionally electro¬ 
magnets with its windings (shown by dotted coils) at tlie cential arm 
may be used. The conical diaphragm is set in a large card board 
baffle which prevents the jjassage of sound from front to back and 
improves its low frequency response. Sometimes the cabinet in- 
which the speaker element is fitted serves as the baffle. 

128. Recording of Sound on Films :—Film recording may be 
done by two distinct methods. One is called the vartable density 
method and the other the variable width method. The standard size 
of a cinema film is 35 mm. in widtii of which only 2'5 mm. is allciijbed 
for sound rcording. In the variable density method this full allotted 
si^ace is utilised for recording and the record consists of a seiies of 
equal and transverse parallel lines of varying opacities. 

In the earlier method based on the variable density principle, the 
amplified^current from the microphone and amplifier circuit is made 
to vary*the intensity of the light from a specially constructed neon- 
lamp. The lamp illuminates,a slit of constant width whose image is 
cast on the film. As the iutensity of the lamp changes with the 
change of the amplified current, i.e. with the sound vibrations 
received ih the microphone, the photographic records on the film will 
be the images of the illuminated slit of varying intensities. So on 
fixation, these images will have different densities or depths of silver 
deposits. The brightest image of the slit will be developed as * the 
most opaque line. Now on making a positive of the film. atftoeHy 
the moi^ transparent Ibae on it represents the brightest im$0 of ^ 4 ^ 
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&lit. So if light is allowed to pass through this positive print of the 
tilm through a silt, the transmitted light is found to follow the same 
nature of time variation as was the case with the light emitted by the 
neon lamp. 

In the later methods based on the variable density principle, tlie 
amplified current from the microphone is allowed to vary the width 
of a slit (Si) by an eiectro-magnetic*device as shown in Fig. 99. As 
the electro-magnets E.M. are actuated by the amplified current from 
the microxthone. the slit harmed by two strips of duralumin will 
-change due to the fluctuation of the current. Light from a strong 
source of constant brilliance is first passed through this varying slit 
and thence through another slit S 9 of constant width, whose image is 
finally cast on the film with the help of the converging lenses LL as 
shown in Pig. 99. The varying slit here mainly functions as the 
modulator of the brightness of the light beam transmitted through it. 


The variable w'idth method of film rebording consists in illnminat- 
ing a variable length of the slit. The record on the film is an image 
of this slit. The amplified current from the microphone is x)assed 
through a string galvanometer or a Duddell oscillograph fitted with a 
reflecting mirror. A beam of light is reflected from this mirror M on 
to slit S and is focussed on the film. As the string of the galvano- 
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meter or the oscillograph vibrates in the magnetic field due to the 
amplified current which varies with the intenslity and the (Quality of 
the sound received by the microphone, the mirror is rotated* This 
rotation causes the reflected beam to illuminate c variable length of 
ftlit only. Hence in ^he film record. Some portion b! the gpice. 

I^^lespo^ih^ to the so^e |iart will. 
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remain unexposed. In the negative print of the film the opaque 
portion is proportional to the current in the amplifier circuit. In the 
positive print- the transparent region will represent the sound record 
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of a uniform density. It has the appearance of a serrated edge 
occupying different widths in different positions. 

129. Film Reproduction :—The method of reproduction is the 
same for both the variable density and the variable width type of film 
records. Here the light from an exciter lamp at S is focussed on to 
the sound tracks of the film by means of the converging system of 
lenses L, The light transmitted through the track falls on the photo- 
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sensitive surfsee of a photo-electric cell* whereupon eleetrcms ete 
emitted from this surface. These electrons are coile^^ by 
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positive electrode of the photo-electric cell. The sensitive surface and 
the collecting electrode are maintained at a potential difference 
by means of a battery through a high resistance B. Due to the 
emission of electrons by the sensitive surface and the collection of 
the same by the positive electrode, a small current variation occurs 
in the circuit. This causes a variation in p,d, across R, which is 
proportional to the light received by the photo-cell through the film. 
The variation of p.d. across B is then amplified by a valve circuit and 
this amplified p,d. operates the loud speaker which practically repro¬ 
duces tlie same sound as was used for recording. 

130. Magnetic or Steel-tape Recording and Reproduction :— 

In magnetic recording of sound a steel tape or wire or sometimes a 
plastic tape impregnated with iron oxide (as used in the German 
Magnetophone) is continuously moved between the pole-pieces of an 
electro-magnet whose coil is energised by the speech current from 
the microphone properly amplified by a valve circuit. The tape is 
thus longitudinally magnetised in such a manner that the variations 
in magnetisation exactly correspond to the variations in the speech 
current. These pole-pieces generally known as the recording head 
are fitted with knife-edges [Fig. 101 (a)]. This arrangement increases 
the strength of the magnetising field and the magnetic records 
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after recording, the tape is moved at a uniformly high speed past a 
reproducing hc'jd exactly of the same design as the recording one. 
As the tape moves, its magnetisation causes changes iu dux in the 
knife-edge pole-pieces of the reproducing unit. This induces an e.mi. 
in the coil surrounding the corresponding magnet. This e.m.f. is then 
amplified by an electronic device and sent on to the loud si>eaker, 
which exactly leproduces the original sound practically without any 
distortion. The tape once iised for recording may he used once again 
after moving it between the 'wiptng head' which is nothing but the 
pole-pieces of a strong direct current electro-magnet. It smooths 
out the non-uniformity of magnetisation in the tape and magnetises 
the same uniformly thereby making it ready for a fresh record. In 
modern tape recorders the pole-pieces of the same electro-magnet 
serve both as the recording as well as the reproducing head. 

The reproduction, in a tape recording device is as faithful as in a 
gramophone record or even more. This is why the method of magne¬ 
tic recording is now-a-days increasingly being used in broadcasting 
and in film studios. 

Becently suitably coated discs have also been used for magnetic 
recording but its reproducibility is not of the same order as that in a 
tape record. 

' 131. Acoastics of Auditojriums :— 

Introduction. —Before the advent of the twentieth century, the 
halls and lecture theatres were constructed without attaching any 
importance to their acoustical property. So after construction, some 
of them were found to be quite good from the acoustical standpoint 
while the others were nob. That the long-drawn echoes or reverbera¬ 
tions in a hall are the main cause of its a(*ousticsl failures was, 
however, realised by scientists at the end of the last century. 

Reyerberatioir. —^W. 0. Sabine in America, first systematically 
studied the different acoustical properties of a room. It was observed 
that tlie presence of various fiat surfaces like walls, ceiling, etc. in a 
room lengthens the time of duration of sound on account of successive 
reflections from those surfaces The prolonged echo or the undue 
persistence of sound due to successive reflections is !fnown as ' 
reverberation. Sabine showed that if the time of reverherstion be 
properly contr^ed, acoustical utility of the room ean be raised to a 
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great extent. He showed that if the duration of reverberation after 
the source is cut off be such that within this interval a sound falls in 
intensity to a millionth part of its original value at the cut-offt 
(t.s. if the intensity decay be 60 decibels), the reverberations will not 
affect the acoustical suitability of a room. This interval is known 
as the standard time of reverberation. Sabine experimentally found 
out an empirical relation for this standard time of reverberation. In 
1903, Franklin theoretically deduced an expression for the same which 
was found to be in agreement with Sabine’s relation. Franklin’s 
deduction may be given as follows— 

Let E^the energy emitted by a source of sound per second. 

Fs»the volume of the space occupied by the room, 

The volume density of energy supply per second* fiyF. 

Now, if, I=the average intensity of sound in the room, 

< * the mean absorption coefficient ( i.e, \ 

\ energy supplied > 

per reflection and number of reflections i)er second, then out of 
the total supply, the energy absorbed per second is 

The rate of increase of the intensity together with the rate of 
absorption per second is equal to the rate of energy supply per second. 



4 


E 

V 



Statistically it can be shown that if C be the velocity of sound 
and jS the surface area of the walls of the room, the number of 
reflections per second is fi“C5/4 7.* 

So eqn. (1) can be written as, 


or, 


dl t C*CS jr, E 

dt 4.V F ’ 


dt 7 


(S) 


where 


(VS 

4F* 


t * Nc^s.~ 93 m nambec of reflaotioiui auffared by the sound waves emitted by a 
eousoe Inddh a oUxed room oaa be oalonlated in tli§ following w^y : 

^ p he eneigy deiMlty of Idle sound waves ptodnoed and ff F be the wdups 
of room* then soppoeiag that them hi no loss doe to absorption ate., the total 
ahefgy, aaoelvtd by Ae FaHs of the soon per aeoohd is 
.thiotWM lUk aaoh seflemton the enetgy flux iwaape the whide volniike of th» stem 



TBOHNIOAL ACOUSTICS 


245 .. 


once, supposing for simplicity only the forwetd propegatlon of the waves. Here 
n represents the number of refleotiona per second. 

The energy received by the walls per second can also be calculated by taking an. 


element of wall surface da at O, on 
which the energy impinges on its 
exposed upper side alone iFig. 108(a)l. 
Now consider an elementary volume 
dv In the room, where 

dv’^rdQ. dr. r sin dde, 
as shown in the figure. As p is the 
energy density, the energy contained 
in this volume or the energy flax 
passing through this volume 
«p r*.(2r.(Z^. sin 6. dB, 

Out of this energy, the portion 
reaohlng ds ia {daliir)x,dW, where 
d(d™soIid angle contained by ds at 
the centre of the volume element 
(ds cos 0)/r*. So the energy falling 



on ds pec second from the nppei. 


iide» 


dW. — , (Integration extending over all variables) 

4t 

j, fSv r ^ I'i f * 

Bind. 008 6dd. j dr. c a velocity of sound) 


tap. xarxixc-p 

Summing up for the whole surface area of the walls, the total energy ceoeiveii 

the walls per second ia W “*^Sfl!s= ... ... (2i, 

4 4 

where total surface area of the room. 

■ Bo equating (1) and (2), 

npF-eff. 

Hence the nnmber of reflections pei^ second is "“w]- 

fa) Growth of lotensity or energy density.— 


To solve eqn. (2), let us rearrange it and write. 


dl 




*dt; or, —. 


Int^ating, 


■dt. 


< 8 > 


where k is the integration constant, which can be calcolated from 
conditions of the problem. 

♦ 
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Now, when t®0, r««0. 

V 

Substituting in (3), log*-=“^ : 

ElV — yiL 

or. log.-»*« : or. 1 - 

Hence. —e“^' ^ 


M t 


. B 

mF 


■■• (4) 
when 


Thus intensity tends to acquire a maximum value Im 
4 '-*oo. 

The intensity at any time t is given by and the 

(Curve of the intensity growth is given by Fig. 102(6). 

(b) Decay of intenafty.— 



Here the energy supply is 
zero. JE'asO. 

Integrating, logcr/* 

.Since at the moment of cut¬ 
off y=7«and t*0. **loge J„. 

■fit 


. . logr^* 
J-m 


Fig. 103(6 > 


or, y- — e 

JL m 


.. (5) 


So the decay curve of intensity will be* as shown in Fig. 102(6). 

(e) The time of reverberation —The standard time of rever¬ 
beration, is the time for the energy density (or the intensit^r) to decay 
ito one-millionth of its maximum value at the cut-oflf. Hence from 
.45), the time of reverberation, T, can be obtained as follows : 


"We have. 


r. 


/m 10« 

or, ; or. r«koga0^« 

Putting the value off*. 2‘303x6. 

« Taking 340 metres/sec.^ 

m^4X2*S03x6,.^ F_,,c_F 

<«• 
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If the dimensions be considered in the F.P.S. system, 

«Ci'> 

Thus T is directly proportional to V and inversely as the surface 
area and its absorption coeflBcient. 

I 

Sabine determined the absorption coeibcients of different materials 
taking the absorption of an open window of unit arex to be unity 
{perfect absorber) *and experimentally found that the standard time 
of reverberation is actually '06F/H.S where the measurements are 
made in F.P.8. units. So the above theory is found to be correct. 
Becently Eyring from a different approach deduced an expression 
•for the standard reverberation time which is found to be identical with 
Franklin’s expression when the absorption coefficient is small. 

Since in a room V and 8 are normally constant, mainly by 
choosing suitable absorbents the reverberation time is controlled. 
Moreover, the audience, chairs, benches, and other structures 
not only absorb some sound energy (t.e. < increases) but also diminish 
effectively the value of V and increase S. Bo T is further controlled by 
these factors to some extent. The value of T should not be reduced 
unduly (i.e. a room sliould not be over-corrected for reverberation), 
for in that case there will be deadening effect on the sound produce<1 
in the room. It has been found that for good audibility, the optimum 
time of reverberation is different for different tyiies of acoustical 
performance and also depends on the size of the halls and vary 
generally from 1 second to 2’5 seconds in most of the cases. Foi’ 
good audibility of speech the time of reverberation is smaller than 
for music. To secure this optimum time, the wall or the floor may 
be covered with absorbent materials of proper thickness. Sometimes 
additional absorbing (or damping) structures of suitable materials are 
installed in the rooms. The absorbing material should be chosen 
according to the frequency of the sound emitted because the absorbing 
power depends on the frequency of the incident wave. 

The acoustics of the recording and broadcasting studios involves 

* The nnit of absorpttoa ooeffioient is the Sabine* So the absorption by I 
•q. ft. of a material of absorption ooeffioient 0*7 sablne is equivalent to 0*7 sq, ft* 
of an (^en window. 

S. 41 —(voii. i) 
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a varieties of problems. Here a short time of reverberation is 
desirable and at the same time excess absorption is considered to be 
objectionable. It bas been suggested by Olson and Massa that the 



(a) Maximmn number of performers* 

(b) Optimum number of performers. 


Fig. 102(c) 

effect of diminished reverberation may be secured by changing the 
proportion of direct sound to reflected sound. Good results are 



Vcdiune of ilodlo In en. fL 

tig. 10S((i)—Optlmmn isverbaration time £oi studios. 
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obtained by using a directional microi)hone which discriminatea 
between the direct sound from the source and the reverberated sound. 
In the matter of time of reverberation at the standard frequency of 
512i the design of B.B.O. is based on the graphs shown in Figs. l02 
(c) and (d). The graphs in Pig. 102 d) show the relation between 
the size of the studio and the time of reverberation whereas Pig. 
102(c) shows the relation between the size of the studio and the 
number of performers. 

Besides the time of reverberation, the shai>e of the room also 
plays an important part in auditorium acoustics. In large rooms* the 
conditions of («) adequate loudness, (tt) uniform distribution and 
(m) absence of echoes should be secured. The rooms should also be 
protected against the external noise. This is efifecteil by non- 
homogeneous double or multiple walls. 

[Deduction of time of reverberalion from dimeneional equation : 

Sabine experimentally fihowed that the time of reverberation depends on the 
Tolnme F of the room, the efieotive reflecting area iS and the velocity of > sound G 
Thus, we can write. 

Ul = [F*S«f C*.b 

Again, and G=^LT“'. 

2 = -1 and 3a:-b3l/— 1 *0. 

3a!+22/=I. The simplest solution is evidently coal, p*-ol. 

K ^ 

.*. t»~- , vrhere K is to be found from experiment.] 

Co 

Absorption of sound : Coefficient of Absorption ;— 

It is evident from above that in order to control the reverbera¬ 
tion time to optimum value, the absorbing properties of the materials 
used in the room and those of the walls of the room as also its 
volume are of utmost importance. The absorption of sound mainly 
deals with the dissipation of the acoustical energy into heat energy. 
It is affected by porosity of the bounding surfaces and flexural vibra¬ 
tions. The theory of the action of pores accounts for the high 
coefficient of absorption for felt, rugs, carpets etc. The absorption 
coefficient is also found to increase with the thickness of the material 
upto a certain limiting value. Flexible materials if not r^idly 
mounted are set in yihntions and the damping forcea digtipate m 
considerable amount of sound energy. The coefficient of absorption 
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,generally increases 'with freciuency. But some materials are found 
to absorb strongly in the low frequency region, while others in the 
high frequency region. So a suitable absorbent may be chosen which 
is effective in regions of high pitch. This would increase ' the relative 
imporlaoce of fundamentals and conduce to purity of tone. Again 
to increase the brilliance of tones, a low frequency absorbent may be 
chosen which would emphasise the higher i>artials. There are some 
absorbents called the straight-line ahswbents which absorb equally 
strongly throughout the range of audible frequencies. The straight- 
line absorption principle was attempted in the construction of some 
of the studios. But the best result has been obtained when the 
absorption is relatively constant only upto a frequency of 600 to 700 
and then increased slightly in the higher frequency range. 

As absorption is one of the most important properties involved in 
building acoustics, the measurements of the absorption coefficients 
of different materials were undertaken in various laboratories during 
the earlier part of the present century. By absorption coefficient <, 
we mean the ratio of the energy absorbed to the energy supplied. 
Sabine defined it in terms of the open window. The absorption 
•coefficient of a substance is. the ratio of the energy absorbed by 
unit area of the substance per second to the energy that escapes 
through an open window of unit area in the same time. Some of the 
standard methods of determining the coefficient of absorption < are 
given below. 

(a) Determination of < by direct comparison.— 


In this method, the absorbing material is spread out in a hall and 
its area is determined is square feet. Then the reverberation time 
is found out under this condition. The absorbent is then removed 
and some windows are opened by trial till the reverberation time 
.once again assumes the same value. 


Hence we get, i— 


•06F 


*05F 






w in square feet; B are the 
material nnder test;; 
and fdmititfe In . 
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(b) Determiaation of < by varying the Power output.— 

In this method, the average value of < is determined with the 
help of ear only by varying the power output of the source. Let two 
sources of power Pi and Pg be taken. If now the time-intervals ti 
and ^ 2 . during which the steady value of the energy density I falls to 
the bare audibility in both cases he noted, then we shall have, 

= .( 6 > 

where fa is the limiting audible energy density and ] /»» and 2 ^m the 
maximum energy densities of the two sources. 


From eqn. (5), we know 

O^S "Pj 4 R? 

where and Tm~ ' ^ being the energy emitted by the 

4 k fi-V 

source per sec. i,e, its power P. 


Hence, Jm— 


4P 


CuS' 


From (6), /•= 


4P, 

C<S 


C<Sf 
"“ Ay 


-4P, 


c<s. 

~'iy 


c<s 


—t ^ 

P|_ . 

Pa 

or, log 


... (7) 


From relation (7), the mean absorption coefficient < can be 
determined for the room in which the experiment is conducted. The 
absorption coefficients of different materials may similarly be deter¬ 
mined by measuring the reverberation periods for two sources both 
with and without the materials in the room. 

(c) Determination of absorption coefficient < by tho 
Stationary wave method.— 

It has been shown by Taylor that if b/a is the ratio of minimnm 
and maximum amplitudes observed in the stationary wave formed by 
interference between the direct and reflected sound waves,, the absorp¬ 


tion coefficient is given by, 


4 
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Ufling his expression the absorption coefficients of materials were 
(determined recently by E. T. Paris. The arrangement consists of a 
large earthenware-jMpe E [Fig. I02(s)] closed at one end by the 



Fig. 102(0) 


Specimen S of the material, which has a backing B of a good reflect¬ 
ing material. At the other end a loud speaker L supjdies a sound of 
constant intensity and frequency from a valve oscillator circuit. With 
"the help of a calibrated hot wire microphone M the minim um and 
maximum amxditudes along the tube axis are determined. 

Hence b/a being known, < can be computed. The method is simple 
and direct. In a modified form it has been used in the British N.P.L. 


Table of Absorption Coefficients of Important Materials :— 


Open window 

1*00 

Brick wall 

... O'OS 

Felt 

... 0*70 

Yamlslied wood 

003 

Carpet 

0*26 to 0 40 

Plaster... 

0*03 

Plane wood 

0*06 

Glass ... 

... 0-027 


182. A general review of the Acoustics of Buildings:—Up 

to the end of the last century, the building, especially the lecture 
theatres, halls and concert rooms, etc., were constructed without due 
considerations as to their utility and suitability from acoustical point 
of view. It was W.O. Sabine in America who for the first time made 
a systematic study of the acoustical properties of rooms. 

It has been found that the conditions for a room to be good from 
acoustical standpoint are as follows : (l) There should be no echo 
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formation in the room, (2) the loudness should be uniform and 
sufficient throughout the room, (3) the time of reverberation should 
be optimum, (4) there should be no resonance effect anywhere in the 
room and, (6) the room should be sufficiently soundproof. The echoes 
may be minimised by subdividing large plane surfaces into smaller 
units, avoiding pronounced curves and by using absorbing materials. 
The loudness may be increased by placing reflectors at suitable posi¬ 
tions in the room, ft is a well-known fact that the various flat 
surfaces in a room like its walls, floor, etc. reflect sound only with a 
small loss of euei’gy. So whenever a sound is produced inside a room, 
the sound waves after reaching these flat surfaces, are reflected back. 
In fact, before these reflected components die out, quite a good 
number of reflections may occur. A listener thus gets the sound by 
various paths and the sound may appear to him as a long-drawn echo 
or reverberation. 

After systematic observations Sabine concluded that the choice of 
a correct time of reverberation is the most important factor that 
makes a hall acceptable as a lecture theatre or as a concert room. He 
defines the 'standard time of reverberation as the time taken by a 
sound to fall in intensity by a factor of a million after the stopping of 
the source (or as the time taken for a decay of intensity of 60 
decibels). Sabine empirically showed that this standard time of 
reverberation for a room of volume V, of exposed surface area S, 

having a coefficient of absorption »(, is given by *06 -, where the 

_ * 

dimensions of measurements are in F.P.8. units. Franklin theoreti¬ 
cally corroborated the above relation. When the time of reverberation 
is longer, the original sound together with the reverberated sounds 
will create a discordant and confusing effect and the intelligibility will 
be hampered^. Again if this time be too small the room would turn 
sound-dead. So there is an optimum time of reverberation for the best 
intelligibility. This is different for different rooms de])ending on its 
capacity and the use for which it is designed. For average men this 
time varies from ‘5 sec. to about 1*5 seconds* 

The duration of reverberation depends on the various reflecting 
structures present in the room. If these are good reflectors, a longer 
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time will be required for the decay of the successive echoes. But if 
the room contains a number of sound absorbers like screens, carpets, 
etc., the reverberation time will be sufficiently reduced. The 
acoustical absorbing powers of different materials have been systema¬ 
tically determined and it has been found that acoustic plaster, fibre 
boards and cabot quilt are specially suited as absorbers in acoustical 
engineering. So by proiierly inserting *open windows' which are 
perfect absorbers of sound and other suitable materials in the very 
structure of the room, its time of reverberation may be brought to 
the desired value. 

Again the intelligibility of speech is affected by loudness. If 
sufficient absorbing device is set up in the room, the reverberation 
time is short iand there is very little confusion of syllables even 
though tlie intensity is low. In cinema halls the reverber tion time 
is sufficiently reduced because the natiiral voices are magjxided by 
loud speaker. If the natural voice is to be relied on, there should be 
always some arrangements for reflection so that the necessary loud¬ 
ness is secured, as has been already mentionel. While designing a 
concert hall the seats must be made of such absorbing materials that 
the reverberation time remains constant both when the hall is empty 
for rehearsal and when it is packed up with audience wearing 
garments of wool or cotton which are good absorbents. Concave 
reflectors, which were formerly used in big halls, are not desirable 
from the acoustical viewpoint as they may cause a focussing effect. 
As stated before it is better to have small rigid reflectors distributed 

throughout the hall at different inclinations. This ensures a better 

* 

intensity distribution. Besonance anywhere in the room or of the air 
contained in the room should be heavily damped to avoid distortion. 
Some amount of sound-proofing may be necessary in a,room. This 
is done by constructing massive walls, tight-fitting doors and 
windows, etc. 

When a building is meant for acoustical par|)oses, the acoustical 
properties of its design should always be investigited by making 
small models and studying them with the help of high frequency, 
sound waves. 



TECHNICAL ACOUSTICS 


255 


Questions (Chapter XI) 

1. Describe the oonstraotlon and operation of a gramophone. (C. IT. 1951> 

What 1 b the principle of the eleotrio pick-up in a radto..gramophone T 

2. Write a short note on 'loud speaker'. (Lcok. U. 1919 : Ail. V. 1951) 

3. Deeoribe different tjpee of mlorophones and load speakers that are 
commonly used. 

4. Give a short aoooant of the prodnotion and exhibition of sound motion 

pictures. (All. U. 1959) 

6 . Give an account of how souni la recorded and reproduced in talkies. 

(C. U. Hon. 1968) 

6 . Discuss and enumerate the factors which will make an auditorium 

suitable for good audibility, and explain the importance of the nature of the surface 
of the walls, ceilings, furniture and windows. (Imok. U. 1944) 

7. Give an account of the causes of bad acoustical properties of a hall. 

Discuss the methods of remedying these defects. (All. U. 1948 t Baj. U. 1948) 

8 . Write a short note on the acoustics of buildings. (East Punj. U. 1955) 

9. What are the acoustic requirements of a good auditorium t Disouss the 

theory of reverberation. (C. U. Hon. 1953) 

10. Bzpialn the various acoustic defects commonly found in a large hall. How 

are these defects removed ? (All. U. 1953) 

11. Write a short note on the acoustics of au auditorium. 

(All. U. 1947; Bom. IT. 1964) 

12. Briefly describe two different methods of determining the coeflEicient of 
absorption of an aooustioai absorbent. 
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1S3. Ultrasonics ;—Sound waves having frequencies above the 
limit of audibility of human ear are known as ultratonic or supersonic 
waves. The audibility limit being about 20 kilocycles per second, 
sound waves of frequencies higher than about 20,000 per second come 
under the category of ultrasonic waves. Modem methods can produce 
ultrasonics of frequencies upto 5 X lO^ kilocycles per second. So the 


shortest ultrasonics may have a wave-length, ^ = cm 

n 6000 X10® 

*'0*6 X 10'cm.6600 X, which is of the order of the wave-lengths 
of visible light. Because of their small wave-lengths, it has been 
possible to use ultras'>nic8 in various practical fields. The acoustical 
laws valid for the audible range are also true for the ultrasonic range. 
Over and above this, in supersonic range newer phenomena, 
which are not detectable in the audible range, are observed. 


Note :—Occasionally the term supersonic is used in relation to 
velocities higher than that of sound. The rockets, planes etc. possessing 
speeds greater than that of sound are commonly known as supersonic 
rockets and supersonic planes. 


184. Production of Ultrasonics :—Ultrasonics are produced 
generaUy by any one of the three types of generators described 
below— 

(1) Mechanical Generator. —(a) Small tuning forks having prongs 
only a few millimetres long can produce vibrations of frequencies 
up to 90,000 cycles per sec. 

(b) Galtcm Whistle. —This instrument as designed by Edelmann 
gives vibrations of frequencies up to 100,000 c p.s. Here the puff of 
air passes through the nozTile. H, on to an annular slit o, from which 
it streams against a circular knife-edge D. This sets the air in vibra** 
tion and the supersonic waves are produced. Here the frequency of the 
note can be altered by varying the volume, F, of the vibrating air- 
eplumn with the help of the moving piston 2 operated by a micro- 
mstei: screws arrangement (Pig, IDS). 
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(2) Magnetostrietion Type Generator.— Here the principle of 
transformation of alternating electric current 
into sound is taken help of. By this method fre¬ 
quencies of the order of 20 to 50 kilocycles per 
second can be secured. 

If a rod or a tube of ferromagnetic substance 
is placed in a magnetic field parallel to its 
length, the latter is slightly shortened. This is 
known as magnetostriction. As the efTect is 
rather irregular in steel or soft iron, annealed 
cobalt or nickel rods are generally used. ^ The 
best effect is produced when the alternating 
magnetising field due to a coil wound over the 
rod is adjusted to be in resonance with the 
natural elastic vibration of the rod. In such 
a ease of resonant vibration, the frequency is 

given by Eh, where ifc = l, 2, .3, etc., 

i=the length of the rod, .fiJ = the Young’s modu¬ 
lus of the material of the rod and p —its 
density. 



Fig 103 



Fig. 103(a) shows a simple 
arrangement of a magnetostric¬ 
tion generator or oscillator. The 
vibrating nickel rod B is clamped 
in the middle and rests axially 
in the two magnetising coils C\ 
and Csi C\ being connected to 
the plate and O 2 to the grid of 
a valve oscillator. The rod may 
be permanently magnetised by 
a permanent magnet placed near 
it or by the plate current itself. 

it 

The freqaency of the oscillatory 
circuit is toned to that of the 
natoral frequency of the rod F 
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by adjusting the variable capacitor G. This tuning is indicated by 
sudden change in plate current, when the oscillation sets in. The 
oscillations are maintained by the alternating reaction of the stresses 
in the bar on the state of magnetisation, 

(3) Piezo^electric Generator.—With the help of a properly cut 
piezo-electric crystal high frequency electric oscillations can be trans¬ 
formed into mechanical oscillations. Piezo¬ 
electric crystals are unsymmetrical in shape 
and have the property of expansion along one 
axis and of contraction along the other when 
Objected to an electric field. It was first dis¬ 
covered by J. and P. Curie that when such 
crystals are subjected to pressure on opposite 
faces, electrical charges are developed on the 
faces at right angles to the direction of applied 
pressure. The converse effect which is taken 
help of in the piezo-electric generators is also 
found to be true. This effect is best shown in 
slices of the crystal cut in a particular direction 
only. Quartz is one of such piezo-electric 
crystals. The long axis of the crystal with 
hexagonal perimeter forms an optic axis [Fig. 
104(a)]. A portioh cut from the crystal by 
two planes perp. to this axis has the form of 
a hexagonal cylinder [Fig. 104(6)]. The lines 
joining opposite angles of this hexagon give 
•the directions of possible electric axes. The 
final experimental slice is to be cut perpendi¬ 
cular to one of these axes. 

The slice so obtained is to be mounted 
between two metal electrodes. It is then set in 
vibration with the help of undamped electric oscillations. These 
oscillations may be conveniently generated at eny desired frequency 
and intensity by means of an electronic device. The simplest circuit 
consists in connecting the crystal in parallel with the condensed of 
the oscillating Hartley’s dirciiiif (Fig. 105). The bscUlating circuit 
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consists of a self-inductance and a variable condenser Kv* by varyinig 
which the circuit is tuned to the natural frequency of the quart/. 



Fig. 105 


oscillation Q. This vibrating quartz generates ultrasonic waves in air 
whose frequency may be of the order .5 10** c.p.s. To set up high 

frequency vibrations in solid and liquids the quartz oscillators are 
generally taken help of. 

135. Detection and Measurement of Ultrasonic Vibrations 

Ordinary acoustical methods cannot be directly used for the measure¬ 
ment and detection of supersonic waves. So special methods have been 
devised for the purpose. A few such methods are described below :— 

(i) Mechanical Method .—The ultrasonic waves upto wave-length 
of a few millimeters may be studied by using lycopodium powder in 
a Kundt’s tube. 

(il) Thermal Ultraonic Receivers. —The transformation of sound 
energy into the electrical energy may be accomplished by the principle 
of hot wire microphones. Some ultrasonic receivers are also based 
on the same principle. Here the resistance of thin wires, gently 
heated by a current, changes when ultrasonic waves fall on the wires. 
The resistance change is noted by an ordinary Wheatstone’s net 
work and the intensity of the incident waves can be calculated 
from that. 

(iii) Electrical Sound Receivers. —This type of receiver is 
very sensitive and can detect waves of the highest frequencies. It 
consists of a crystal detector and a quartz vibrator both connected in 
parallel to a sensitive galvanometer. The intensity of the nltrssonie 
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waves incident on the quartz crystal is proportional to the deflection 
of the galvanometer. 


(iv) Optical Method.— 


(a) Striatlon Method.—This is a 

pictures of sound waves can be obtained. 



method by which direct 
A circular slit S is strongly 
illuminated by light L 
with the help of a con¬ 
densing lens K. A sharp 
image of S is produced 
at the point B by the 
objective 0. A screen 
placed at B prevents 
light at B from entering 
into the space between 
the quartz oscillator Q 
and the reflector R. The light is neither allowed to enter 
the eye or the camera on the right-hand side of B. If a stationary 
ultrasonic wave train is generated in air in front of the objective by 
reflecting the waves sent out by the oscillator Q at the reflector B, 
definite nodes and antinodes will be formed in the medium. As a 
result the refractive index will change at these points. If a 
monochromatic light is used the pressure nodes will appear as dark 
bands and the antiuodes as bright to an eye placed beyond B. From 
the photographic records of these bands their width can be measured 
and allowing for the magnification of the arrangement, X can be 
determined from these measurements. 


(b) Diffraction Method.—Debye and Sears first showed that 
diffraction of light is possible in a liquid traversed by sound waves 
and that diffraction phenomena similar to those in a ruled grating 
may be observed. Baman and Nagendranath developed a complete 
theory of the phenomenon. This provides us with an easy and 
accurate method of determining the wave-lengths of supersonic waves 
in Hquids and hence its velocity if the frequency is known. 


Here the series of compressions and rarefactions which constitute 
ultrasonic waves in a liquid serve as an optical grating and cause 
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diffraction of light. The method consists in allowing a parallel bean* 
of monochromatic light to pass through a liquid at right angles to 
the ultrasonic waves in it. LiOoking along the beam a central image 
of the slit together with its diffraction images will be seen. If A,sas 
wave-length of the sound in the liquid, ^) - the wave-length of the 
monochromatic light and the angle of the diffraction of the nth order, 
sin ^ nk|/A,. Hence X, can V)e determined. It is a very accurate 
method of determining X of sound at ultrasonic fiequency. 

186. Superaonio Echo-Sounding The general principle of echo 
depth sounding has been described in Chapter HI. But in the case 
of echo sounding with audible waves, the energy reflected from a 
pulse of audible waves is small unless the surface is sufliciently large. 
Moreover, in cases of submerged icel>ergs, the relative reflecting 
jiowers of ice with respect to sea water being very small, these cannot 
be correctly detected by ordinary echo sounding methods. For this 
reason Langevin used juezo-electric oscillators to {iruduce high energy 
sound waves (supersonics) w'hich could be successfully eraplf)yed for 
the purpose of detecting icebergs. Frequencies of about 40,000 c.p.s. 
are produced by a quartz oscillator of thickness I'S eras. The wave¬ 
lengths of the supersonic waves so produced are of tlie order of cms. 
The oscillator is not allowed to oscillate continuously but it emits 
damped waves at definite intervals which are regulated by an electric 
motor. The pulses reflected from the submerged icebergs or other 
obiects are received back by the same quartz slab. These waves set 
the slab into vibrations thereby generating a small potential difference 
between its faces. The lag between this e.m.f. and the one initiating 
the supersonic waves is recorded by an oscillograph. The light spot 
on the screen of the oscillograph moves over a scale directly graduated 
in fathoms or metres from which the position or the depth of the 
reflector or the obstacle can be found. 

137. ApplieatioDS of Ultraaoniea :— {a) In ultrasonic strobes* 
copes stationary ultrasonic waves are used to produce a high 
frequency modulation of light for stroboscopic purposes, {b) The 
scophony system of television for producing highly defined pictures ia 
based on the modulation of iiltrasonic waves in liquids, (c) In 
signalling, depth sounding, and in detecting sunken obstacles lik© 
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icebergs, submarines, etc. ultrasonic waves are utilised. (d) 
Supersouics are also used for guiding ships from a harbour mouth. 
{e) They are also used for testing flaws or discontinuities in the 
structure of materials. (/) Two immiscible liquids may be made to 
form an emulsion by subjecting the same to ultrasonic vibrations. 
Wood and Loomis in 1927 succeeded in transforming water and oil 
or water and mercury into very stable emulsions with the help of 
intense ultrasonic waves, (g) They are also used in laundries for 
quick removal of dust particles from clothings, (h) The ultrasonic 
waves are found to increase the virulence of some types of bacteria 
while in some other types, the virulence is found to diminish. When 
exposed to ultrasonic waves yeast cells are found to lose their power 
of reproduction. 


Questions (Chapter XII) 

1, Wtito a short note on nltrasonios. (Lack U. 1946 ; AU. U. 1960) 

9. Write a detailed note on 'altraeonlos', their importance and nsee. 

(Bom. U. 1964) 

3. Describe briefl j the different methods of producing supersonic waves. 

4. Qlve In short the diffei^nt methods of detection of ultrasonic waves. How 
oan the wavelengths of these waves be measured ? 

6 . Describe the principle of supersonic echo-sounding. In what respeot is 
aupersonio eoho..sounding superior to ordinary echo-sounding in the audible range f 



INDEX 

\Th9 numbers refer to pages] 
GENERAL PHYSICS 


A 

Aooeleratlon, 2ariigalar. 92 due to 
gravity, 169 down an Inollna, 68 
• Adhesion, 270 

Adiabatlo Elastloity, 260 
Aerofoil, 863 oharaoteristica, 373 
Aeronautics, 360 
Aeroplane, 876 :-'and Kite, 367 
Ailerons, 380 
Air-resistanoe, 860, 362 
Air-sorew (propeller), 376 :—torque, 
377 

Air-speed and ground-speed, 362 
Amplitude, 124 
Angle of attack, 368 

Angle of Gontaot, 271; measurement 
of -, 272 

Angular acceleration, 93;—velocity, 14 
Antiolastio curvature. 361 
Artificial satellites and planets, 199 
Atwood maohine, 164 
Axial modulus, 229 

B 

Backlash, 75 ^ ^ 

Balance, common, 80: Eotrus, 188; 
false—. 86; requisites of—83 

theory of—, 83 
Banking, 24, 382 
Bar pendulum, 188 
Bearden’s method, 329 
Belt driving, 80 
Bending of beam, 243 
Bessers correction, 185 
Bernoulli's theorem, 808 
Blfllar snspension, 116 
Blackburn's pendulum, 161 
B. O. T. unit, 33 ' 

Bourdon gauge, 366 

Boyle's Law, 266; verification of—, 
267.. 

- Breaking stress, 286 
Bobbles and drops, 279 
Balk moduluB, 236of gases, 369 
Booyanoy Oozreotloa, 87 

C 

Calming of waves, 379 
(lamber, 868 


Cambered surface, 267 
Cantilever. 246 
Capillarity, 380 
Capillary rise of liquid. 281wave, 
295 

Capstan, 73 

Cathode Ray Osoillograph, 162 
Cavendish, 191 
Ceiling, 383 

Centro of gravity, 16 mass, 16 
Centrifugal force, 20 ; Centrifugal pump, 
39 ;—reaction, 20 
Centripetal fotoa, 20 
Chain driving, 80 
Circular motion, 19 
Climbing, 382 
Clonds, 300 

Co-effioient of, difiuslon. 838 elastic 
city of gases (adiabatio), 360 : (isother¬ 
mal), 200; — Viscosity, 812 
Cohesiou, 370 
Colloids. 340 
Common Balance, 80 
Comparison of viscosity, 822 
Compromises, 374 
Conductivity gauges, 357 
Conical governor, 37 
Control (aeroplane), 380 
O.R,0., 162 
Couple, 19 
Critical velocity, 307 
Crystalloids and colloids, 340 
Oylindrioal film, 375 

D 

Density of earth, 203 

Determination of, bnlk modulns* 
(liquid), 265; (solid), 856, Go. 
efficient of visoosity (I'oiMuiUe), 
318; (Bearle’s visoometer), 819: 
of gases, 823; rigidity naodnlus, 
240 i surface tension, 3^ : Youag'i 
modulus, 836 
Dialysis, 341 
IMflerentlal Pulley, 65 
Difioslon, 338 
Dimension, 396 

Dimensional eqnaiion, 386 analyiUi, 
—887;—, OSes of* 890 Un fi t a tt ana 
of, 393 
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XHiplftoemfint, 1 . 

Drop* weight method • 292 
Dyne* 9 

E 

Eddy Bealstance.'SGd 
jBffeot of sheer (Cantilever), 247 
EfSolency (Bir-Borew)i 378 of a 
machine, 62 
Efflux of a liquid* 309 
Effort, 61 
Eflaslon, S&O 

Elastic limit, 329;—after-effect, 280; 
—constants, 235,^ 329 
Elasticity, 334 : and temperature, 266 
Eleotron gon, 153 
Elevator, 880 
Emulsions, 300 

Energy, 86; conservation of—, 39; 
Einetlo—* 87 ; potential—, 86: trans¬ 
formation of—, 46 
Epoch, 126 

Equation of Continuity, 306 
Equilibrium on an incline, 68 
EquipotentLal Surface, 207 
Erg, 38 

F 

Factor of safety* 331 
Falling plate method, 166 
Ferguson's method, 390 • 

Pick's Law. 388 
Filter pump, 346 
Flat Spiral spring, 254 
Flexure, method of, 249 
Floating needle, 269 
Fly wheel. 114 

Force, 4; centripetal and centrifugal 
20 ; impulsive, 9; measurement of 
6 : Botatlonal effect of, 15; unit 
of, 9 

Foot-pound, 38 
Foot-poun^l, 88 
Ftequeaoy, 125 

Friction. 49 ; angle of, 54 ; Co-e£5oient 
oi, 54 s none of, 55; fluid-, 61 ; 
laws of—, 53, 57; limiting—, 60: 
kinetic—, 60; rolling—, 60 1 static—, 
60 

FngfUve Elasticity, 314 
Fneelage, 875 

G 

<3allhfln*a idsmagraph, 190 
Gangea, Bourdon, 856; CondnotiTityt 
3)7 j Doidiman—, ' 3^; lonlmtien, 
$57 1 llsiteod. 855: Qoarl^bte, 3M s 
fift4toaieter,867 


Gearing, toothed, 79 
Geometrioal moment of Inertia, 245 
Gliding, 381 

Governor, Conloal, 27: Watt's—, 27 
Graham's Law, 889 
Gramme-weight, 10 

Gravitation, 168; —and gravity, 168; 

Newton's Laws of—, 168 ; qualities and 
- liinltetious of—, 204 
Gravitational constant, 158; determina¬ 
tion of—, 190 (Mountain experi¬ 
ment). 190; (Mine Expt.), 191; 
(Cavendish), 191: (Boys), 194; 

(Poynting Balance), 196; (Beyl), 
196 Field, 305 ;—potential, 206 
Gravity, 158; acceleration dne to—, 
159; —meters, 188, (Threlfall and 
Pollock), 188; —(Boliden), 188; 

(Golf), 188 ; —wave 296 
Gyration, radius of—, 91 

H 

Harmonograph, 150 
Heyl’s method, 196 
High Altitude flying, 882 
Hook's law, 227 
Horizontal pendulum, 189 

I 

Inclined plane, 42, 66; determimtion 
of g by-, 167 

Inertia, 4; moment of—, 91; —of a 
flywheel, 114 

Intensity of gravitational Field, 206 
luterohangeability (load & depression), 
248 

Internal bending moment, 246 
Invariable Pendulum, 188 
Ionisation gauge, 867 
Isotonic solution, 844 

J 

Jaegar's method, 286 
Joule, 88 
Jntin's Law, 282 

K 

Ealeidophone, 161 
Kepler's laws, 208 
Klnetlo Energy, 37 
Kwh. 38 

L 

lAdenbnrg, 821 
Landing, $81 
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L*w. Boyle's 256 j Hooke's 227; 
Jarln s—, 282 ; —of perallelogrem 
of forces, 6 

Lews, Kick’s, 838; Kepler's 208. 
Newton's-’, 4; —of gaseous dif!a> 
Sion, 389, of lift and drag. 371; 
—of osmosis, 343 
Lever, 69 

Lift and drag, 371 
Lift and drag ratio. 872 
Ltgnid drops fshape), 270, 279: 

“"between two plates. 286 
Liquid jets, 278 

Lissajous* figures, 160 t O.B.O. method 
of—, 152 : Optioal method of—, 152 
Lubrioation, 52 

M 

Machine, Atwood's, 164 

Machines, 61 

Manometers, 363 

Mass of Earth, 202 * 

McLeod Gauge, 355 
Mechanical advantage, 61 
Method, Airy's—191; Borda'a—, 86; 
Bonguer's—, 190; Boys'—194 ; Ca¬ 
vendish's—191; Gaoss —, 86;—of 

Ferguson, 290 ; of flexure, 249; —of 
Jaeger, 286; -* of Berkeley and 

Hartley, 348; —of osoillation, 84; 
Poyntiogs —, 196; Quiooke’s—, 288; 
Microscope, vibration, 164 
Modulus, bulk, 220; rigidity — . 220; 
Young’s—, 220 

Moleotilar Theory of S.T., 266 
Moment. 16; —of inertia, 91;—of 
momentum, 98 

Moment of Inertia, Determination, 
113. - —, Table of, 118 
Momentum, 6; angular-. 93; Linear 
-, 18 

Monolayers. 297 

Motion, 1;-, oiroular, 19;—, onrvl- 
Ilnear. 1; equations of—, 9; in a 
vertical clrole, 28; kinds of — , 1; 
Newton's laws of-, 4; osolllatory—. 
123; periodio—, 123; perpetual-, 

43; rectilinear, 1; eimple faarmonio, 
123^ etreamline-, 308 : tranalatery, 
1; turbulent, 808 


N 


Nenmann'i tebtugle, 871 
N^entral axis, 244 
Newton'll oI ittotioiif 4 . 
Newtonlea li^itidiB* ^13 


Non-Newtonian liquids, 314 
Normal Horizontal flight, 374 

O 

Osmosis, 341 ; laws of—, 848 ; Yan'k 
Hoff's-, 344 

Osmotic proBBure, 341(Hartley 
and Berkeley). 342 

P 

Page slot, 373 
Parallel axis theorem, 93 
Pendulum, 168 ; bar—, 183 ; Black* 
burn’s—, 151; compound—, 168. 

179; conical—, 168, Kater's, 184; 
laws of—• 171; Seconds—, 168; 

eimple -, 168 
Period, 124. 169 

Perpendicular axis theorem, 9B, 97 
Phase, 125 

Fitch, 377 ; angle, 377 
Pitching, 378 
Pitot tulxi, 311 

Foisenllle’s equation, 316 ; method. 31S 
Poison's Batlo, 226, 251 ; — —. deter¬ 
mination of, 252 
Polygon of forces, 8 

Potential, gravitational. 206; oalenla-. 
tioD of gravitational—, 208 
■ Potential Energy, 36 
Ponndal, 9 

Power, 34 ; Horse—, 84 

Pressnre and onrvatute, 278 

Principle of homogeneity, 387 , 

Prodnotiou of high vacuum, 349, 860 

Projebtlle, 43 

Projector, 301 

Poll, 12 

Pulley, 68 

Pumps, 340 ; condensation—, 360 s 

diffusion oondensatlon —, 351 ; Filter 
(water-jet)—, 346: Gaede and Lang¬ 
muir, 349 : rotatory 348 ; Bpxengtl 
—, 347; Tdepler. 847 

Q 

Quincke’s method, 288 
B 

Back and pinion, 79 
Badtus of gyration, 91 
Batio, Poisson's , 286 ; detennififtilail 
of—, 851. 262 

Bayleigh (Jrt moOuid)# 293 1 
methodj, 394 

Bssotian, Iftir ol—, 19 , 
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Beeolntion of forces, S 
Best, 1 

Bevenlble pendnlam, 184 
Reynolds' nnmber, 808 
Bigidtty, modalns of, 229, 240 
^pple method, 294 : theory of——, 295 
Rise of liquid (oapllUty), 281: 
(between parallel plates), 286 
Bolling (aeroplane), 379 
Rotating cylinder, 319 
Rotational motion. 90; equation of 

— r*. 95; work done in-. 94 

Ronth's law. 111 
Budder, 360 


S 


Sorew. 78 Jack, 75 i 
Searle's balance (S. T.), 291 

method. 237, 263 ;—viscometer, Sl9 
Second Cosmio velocity, 199 
Seismograph, 189 
Shear, 936 

Simple harmonic motion, 123 ; accelera¬ 
tion in—, 127: oharaoteristlos of-, 
128: composition of, 136; displace- 
menb In—, 126; curve of—, 138 1 
equation of—, 130; examples of—. 
183: resolution of -, 149: velocity 
in-, 127 
Skin friction^ 365 
Soap babble, 276, 284 
Speed, 2 ; governor,' 27 
Spiral spring (flat), 264 
Sputnik 1,201 

Stability (aeroplane), 878 :-(oylindri. 
cal film), 377 
Stalling, 373 

Stokes' formula, 822viscometer, 320 
Strain, 226, ehearing—, 226, tensile—, 
225: volume—, 226 
Stream-lines, 306 
Stream-line body, 384 
Stceam-ltse flow, 806 
Stress, 395 ; Ultimate—, 230 
Surface tension. 266; and enrtace 
energy, 268: molecular theory q(—, 
266;^, determination, of, 282 :— 
of soap solution, 281. — by n*tube 
xnetliod. 267 


T 


Tail plane, 375 
^ks off, 881 
Tuttlon, 12, 

Theorem, Bei^i^lli'e-** 808 of 
00pi^p. axes, 86 




Thrust, 12 

Tisley's hannonograph, 160 
Torque, 9S 
Torricelli's law, 309^ 

Torsion, 228, 239< 

Torsional oscillation, 112 .—pen¬ 
dulum, 211 

Translational and rotational mo¬ 
tion, 95 

Triangle of force. 7 
Trim, 381 

Tubes of force, 207 
Turbulent flow, 806 

U 

Unit. B. O. T., 33derived, 386—, 
fundamental, 886 ; M. K. S.,—, 386 
Units and dimensions, 886 
U-tube method (S.T.), 287 

V 

* 

Vacuam, production of—, 346 
Van't Hoff, 844 

Vapour pressure of curved liquid 
surface, 298 

Velocity, 2 , angular, 14, linear—, 2 

—ratio, BO :—of escape, 199 
Venbnrimeter, 310 
Venturi tube experiment, 366 
Vertical oscillation, 166 
Vibration microscope, 154 
Yiscoeity, 812; apparent, - 814 : 
cu.c/Hoient of, 312 ;-of gases, 823 ’ 
Bearden's methpd of—, 329; Ban- 
kine's method. 827 ; Searle's method. 
826Practical application of, 882 
Vortices, 308 


W 

Wall Effect correction, SSI 
Water tank experiment, 868 
Watt, 84 
Wedge, 77 

Weston's differential pulley, 65 
Wheel and axle, 78 
Wilson's cloud ohamber, 801 
Windlass, 73 

Work, 32 ^-due to rotation, 94 


Yawing, 379 

Yield point, 230 , 

Young's modoine, 289: ^tenninatlon 
of, —236 
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Absorption, 249’Coefficient, 249 
Absorption coefficient, determination 
of, 250, 251 

Acoustical, resistance and impedance, 
102 ;—Shadow, 69 ; 

Acoustics, 8 of auditorium, 243 ; 
Physioloprical—,226 
Adiabatic Condition, 97 
Aeolian Harp, 226 :—tone, 226 
Air-oolumn, 87, 

Amplitude, 16, 21;—of S. H.M., 20 
Autinode, 53 
Anvil, 227 

Asymmetric vibration, 69 
Atmospheric refraction, 44, 45 
Attenuated progressive wave, 27 
Audibility limits, 4 
Auditorium, acoustics of, 243 ; reflec¬ 
tion in—, 86 
Auditory meatus, 226 


B 


Barton, 76 

Basilar membrane, 227 
Beats. 62 , (analytical method), 64 , 
(graphical method), 63 
Beats and interference Compared. 66 
Bal. 192;deoi-. 192 
Bell, Graham, 2$^ 

Bells, vibration of—, 163 
Bowed string, 221 

C 

Carbon microphone, 235 
GhIadoi*s figures, 151 
Chord, 212 
Cochlea, 227 
Oombluational tone, 66 
Compression, 7 
Coudenser miorophones, 237 
Concord and disoord, 209 
Consonance, 208 

Consonant and vowel sounds, 229 

Coupled system, 88 

Crests, 9 

Critical augle, 46 

Crystal microphone, 238 


D 


D’Alembert’s wave equation, 92 
Damped O-icillation, 73 
Decibel, 192 
Depth sounding, 38 
Diapfaone, 195 
Diatonic scale, 210 
Difference tone, 67 

Diffraction of sound. 69; (ultarsonic) 
260 

Disc Recording, 232 
Displacement distance curve, 14 
Time curve, 14 
Dissonance, 208 

D.-)ppler effect, 119; applications of, 
123, Veri6catioD, 123 
Duhamel’s vibroscope, 196 

E 

Ear, 226 

Eoho, 35 ; —depth sounding, 38 , 

harmonic—, 40; musical—, 40; 
-prospecting, 38 
Kdge tone, 1&9 
Edser and Rucker, 68 
Kleotric pick up, 233 
End correction, 174 
Energy of progressive wave, 29 1 
—loss due to dissipative force, 79; 
—supply due to impressed force, 80 ; 
(organ pipes), 168:—resonance, 81; 
Epoch, 21 
Eiraj, 224 

Explosive sound, anomalous propaga< 
tion of, 112 

Exponential bom, 236 
Eustachian tube, 227 

F 

Falling plate method, 196 
Fathometer, 38 

Fenestra ovalis, 228 ;—rotunda, 226 
Film recording and reproduction, 239, 
341' 

Filter (acoustioal), 86 
Flue pipe, 9l7 

Forced vibration, 75; and resonance 
(mathematical analysis), 76, 77 
Fork (inning), 

Fourier’s theorem, 204 
Free vibration, 79; maihamatimd 
analysis of, 72 
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Freqaenoy« 16» determinaiion of—-i 
65* 193 ; standards, 181 
Fandamental, 142 

G 

Qalton^s Whistle. 256 
Glottis, 2S9 
Gramophone, 231 

H 

Hammer, 327 

Harmonic, 142 , (closed pipe), 163 ; 
(open pipe), 163 
Harmonium, 213, 217 
Harmony. 212 
Hartle.T *a ciroail, 258 
Heat maintained vibration, 181 
Hebb’s method {velocity of sound), 109 
Helmholtz's resonator, 85,203, — 

theory of combinational tone, 67 
Horn, 236 

Hotwire microphone, 116, 204 
Howling tube, 182 
Human ear. 226 
Homan voice, 228 
Hay gens’ principle, 46 
Hydrophone, 88, 116 

I 

lofrasdnio, 6 

Impedance, aoonstical, 102 
Incus, 227 

Intensity of sound wave, 29; (musi¬ 
cal soapd), 18S, 190 
Instruments, musical, 217 
Instruments, percussion, 225; strin¬ 
ged, 219; wind—,217 
Interference of sound, 51, 59; oondi. 
tione of—, 60 ; —with a tuning fork, 
63 * 

Isothermal condition, 97 


K 

Keynote, 210 

Kdenig'e manometrio flame, 170 
Kundt'e tnbe, 176 

h 

labyrinth, 226 
^Xiaptaoe's correction. 97 
|ab!ii<,299 
l^!laa,^211 ' 

£toeqt^enoe^fl2 


Longitudinal vibration, 9 1 —of rods, 
175 ;—wave equation, 90 
Loudness, 189 
Loud speaker, 338 

M 

Magnetic Recording and Beprodnet- 
ion. 242 

Magnetostriction generator, 357 
Maintained vibration, 180,181 
Malleus, 227 
Manometric flame, 170 
Mechanism of sound propagation, 6 
Megaphone, 70 
Melde’s experiment, 143 
Melody, 211 

Menabrane, vibration of, 152 
Mersenne’s law, 137 
Microphone, carbon, 235 ; condenser, 
257; crystal, 238. Hotwire, 204; 
Moving coil, 238 ; ribbon? 237 ; — 
transmitter, 335 
Miller's Phonodeik, 206 
Monochord, 138 

Musical harmony, 212 ; interral, 207 : 
scale, 207 

Musical sound, 188; obaracteristica 
of-. 188 

N 

Natural frequency, 78 period, 78 
Newton's formula (velocity of sound), 
95 

Nodes, 52 
N lise, 188 
Note, 142 


O 


Octave, 142 

Orgaq pipes, 158 ; closed, 169; open, 
160 ; energy in, 168 
Oscillator, magnetostriction, 857 t— 
quartz, ^8 
Oveitonei 142 


P 

Period, 7,18 
Phase, 16, 20 
Phoo. 192 
Phonic wheel, 198 
Phonodeik, 206 
Phonog^ph, 881 
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Photography of soand way*, 34 
Piano, 333 
Piccolo, 219 

Plok'Qp, crystal, 234 :--'eI«ctrlo, 288 
Piezo-eleotiio generator, 268 
Pinna, 226 

Pipe, fine, 217 ; reed—>318 
Pitch, 193 : determination of-*, 141, 198 
Plucked string, 320: mathematical 
analysis of, 82U 

Pressure of sound waves, 80—, varia¬ 
tion at nodes and anti-nodea, 57 
Progressive waves, 11, 35attenuat¬ 
ed, 37 

Propagation of sound, 5; (upper at¬ 
mosphere), 44 


Q 

Quality, 301 
Quartz osoillator, 258 
Quincke’s tube, 61 


R 

Radlo-graxhophone, 233 
Raman, 321 

Raman and Nagendranath, 260 
Rarefaction, 7 

Rayleigh's method (frequency), 199, 
(Disc), 190 

Recording of Sound on films, 339 
Reed pipe, 218 

Reflection of Sound, 83; change of 
phase by—, 41, 66 

^fraction of Bound, 43; effect of 
temperature on—, 48; efieot of wind 
on—, 44 

Eegnault (velocity of sound), 108 
Beproduotion of sound, 341 
Resistance, acoustical, 102 
Resonance, 76; amplitude—, 80; 
—boxes, 84: —of air column, 151: 
sharpnese of—, 83 ; veloolty—, 81 
Besoiuitors, 85 

Reverberation, 343 ; time of—246 
Ribbon miorophoiM, 237 
Bods. 175 

B 

Sabine, 343, 246 
Savart'e toothed wheel, 198 
Sohliecen method, 34 
Bemitone, 311 

Simple harmonto motion, 19, equation 
of—.20 


Binging flame, 183 

Siren, Cagnaird de la ont'S—194, 

Beebeok’e, 194 
Sitar, 224 
Solo, 313 
Bone, 193 
Sonometer, 138 ' 

Sound, 3 ; analysis of—, 302, 2Cfe 
and light compared. 32 : consonant 
and vowel—, 229: interference of, 
61 : —ranging, 116; recording of—. 
239 ; reflection of—, S3, refraction 
of—, 42 ; reproduotlon of—241 ; 

total internal reflection of—, 45 
Speaking tube, 34 
Stapes, 327 

Stationary Waves, 62; formation of 
—, 53 ( Graphical representation#), 
64 ; ( mathematioal analysis ), 64 ; 

velooity and aooelecatlon of a parti¬ 
cle on—, 56 
Btethosoope, 34 
Btirrup, 227 

Stretched string, harmonies of, liS 
Btrlation method (ultrasonio), 260 
Brioged instruments, 319 
Btrobosoopio wheel, 197 

Struck string, 231-, nuthematioal 

analysis of, 221 
Summation tone, 67 
Superposition principle. 51 
Supersonlo, 266 ; echo sounding, 361; 
—rocket, 256 


T 


Tabla, 163 

Tape recording and roprodnotion# 343 
Talephone, 234 
Temperament, 313 
Tempered acale, 212 
Threshold of audibility. 5 
Timbte, 201 

Tone, 142 s combinational—, 66; 

wolf. 823 
Tonio. 210 
Tonometer, 195 
Total Internal reflection, 45 
Transverso and Longitudinal Wave*, 
10 

Trane verse vibration, 133; frequency 
of. 186 } lawa of—, 137; —of bare, 
146; of fiaed-fixed bar, 148 1 —of 
free-free bar, 148 of membranes, 
161;—of plates. 150;-ol string—182 ; 
velocity of—• 182; yeriflcahion of 
the, lawe of—, 138 
Trevelyan rocker, X81 
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Tnad, 213 
TroughI 9 

Taniog. by beats, 65;—by re- 
Bonanoe, 140; —fork. 141; (elec¬ 
trically maintained). 180; (valve- 
maintained), 180 , instraments, 65 
Tympanio membrane, 226 

U 

Ultrasonios, 266 ; applications of, 261 
Upper partials, 143 

V 

Valve-maintained fork, 180 
Velocity of Sound Waves, 18 
Velocity of Bound (air), 106 ; (solid;, 
113. 77 ; (water), llS ; echo method 
of—, 86; effects of different factors on 
—-99 ; expression of—, 98; Hebb’s 
method, 109 : Kundt’s tube method 
113, 177 ; open aix method, 106 ; Be- 
gnault's method, 108; resonance air- 
column method, 172 
Vestibule, 297 

Vibration of air-column (stationary). 
168 ;—of bells, 163 ; —of rods, 175 : 
—of strings. 13I 


Vibration of air-oojnmns, mathemati¬ 
cal analysis of, 164 
Violin, 229 

Vocal chords, 398 ;—slit, 329 
Vortices, 159 
Vowels, 339 

W 


Waves, expression of progressive, 26; 
stationary and progressive, 58 ; pro- 
sressive—, 35 ; stationary—, 53 
Wavefront, 18 
Wavelength, 17 
Wave-motion, 10 
Waetzmann, 60 
Weber-Fechner law, l92 
Whispering gallery, 41 
Wolf-tone, 228 

Y 

Young-Helmholtz law, 220 
Z 

Zone of complete silence, il2 










